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PROTON-ALPHA REACTIONS IN LIGHT AND HEAVY NUCLEI 


P. E. HODGSON 
Department of Physics, University of Reading 


Received 8 June 1958 


Abstract: Nuclear emulsion has been irradiated with 45 MeV protons, and measurements 
made on the tracks of alpha-particles emitted from disintegrations of the light and heavy 
nuclei within it. There is a forward excess of energetic alpha-particles in each case, and 
this can be accounted for by direct interaction processes, for which several possible models 
are discussed. Conclusions are drawn on the probability of finding alpha-particles in nuclear 
matter, and on their momentum distribution. 


1. Introduction 


At low energies, proton-alpha reactions proceed through one or more 
excited states of the compound nucleus, and may be satisfactorily analysed 
using the resonance theory of nuclear reactions. Experiments at higher 
energies, however, provide evidence that this interpretation is insufficient, 
and that some form of direct interaction processs must be postulated. 

For the lighter elements, this is indicated by the work of Marion, Weber 
and Mozer ') on Li®(p, «) He® at 2.91 MeV, of Likely and Brady ?) on F'® 
(p, «) O'8 at 16 and 18.5 MeV, of Muirhead and Rosser *) on CNO (p, «) at 
140 MeV, and of Combe, Ciier and Samman 4-8) on CNO (p, «) at 180 and 
340 MeV. 

For heavier elements, evidence of direct interaction processes has been 
found by Sérensen ®) and Crussard !°) for very energetic cosmic-ray dis- 
integrations, by Fulmer and Cohen!) for an incident proton energy of 
23 MeV, by Hodgson !*) (referred to below as I) and Grilli, Vitale, Hodgson 
and Ladu !%) at 45 to 450 MeV and by Deutsch *) at 332 MeV. It was found 
in each case that more high energy alpha-particles were emitted in the for- 
ward direction with respect to the incident protons than could be accounted 
for by the compound nucleus theory. 

This evidence concerning the (p, «) reaction is supplemented by that 
drawn from similar studies of the («, p) reaction. These have been made by 
Eisberg, Igo and Wegner 1°) with 40 MeV alpha-particles on copper, silver 
and gold, by Hunting and Wall !*) with 30.5 MeV alpha-particles on Al?’ and 
P31, and by von Herrmann and Pieper !”) with 7.0 and 8.1 MeV alpha- 
particles on P*!, In each case evidence for a direct interaction process was 
found. 
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Similar results have been found for (n, «) reactions by Ribe and Davis 38) 
for Zr at 14 MeV. 

In this paper additional experimental data on (p, «) reactions in light and 
heavy nuclei are presented, and some possible explanations discussed. 


2. Experimental Procedure 


Ilford C2 nuclear emulsions were exposed to the proton beam of the Har- 
well cyclotron. Allowing for their energy loss in absorbers and emulsion, 
the average energy of the incident protons was !*) 45+6 MeV. Nuclear 
disintegrations (‘stars’) in the light (carbon, nitrogen and oxygen) and 
heavy (silver and bromine) nuclei of the emulsion from which one or more 
alpha-particles were emitted were identified by the criteria described in I. 
The validity of these criteria, which depend on the alpha particles from the 
heavy nuclei having energies in excess of 9 MeV, has recently received 
additional support from the work of Deutsch !) and Fulmer and Cohen "). 

Measurements were made on the tracks of 618 alpha-particles coming to 
rest in the emulsion, and the energies of the alpha-particles and their angles 
of emission found. The usual corrections were made to allow for those 
alpha-particles that did not come to rest in the emulsion. 

The tracks of singly-charged particles could be distinguished by inspection 
from those of doubly charged particles. However, the tracks of deuterons and 
tritons could not usually be distinguished from those of protons, nor those of 
helium three from those of alpha-particles. All singly-charged particles were 
therefore grouped together and will be referred to as protons, and doubly 
charged particles as alpha-particles. The errors introduced by this procedure 
are likely to be small. 


3. Alpha-Particles from Light Nuclei 


3.1 EXPERIMENTAL RESULTS 


The disintegration of a light nucleus by an energetic proton proceeds 
initially by a cascade stage that results in the ejection of a number of fast 
particles in the forward direction, and this is followed by the breakup of the 
residue into two or more relatively slow fragments. Thus the fast forward 
particles are the ones most likely to be associated with a direct interaction 


process. 

Accordingly, measurements were made only on alpha-particles of more 
than 9 MeV emitted in the forward direction with respect to the incident 
protons. The limit was chosen to correspond to that used for the alpha 
particles from the heavy nuclei. The energy-angle correlation for these 
alpha-particles is shown in fig. 1. 
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The numbers of stars of different types having an alpha particle satisfying 
the acceptance criteria are given in table 1, together with the mean energies 
of the fast alpha-particles associated with them. These show no significant 
variation with star type. 














60 90 





Fig. 1. Energy-angle correlation for alpha-particles from light nuclei. The curves show the 
relation to be expected from free proton-alpha and proton-He' collisions. @ is the angle 
with the forward direction. 











TABLE 1 
Star type; Number | Mean Alpha Energy (MeV) 
4a 14 21.4+-2.0 
4alp 7 13.1-£3.5 sated tte 
3a 6 20.3 +-2.2 
3a1p 38 17.6-41.1 |18.0.41.0 
3a2p 1 12.9 
2a 3 13.2+4.5 
2a1p 6 15.7+2.2 }iss.20 
2a2p 3 14.4+4-4.5 

















3.2. THE DIRECT INTERACTION PROCESS 


Energetic protons and alpha-particles emitted in the forward direction 
from light nuclei bombarded with energetic protons have been interpreted 
by Sérensen !) Muirhead and Rosser *) and Combe, Ciier and Samman 4-8), 
as the result of quasi-free proton-alpha collisions in the target nucleus. The 
latter authors made a particular study of the fast alpha-particles and protons 
emitted in the reaction C!? (p, p’) 3x, and were able to determine the relative 
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proportions of different possible nuclear sub-structures, the energy distribu- 
tion of the nuclear-alpha particles, and the distribution in excitation energy 
of the residual nuclei of Be’. 

An alternative explanation of the forward alpha-particles is that they 
result from a triton pickup process. Both this and the quasi-elastic proton- 
alpha process can be treated by quantum mechanics *), but, as they give 
similar angular distributions for the alpha-particles, it is not easy to distin- 
guish between them. However, if the triton pickup process takes place, it 
implies a corresponding probability of finding a triton near the surface of the 
nucleus. If such tritons are present, many more alpha-particles will be present 
also, because of their higher binding energy. Thus the proton-alpha knockout 
process is likely to predominate over the triton pickup process. 

If the former interpretation is provisionally adopted, it is interesting to 
compare the experimental results with the energy-angle relation EF, = 
(16/25)E,, cos? @ that follows from the dynamics of a free proton-alpha 
collision. This is done in fig. 1 for both proton-alpha and proton-He?® colli- 
sions. The experimental points lie in a rather broad band in the general 
direction of the curves. This spread may be readily interpreted as due to the 
momentum distribution of the nuclear alpha-particles. 

If the theory of the direct interaction process were well understood, 
it could be used to derive the form of the momentum distribution from the 
experimental results, as Cladis, Hess and Moyer *°) found the momentum 
distribution of nucleons in carbon from their measurements of the inelastic 
scattering of 340 MeV protons, using the theory of Wolff *4). This theory 
uses the Born approximation, which is hardly likely to be very accurate at 
the energies of the present experiment. However, it can be estimated 
qualitatively that the nuclear alpha particles have energies up to some five 
or ten MeV, and this is in agreement with the results of Samman. 

The absolute cross-section for fast alpha-particle emission may be used to 
estimate the mean number of alpha-particles in the nucleus. From the condi- 
tions of the experiment, the cross-section for emission of alpha-particles of 
more than 9 MeV from light nuclei was found to be 23+8 mb. This may be 
compared with the total cross-section for producing an alpha-particle of 
these energies by a free proton-alpha collision, which may be estimated from 
the measurements of many authors **) to be about 27 mb. Combining this 
with the maximum number (3.3) of alpha-particles that could be formed in 
the light nuclei, averaged over their proportions in emulsion, it is found that 
a nucleon in a light nucleus spends about a quarter of its time as part of an 
alpha-particle. This is on the assumption that a struck alpha-particle always 
escapes, whatever its direction of emission with respect to the rest of the 
nucleus. If allowance is made for the possibility that a second collision will 
sometimes prevent its escape, the above estimate is raised to one-third to 





PROTON-ALPHA REACTIONS IN LIGHT AND HEAVY NUCLEI 5 


one-half. This rather high value is in qualitative accord with recent calcula- 
tions on the Brueckner nuclear model *). 

If the proton-alpha knockout interpretation is correct, fast secondary 
protons might be expected in many cases, while they would not result from 
the triton pickup process. Secondary protons were often observed, but their 
energies and directions of emission could not be correlated with those expect- 
ed from quasi-free collisions because of the unknown energies and initial 
directions of motion of the alpha-particles in the nucleus. Samman and 
Ciier §) were only able to do this because they selected C! (p, p’) 3« events 
and assumed that no neutrons were emitted. 

One event was found which may be interpreted as due to this latter 
reaction. The fast alpha-particle was emitted in the forward direction 
in a way nearly consistent with a free proton-alpha collision (E, = 14 MeV, 
6 = 37°), while the remaining alpha-particles from the breakup of the 
residual nucleus were emitted backwards with energies of 0.9 and 1.4 MeV. 
The incident proton was scattered so as to conserve momentum for the 
whole event, within experimental error. 


4. Alpha-Particles from Heavy Nuclei 


4.1 EXPERIMENTAL RESULTS 


The energy distribution of the alpha-particles from heavy nuclei is given 
in fig. 2. It may be compared with that given by the expression **) 
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— == = BACKWARD ALPHA- 
60-- -PARTICLES] 
~—" TWAPHAS PARTICLES 
» LY opiRECT UiL///, COMPOUND NUCLEUS 


“4 INTERACTION 
40 








20 




















CORRECTED NUMBER OF TRACKS PER MeV 


ENERGY IN MeV 


Fig. 2. Energy distribution of alpha-particles from heavy nuclei. The curves show the calculated 
distributions for emission from silver and bromine. The mean cross-sections for the emission of 
an alpha-particle of any energy is (8.9+3.0) x 10-** cm?®. 
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P(E)dE o Eo,(E)w(E*—E)dE (1) 


where o,(£) is the cross-section for the capture of the emitted particle by the 
compound nucleus C at an energy F and w(E*— E) is the level density of the 
residual nucleus at an excitation energy (E*—E). The cross-section o,(£) 
was found for silver and bromine by interpolation between the values given 
by Blatt and Weisskopf (p. 353), and the level density computed from the 
expression ?°) 

w(E) oc exp [2(aE)#] (2) 


in which a = A/10.5. The resulting energy distributions, which are relative 
only, because of the uncertainties due to neutron emission, are shown in 
fig. 2. They are quite similar to the experimental distributions in the back- 
ward direction, but there is an observed excess of energetic alpha-particles 
in the forward direction. 

The angular distribution of the alpha-particles is given in fig. 3, and 
shows a considerable forward excess, the fraction of alpha-particles emitted 
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Fig. 3. Angular distribution of alpha-particles from heavy nuclei with respect to the direction 
of the incident protons. 


in the forward direction being 0.67-+-0.04. It was shown in I that such a 
forward excess cannot be due to the forward motion of the nucleus due to the 
impact of the incident particle; this effect, even making somewhat extreme 
assumptions, cannot give a forward fraction of more than 0.51 or 0.52. 

Thus both the energy and the angular distributions of the alpha-particles 
differ from what would be expected from the statistical theory of nuclear 
disintegration. However, if only those alpha-particles emitted in the 
backward direction with respect to the incident protons are consider. _ 1t ss 
found that they have energy and angular distributions in good accord with 
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the statistical theory. The energy distribution may be fitted by an evapora- 
tion formula of the usual form **) with a nuclear temperature of 2.4 MeV. 

This suggests that all the backward alpha-particles, together with an 
equal number of forward ones, be interpreted as due to a compound nucleus 
process. The remainder, the excess of the forward over the backward, may 
then be ascribed to direct interaction; they amount to 34-+-8 % of all the 
alpha-particles. The energy and angular distributions of these direct inter- 
action alpha-particles may then be found, as shown in figs. 2 and 3, by 
subtraction. The subtracted angular distribution, divided by sin @ to convert 
it to relative differential cross-section, is shown separately in fig. 4, in order 
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Fig. 4. Angular distribution of direct interaction alpha-particles from heavy nuclei, compared 
with the theoretical distribution for triton pickup. 


that it may be compared with theories of the direct interaction process 
(cf. § 4.2). The correlation between the energies of the alpha-particles and 
their angles of emission is shown in fig. 5. 

A search was made for protons emitted together with alpha-particles in a 
way appropriate to the dynamics of a free proton-alpha collision like the 
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event reported by Muirhead and Rosser #). None was found, but this does not 
exclude the knock out process, as the proton may well be deflected or 
captured by the target nucleus. 

Most of the alpha-particles from the heavy nuclei were not accompanied 
by any other charged particles. Occasionally, however, disintegrations were 
found in which another alpha particle, or perhaps one or two protons, were 
emitted as well. The frequencies of the different types of event are given in 
table 2. 








TABLE 2 
\e 1 2 3 
p m4 : 
0 357 12 l 
l 127 s 0 
2 10 2 0 
3 l 0 0 




















The frequencies of multiple emission are much lower than those given by 
the Bernoulli distribution corresponding to random emission !%), This 
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Fig. 5. Energy-angle correlation for alpha-particles from heavy nuclei. 
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implies that the emission of one particle sharply reduces the probability of 
emission of another particle, due to the lowering of the excitation energy of 
the residual nucleus. 

The average energies of the alpha-particles emitted in stars of different 
types are given in table 3. 

The statistical uncertainty is quite large in all cases except for the l« and 
lalp stars, but there is good evidence that the average energy of the alpha- 
particles is less for the larger stars than for the smaller. 


TABLE 3 





~< ; 3 





16.5+-0.2 12.3+1.2 12.7 
14.9+-0.4 11.2+1.5 _ 
13.9+1.9 16.4 — 


12.2 — — 


wOoe © 




















4.2 THE DIRECT INTERACTION PROCESS 


The same processes, alpha-particle knock out and triton pickup, may be 
used to interpret the direct interaction alpha-particles from the heavy 
nuclei. Now, however, the process must be assumed to take place only at the 
nuclear surface, instead of throughout the nuclear volume, because of the 
small mean free path of alpha-particles in nuclear matter 2’). 

The alpha-particle angular distributions calculated by quantum mechanics 
for either of these processes have maxima and minima characteristic of 
pickup and stripping angular distributions, and Likely and Brady were able 
to fit their results for the reaction F!® (p, «) O18 to them, assuming that only 
waves of zero angular momentum contribute. In the present case, however, 
the energy is sufficient for higher /-values to contribute, and the sum of all 
the individual curves might be expected to be a monotonically decreasing 
function of angle like the classical expression. Such a curve is consistent with 
the experimental angular distribution shown in fig. 4. 

The experimental results do, however, show some indications of structure, 
though the statistics are insufficient to establish this beyond doubt. If this is 
subsequently confirmed, it would show that the major contribution to the 
interaction comes from the / = 0 wave. This implies, in the case of the knock 
out process, that the alpha-particle in the target and the proton in the final 
state are both in S-orbits. For the triton pickup process it implies that the 
triton is in an S-orbit. 

The theoretical curves for both direct interaction processes can be fitted to 
the observed angular distribution. For illustration, this was done for the 
triton pickup process, using the formula derived by Thomas (ref.?), eq. (1)). 








10 P. E. HODGSON 


The best fit was obtained with an interaction radius 7, = 4 107% cm anda 
triton reduced width 6? = 4.7 (see fig. 4). These are of the right order of 
magnitude. 

Discrimination between the two postulated direct interaction processes 
could be obtained in theory from the data of table 3. If the effect of nuclear 
cooling is neglected, the mean energies of the alpha-particles from l« and 
from la lpstars should be the same in the case of the pickup process. But 
in the case of the alpha knockout process the incident proton may be directly 
emitted as a secondary particle, with the result that alpha-particles from 
l« Ip stars are on the whole more energetic than those from 1l« stars. In 
fact the opposite is observed, and this is due to nuclear cooling reducing the 
mean energy of the alpha-particles from 1l« lp stars. So nuclear cooling cannot 
be neglected, and until it is evaluated by detailed consideration of the de- 
excitation process this method car.not be used to distinguish between the two 
processes. 
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Fig. 6. Illustration of semi-classical calculation of the probabilty of surface alpha-particles 
being knocked out of the target nucleus by the incident protons. 


The experimental cross-section for the direct alpha-particle emission 
process was found to be 30+10 mb. Assuming, for the reasons discussed 
above, the predominance of the alpha-particle knock out process, the 
fraction of its time that a surface nucleon spends as part of an alpha- 
particle may be estimated by dividing this figure by the total number of 
alpha-particles that could exist on the nuclear surface, the cross-section for 
knocking on an alpha-particle of more than 9 MeV in a free proton-alpha 
collison (27 mb.), and the mean probability that such an alpha-particle will 
escape from the target nucleus. 
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If the nuclear surface is defined as the region in which the nuclear density 
is decreasing, the maximum number of surface alpha-particles comes to 
about fifteen (mean of silver and bromine). 

The mean probability of escape may be calculated geometrically, assuming 
that nuclear matter is opaque to the knocked-on alpha-particles, so that they 
can emerge only if their direction of motion is away from the target nucleus, 
and that the incident protons, while on their way to the alpha-particles 
waiting on the underside of the target nucleus, are exponentially absorbed 
by the nuclear matter through which they pass. Finally, it is assumed that 
the free proton-alpha elastic scattering cross-section may be used to find the 
frequency of this knock-on process. These assumptions are illustrated in 
fig. 6. 

The value used for the attenuation mean free path of protons in nuclear 
matter was taken from the work of Morrison, Muirhead and Rosser 78) to be 
4x 10-8 cm. The differential cross-section for proton-alpha scattering was 
taken from the results of Brussel and Williams *®) at a proton energy of 
40 MeV multiplied by a factor of 0.9 to give, approximately, the cross-section 
at 45 MeV. 

The mean probability of escape was found in this way to be 0.2. This 
leads to the conclusion that a surface nucleon of a heavy nucleus spends 
about 0.4 of its time as part of an alpha-particle, a result in good accord with 
that found above for the nucleons in light nuclei. 

It should be pointed out once more that many of the tracks attributed to 
alpha-particles could be due to He’ nuclei. If so, the direct interaction process 
would be He*® knock-on or deuteron pickup. Discrimination between these 
possibilities could be made with electronic counters more easily than with 
nuclear emulsions. 


I would like to thank Professor P. M. S. Blackett, F. R. S. and Mr. N. C. 
Barford for permitting and enabling me to use the facilities of Imperial 
College, the Director of the Atomic Energy Research Establishment, Harwell, 
for permission to work there, Dr. D. M. Skyrme, Professor J. M. Cassesls and 
the Harwell cyclotron operators for assistance during the exposures, 
Dr. A. J. Herz for developing the plates, Professor R. E. Peierls, F. R. S. and 
Dr. A. Herzenberg for some useful comments and Dr. A. M. Lane for many 
valuable and stimulating discussions. 
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HYPERON-NUCLEON SCATTERING 
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Abstract: Theoretical expressions for the hyperon-nucleon scattering cross sections at low 
energy are derived which give these cross sections as simple linear combinations of the 
nucleon-nucleon cross sections. The assumptions necessary for this derivation are: 
a) there exists a universal coupling between pions and baryons, and b) the nucleon- 
nucleon interaction can be described by a Serber potential. In addition, the approximations 
must be madeof neglecting effects of K mesons and baryon mass differences. The restriction 
to low energy is necessary because the assumption is needed that the scattering be 
appreciable only when the hyperon and nucleon are in a state of zero orbital angular 
momentum. 


1. Introduction 


The idea of Wigner), Gell-Mann *) and Schwinger *) that there may 
exist a universal coupling between pions and baryons is useful to obtain 
predictions about the potentials between hyperons and nucleons. In partic- 
ular, the YN potentials (Y means a A, 2 or & hyperon; N means a nucleon) 
can be obtained quite easily if effects of baryon mass differences and effects 
due to K mesons are neglected tt. The YN potentials can then be given °*) in 
terms of linear combinations of the experimentally determined NN potentials 
in the states of isobaric spin 7 = 0 and J = 1. One difficulty in applying 
this result to obtain information about scattering cross sections is that the 
NN potentials are not well known in states of odd orbital angular momentum 
/ of the two nucleons. Thus, the resulting YN potentials are not well deter- 
mined either. 

The YN scattering cross sections at low energy have been previously 
calculated ®) using one particular NN potential — the Brueckner-Watson 
potential ®). In this paper, we use another potential which fits the low energy 
NN scattering information — the Serber potential ’). 

The advantage of applying the Serber potential to the YN problem is one 
of simplicity. For with the approximations mentioned previously (neglect of 

t Address after September, 1958: Physics Department, Michigan State University, East 
Lansing, Michigan. 


tt Some effects of K mesons and baryon mass differences are given by D. Lichtenberg and 
M. Ross *). 
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K mesons and baryon mass differences), the YN low energy scattering cross 
sections can be given quite simply in terms of the NN cross sections. This 
will be shown in the next section. 


2. Hyperon-Nucleon Cross Sections 


Throughout this paper, we assume that the idea of a universal coupling 
between pions and baryons is valid. To obtain the YN scattering cross 
sections, it is convenient to follow Gell-Mann *) and introduce the “particles” 
Y° and Z® defined as Y° = 2-3(A—2*) and Z® = 2-4(A+2"). 

Then the pairs of particles (p,n) (2+, Y°), (Z°, 2~) and (5°, 3-) all have the 
same interaction with the pion field. Each pair of particles can be considered 


as an isobaric spin doublet, the first member of each pair having Tz; = 4 


and the second member having Tz, = —4. 

Let us denote by a;, the amplitude for scattering any two non-identical 
particles in a state of total isobaric spin T and ordinary spin S. Both T and S 
may take on the values 0 and 1. We can write the cross sections for the 
scattering of two real baryons in terms of the amplitudes a,,. As an illustra- 
tion, consider the elastic scattering process p+A-—->p+dA. Letting the 
symbol for a particle denote its isobaric spin wave function, we can write the 


pA wave function as follows: 
pA = 2-4p(Z°+-Y°) = 2-4(pZ) +1[2-4(pY°+n3+)]+2[2-4(pY°—n5+)] 
where pZ® and 2-3(pY°+n2*) are T = 1 wave functions and 2-4(pY°—n*) 


is a J = 0 wave function. It follows that the amplitude a,(pA, pA) for the 
scattering process p+A->p+A in a spin state S is 


as(pA, pA) = [(2-8)?+ + (3 )? ]ast+ (3 )?ags = 3 ais t+ G40: 


The other YN scattering amplitudes are obtained similarly. The cross 
sections are 


-™ ncniiiies &-p) = Fl4is +451” 


(2+ 
(~ 
o5(2*n, x Pp) =o,(2*n, Ap) = 3140s —44s|” (1) 
o5(&~p, °n) = F/49s—44s| 
o5(2°p, X°p) = o;(Ap, Ap) = 79|341s+4os|? 
o5(2° p, Ap) = Pglais—4s|” 


where o;(B, B,, Bg B,) is the differential cross section for the scattering of the 
baryons B, and B, into the baryons B, and B, in a spin state S. Coulomb 
forces are neglected in these expressions for the cross sections. The remaining 
YN cross sections are given by the condition of charge symmetry, i.e. the 
cross sections are unchanged under the simultaneous replacements 


p<~— 0, at <> 2, and So <> FF. (2) 
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To write down the NN cross sections we must take into account the Pauli 
principle. It is convenient to split the amplitudes into contributions from 
states of even and odd angular momentum 7: 


Ars = Azs4t+4zs- 


where @;,, and @;s_ are the contributions from / even and odd respectively. 
Then the NN cross sections can be written 


Opp = 3/4 y,_|?+|4y9,/? 

Onp = 3 1yy +414 |?-+414104 +400_I? 
where opp and oy, denote the proton-proton and neutron-proton cross sections 
averaged over spin. The extra factor 4 in o,, arises from the fact the 2 
protons are identical particles. 

We now specialize to the case of the Serber potential. By a Serber potential 
we mean an NN potential which is zero for odd angular momentum. Accord- 
ing to the Pauli principle, / is odd when 7 and S are both unity or both 
zero. Therefore, the Serber potential must depend on spin and isobaric spin 
in such a way as to be zero when 7 = S = 1 or when 7 = S = 0. 

It should be emphasized that exchange forces are absent in the YN 
system t and that therefore the YN potentials are not zero for odd /, but 
are the same as in even states of /. The requirement that the potential vanish 
for 7 = S = 1 or J = S = O means that the amplitudes a,, and dp are 
identically zero. The YN cross sections of eqs. (1) when averaged over spin 
then become 


(3) 


o(2*+p, 2+ p) = o(4°p, S°p) = gla” 
o(2+n, +n) = o(S-p, Sn) = o(S-p, Sp) 
- 51 4011?7-+ 7914101” (4) 


a(2+n, 2°p) = o(2*n, Ap) = $5 (4112+ g 514101? 
a(X°p, °p) = o(Ap, Ap) = gql4oil?+ gal 4101? 
a(2°p, Ap) = $1|%011?7+ gal 4101?. 
Similarly, the NN cross sections become 
od oe 410+" | (5) 
Onp = 71491417 +714104!?. 
If we restrict ourselves to scattering at an energy which is low enough so 
that scattering is important only for / = 0, we note that 
ats = 473+: (6) 
Therefore, using eqs. (4), (5), and (6) we can write the spin-averaged YN 


cross sections in terms of op) and gp as follows: 


t K mesons, which we are neglecting, can lead to YN forces with exchange properties. 
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2°p, 2°p) = o(Ap, Ap) = 7e%np + 52% pp 
o(X*n, Ap) -= §(ht/hy)onp 
o(2°p, Ap) = Ta (Re/hi)Onp: 
We have included a simple phase space correction to the cross sections 
o(XN, AN) by multiplying by the ratio of the relative momentum of the 
outgoing particles ky to that of the incoming particles k,. This factor is 
important at low energy where, for example, k;/k,; ~ 4if the Y'N system has a 
centre of mass energy of 5 MeV. The formulas (7) hold for the differential 
cross sections. Since the total pp cross section is defined by integrating the 
differential cross section over only half the sphere, the coefficients of op, in 
(7) must be multiplied by 2 to make the formulas apply to the total cross 
sections. The remaining YN cross sections are given by the charge symmetry 
condition (2). 
Thus we have succeeded in reducing the low energy YN cross sections to 
simple linear combinations of the NN cross sections. 


3. Discussion 


We here briefly consider the validity of some of the approximations made 
in deriving eqs. (7) for the YN cross sections. 

Two approximations are the neglect of K mesons and baryon mass 
differences in obtaining the YN potentials. The error involved is difficult to 
estimate, but it may be of the order of 20 % 4). Unfortunately, a given 
percentage error in the depth of a potential leads to twice that percentage 
error in the resulting cross section (in Born approximation). If the potential 
is large, the error in the cross section may become even larger. 

A third approximation is the neglect of baryon mass differences in ob- 
taining the Y N cross sections from the potentials, except for phase space factors. 
Even if the YN potentials were correct, the YN cross sections would be in 
error due to this approximation. To obtain the cross sections exactly, one 
must solve a two-body Schrédinger equation using the correct masses. 
Although it is not necessary to neglect baryon mass differences in obtaining 
the cross sections from the potentials, it is consistent to do so because it was 
necessary to ignore mass differences in obtaining the potentials themselves. 

A fourth approximation is the neglect of Coulomb forces, which become 
important in the very low energy region (< 1 MeV) ft. Even at higher 


t Procedures in treating mixed Coulomb and nuclear forces are of course known; e.g. 
N. Mott and H. Massey §). 
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energies, measurements of the cross sections for charged particles should be 
restricted to large angle scattering for the purpose of comparing with (7). 

A fifth approximation is the assumption that the Serber potential can be 
used to represent the interaction between two nucleons. High energy 
(~ 150 MeV laboratory energy) NN scattering experiments show that the 
NN potential cannot be zero in odd angular momentum states. However, 
one of the principal corrections which is needed is an additional spin-orbit 
potential ®), Since a spin-orbit potential vanishes for / = 0, it does not affect 
the low energy cross sections of eqs. (7). It is not yet established how big the 
remaining corrections to the Serber potential must be. 

In view of our approximations, the formulas (7) are certainly not quantita- 
tively accurate. But they may be useful to predict the order of magnitudes 
of the YN scattering cross sections. 

In this connection, note that the cross sections of eq. (7) are different from 
those predicted in ref.*). In particular, the cross sections o(2N, AN) obtained 
here are much larger than those of ref.®). There are two reasons why the 
calculations do not give identical results. The first is simply that the Serber 
potential is not the same as the Brueckner-Watson potential tf. The second 
reason is that baryon mass differences were not treated alike in the two 
papers. The 2-A mass difference, although small compared to other baryon 
mass differences which we have neglected, can have a large effect on 
a(X'N, AN) because the YN potentials couple the A and 2. We cannot take 
the Y—A mass difference into account in our present work without writing 
the YN potentials explicitly. Here we had to assume only that the NN 
potentials vanish for odd /. 

There are at present almost no experimental data with which to compare 
the calculated YN cross sections tt. Furthermore, when more experimental 
information becomes available, much of it is likely to be at energies above 
those for which our formulas are valid. (If the energy is sufficiently high so 
that scattering is important in states with / #0, eqs. (7) break down 
completely.) In a subsequent paper we shall apply the Serber potential to 
YN scattering at higher energies. 


The author would like to thank Professor A. Bohr and Professor B. 
Mottelson for the hospitality shown him during a month’s stay at the 
Institute for Theoretical Physics in Copenhagen, during which time this 
work was begun. He also acknowledges the receipt of a Fulbright travel 
grant. 

t Note also that tensor forces were neglected in the calculation of ref. 5). No such approxi- 
mation is made in the present treatment. 

tt For a very preliminary result, see ref. 1°). Some evidence about the YN cross sections 


can also be obtained from analyses of more complicated processes such as Y + nucleus > Y + 
nucleus. 
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Abstract: We develop a procedure for obtaining, in nuclear shell theory, the matrix elements 
associated with short range interactions between nucleons. We show that potentials of 
arbitrary range, both central and spin dependent, can be developed in terms of a series 
of velocity dependent potentials in increasing powers of the momentum, but all of zero 
range. The coefficients of the terms in this series are the successive moments of the 
‘potential; thus, for short range forces, only the first few terms of the series will be relevant. 
We obtain all the matrix elements for two nucleons in the same shell and in LS coupling, 
up to terms containing the first moment of the potential. We compare the matrix elements 
for central, spin-orbit coupling and tensor forces, taking for the interaction potential 

q between nucleons, a value that has been proposed recently. 


1. Introduction 


The development of nuslear shell theory as means of coordinating in- 
formation on ground and low excited states of nuclei, has been very signifi- 
cant in the last decade *). It seems that in the future more refined calcula- 
tions will be necessary, using the different types of nuclear forces acting in 
nuclear matter ). It is well known that all matrix elements *) for the inter- 
action forces, can be reduced to two particle interaction matrix elements. 
These two particle interaction matrix elements, have been evaluated *) 
. by the standard methods of atomic spectroscopy in terms of the Slater 
coefficients. But the procedure of development in terms of Slater coefficients 
has one definite disadvantage in nuclear shell theory. If the forces between 
the nucleons were of long range compared with the size of the wave function, 
i.e. with the nuclear radius, then only the Slater coefficient F® would be of 
importance, and the calculations would be very simple. But if the forces are 
of short range, as compared with the nuclear radius, then all the Slater 
coefficients are of the same order of magnitude, and the calculations are 
complex. 

It would be convenient to develop a method of evaluating two particle 
interaction matrix elements, by a procedure that would give simple and 
compact results for short range rather than for long range forces. This is 


t An abstract of this paper appeared in the Proceedings of the International Conference 
on Nuclear Structure, Rehovoth, Israel }*). 


19 





20 MARCOS MOSHINSKY 


done in the present paper by showing that forces of arbitrary range, both 
central and spin dependent, could be developed in terms of a series of 
velocity dependent forces, in increasing powers of the momentum, but all of 
zero range. The coefficients of the terms in this series are the successive 
moments of the potential, so that for short range forces, only the first, or 
the first few terms of the series, will contribute significantly to the two 
particle interaction matrix elements. These matrix elements will also be 
easy to evaluate, as the velocity dependent forces, being of zero range, i.e. 
containing a 6(r,—r,) function, will reduce the double integrals in the 
matrix elements to single integrals. 

We shall first illustrate the development of the potential by a one dimen- 
sional example, and later apply similar developments to central, spin orbit 
coupling and tensor two particle interactions. 

If we consider a one dimensional potential V (x) of non-zero range, then in 
a momentum space representation *) it will be given by the operator 


v(p’—p”’) = (2h) [ exp (—7p'a/h)V (x) exp (ip a/h)da. (1.1) 


Developing the exponentials in a series, we obtain 


v(p'—p") = (2a) SY iw LB Leb", (12) 


where 
Tyeann = [ V (a)x’+”" dex. (1.3) 


We assume of course, that the potential is of short range, in such a way that 
all the J’s are bounded. 

Let us now construct in configuration space the zero range velocity 
dependent potential 


YS Dien! VI AL gah” 8 (x) 9", (1.4) 


n’'=Q n=O 
where # is the operator 
p = (h/t) (0/0x). (1.5) 


It is obvious that the operator (1.4) has in momentum space the representa- 
tion (1.2). Therefore V(x) and (1.4) have the same representation in mo- 
mentum space, which means that they are also identical in any other rep- 
resentation. This indicates that a short range potential could, in principle, 
be developed in a series of velocity dependent potentials in increasing powers 
of the momentum, but of zero range. 

The development (1.4) is not a very useful one if we were interested in 
using it to obtain exact solutions of the Schroedinger equation, such as for 
example in scattering problems. It is a very useful one though, if we are 





<> 
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interested only in matrix elements. In fact, if we would like to have the 
matrix element of V (2) between the states y,(x), y,(z) then applying the 
equivalent representation (1.4) we would have, integrating by parts, 


[ove /2)V (w)y,(«)da 


= > zn [10 10" NJ? Dagger” yg /dt™’) gag (A"” pp /d2”” ) ong (1.6) 
=|". OAC H(A" yd”) ang" ]* V (x) (n""1)-*(d y,/dae™”) ang 2”) de 


From (1.6) we see that taking the representation (1.4) of the potential 
in a matrix element, amounts to taking a Taylor expansion of the wave 
functions around the origin x = 0. It is clear that this type of expansion is 
useful if V (a) is of short range, as in this case we could limit the expansion 
to the first or at most the first few terms, permitting a quick and simple 
determination of the matrix element. 

In the following sections we shall make expansions similar to (1.4) for the 
different types of nuclear forces, and we shall keep in these expansions the 
first or at most the first few relevant terms. We shall then evaluate the two 
particle interaction matrix elements for these terms, and give tabulations 
for the case that the two particles are in the same shell. In previous *®) 
and following publications, we apply this technique to problems of relevance 
in nuclear shell theory, and in the theory of nuclear forces. 


2. Short Range Central Forces 


Let us take a short range central force V (rv) and consider its representation 
in momentum space 


v(p’—p”’) = (2ah)-* | exp [—i(p' - r)/A]V (7) exp [1(P” * r)/A]dz. (2.1) 


Integrating over the angular variables and expanding the sine function, 
we obtain 


v(p’—p"’) = (22h) in [4ar* V (r) [4 |p’—p"|r]™ sin [4 |p’—p" |r] dr 
= (Qh) dn[Ty— (I,/3!)0-2(62-4+-p"2—2p'-p")+...], (2.2) 
where the /’s are the moments of the potential given by 


I ={, Ver r)r? dr, I, = [, Ver dr, etc. (2.3) 


From (2.2) and the reasoning of the previous section, V (7) can be rep- 
resented as 


V(r) = Iy 4x6 (x) — (14/3!) 4ch-*[p? 5 (r) +4 (r)p*—2p - d(r)p]+..., (2.4) 
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where p is the operator 
p = (h/i)V. (2.5) 
If V(r) is taken now as an interaction potential between two nucleons 
whose coordinates are r,, fy and whose corresponding momenta are p,, Po, 
we have to replace r, p in (2.4) by . 
r= f,—Tlz, P = $(Pi—P2). (2.6) 
We shall give the matrix elements of V (|r, —r,|) up to the first moment J,. 
The matrix elements will be obtained for LS coupling as the passage to 77 
coupling can be done directly with the tables ’) of 9j coefficients. Furthermore, 
we shall restrict ourselves to matrix elements in which the two particles are 
in the same shell. 
We designate the configuration space part of the wave function of a 
single nucleon as 
\ndm> = Rul) Yim(9, @), (2.7) 
where Y,,, is a spherical harmonic. The wave function for a system of two 
nucleons with total orbital angular momentum L is then given by 
| (mt)? LM > = Ryi(%1)Rna(%2) QL <M mg|LM YY im, (91, P1) Y rm, (82, Ye), (2-8) 
where <dim,m,|LM) is a Clebsch-Gordan coefficient. The operation of the 
6 function potential 6(r,—r,) on the ket |(m/)?ZM) will give zero unless L is 
even, as 


> <lim, m|LM >Y im, (9, P)Y im, (8, Pp) 


“wee = [(2/+1)?/420(2L4-1)]4<1100|LO>Y (8, ¢), (2-9) 
and <//00|L0> + 0 only if /+-/+-L is even *). On the other hand, 
[3(P1—Pz)| ("/)? LM), 5, (2.10) 


is zero unless L is odd, as shown in the appendix of ref. ®). We conclude 
therefore, that two different parts of (2.4) contribute to the matrix elements, 
according as L is even or odd. For L even, we have 
C (nl)? L|V (r)| (nl)? L> 

= I< (nl)? L416 (r)| (nl)? L)—31,< (nl)? Ll 4h? 6(r)p?|(nl)?L>, (2.11) 


while for L odd, we have 


< (nl)? L|\V (7)| (nl)? L> = 31,< (nl)? L\4ah-*p - d(r)p|(nl)?L>, (2.12) 


where in both cases, r, p are given by (2.6). 

The matrix elements of 6(r) and p « 6(r)p have been obtained previously 5), 
and that for 6(r)f? is given in appendix 1. We quote the results for the matrix 
elements. For 476(r) we have 


< (nl)? L|4a08(r)| (nl)2L> = B,, G(l, L), (2.13) 





SHORT RANGE FORCES AND NUCLEAR SHELL THEORY 23 
where 
” 4 
By = | 7? Rulr)}*dr, (2.14) 


and 
G(l, L) = (2/+1)?(2L+1)[<2100|L0>}?. (2.15) 


For 4ah-*6(r)p? we have 
(nl)? L|4ach-* 3(r)p>| (nl)? L 
= G(l, L){—$D y+ ld +1)—ZL(L+)))A,}, (2.16) 
where G(/, L) is given in (2.15) and 





An = | (Rulr)]*dr, (2.17) 
of 1d iwo6déé((l+1) 
D,, =|. Re FE a, yf an = 2 | R,,, 7? dr. (2.18) 
Finally, for 4xh~* p+ d(r)p we have °) 
(nl)? L|4ach-* p + 6(r)p|(nl)2L> = Ay, H(i, L), (2.19) 


where A,, is given by (2.17) and H(i, L) by *§) 
H(l, L) = (l+1)(2/4+-8) (2/+-1)3[<2+- 1100|L0> }?[W (W+-1LL; 12) }?, (2.20) 
where W is a Racah coefficient °). 


In section 5 we discuss and tabulate the radial integrals A,,, B,,, D,, and 
the coefficients G(/, ZL) and H(i, L). 


3. Short Range Spin-Orbit Coupling Forces 
We now take the two particle spin-orbit coupling potential 
Vis = Vi(r)h1-S, (3.1) 
where 
1=rxp, S = 4(0,+0,), (3.2) 
with r, p being the relative coordinate and momentum as in (2.6), and 


0,, G, the spin operators for the two particles. 
The representation of V,; in momentum space has the form 


Y:s(P’, P’’) 
” (2h) -* | exp[—i(p’ ‘r)/A\[—V (r)a)[r- (Sx p)exp[e(p"-r)/Ajdr. (3.3) 
As the momentum p operates only on the exponential to the right, it gives 


the constant p’’, and taking the vector product outside of the integral, we 
obtain 


V:s5(p’, p’’) 


= (20h) Y (—1)"(SXP"”)-m | [—V (74am expli(p”—p’) “r/fi]dz, (3.4) 


m=—1 
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where the indices m = —1, 0, 1 stand for the spherical component of the 
vectors, so that for example 
Xm = ($%)*7Y im (8, Y). (3.5) 


Integrating over the angular part in (3.4), we obtain %) 
1 


vs(P, BP”) = (2aht)-* ¥ [(—1)"(SXP")-m Yan (8) 
+ ($a) Adri [° r8[—A-V (7) lj, (Pr/hi)dr}, (3.6) 


where 7, is the spherical Bessel function of order 1. In (3.6) the vector P 
stands for P = p’’—p’, and the spherical coordinates for the point it desig- 
nates in momentum space, are denoted by P, «, f. 

If the potential V (r) is of short range, we can expand 7,(Pr/h) in a power 
series, and keeping only the first term 3(Pr/h), we see that (3.6) becomes 


Vis(P', BP") = (2h)~*(—4at/3h*)I,(S Xp") - (P"—P’), (3.7) 
where J, is the first moment of the potential V (7) as in (2.3), and the vectors 


are denoted in the usual notation, rather than in spherical components. 
From (3.7) and the reasoning of section 1, V,; can be represented as 


Vis = $1, 40ih*p - 6(r)(S xp). (3.8) 
We shall give the matrix elements of (3.8) in LS coupling. The wave 
function for two particles in the same shell becomes now 
|(nl)?L, S, JM) ar | (nl)? LM,>|SMs><LSM,Ms|JM)>, (3.9) 
L™Ss 
where |(n/)?LM > is given by (2.8). The matrix element of (3.8) will be differ- 
ent from zero only in the triplet state, so that we have *) 


¢(ml)?L', 1, J|\Vis| (nl)? L, 1, > 
= 12,(—1) I< (nl)? L’ || 4a p x 3(r)p || (nd)*L> (3.10) 
* CUS||ISW(L’ 211; 1/). 
From (2.10) we see that the matrix element of p x 6(r)p will be zero, unless 
both L’, L are odd. Furthermore, from the Racah coefficient in (3.10), 
we have L’= L+1,L, so that we conclude that L’ = L and L is odd. 
The matrix element of p x 6(r)p was essentially derived in ref. *) in terms 
of the matrix element of p - 6(r)p. A more direct derivation is given in the 
appendix 2 of this paper. We quote the result 
< (nl)? L||—4acifs* p x 5(r)p|| (nl)*L>=[(2L-+1)/L(L+1)}#4,,H (, L), (3-11) 
where A,,, is given by (2.17), and H(/, L) by (2.20). For <1||S||1> we have of 
course 8), 


<1||S||1> = (6)3. (3.12) 


In section 5 we shall discuss and tabulate the matrix element (3.10). 
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4. Short Range Tensor Forces 


We discuss in this section the tensor potential 
V_>=V (r)r-*(3(0, +) (@,°r)— (0, - O,)r?] = 2V (r)r-?[3(S+ r)?—S?r?], (4.1) 
where S is given by (3.2). Using the procedure developed in refs. »*), we 
could write the tensor potential as the scalar product §) 
Vz = V(r) (72)? ¥2° X, (4.2) 
where Y, represents the Racah tensor *) whose components are the spherical 


harmonics Y,,,(0,m), and the m = 0 component of the Racah tensor X, 
is given by 


} 1 
Xn = =a (3S,2—S?). (4.3) 


The representation of V; in momentum space has the form 


v7(p’—p”’) = (2ah) 3 (822) 4 > {(—1)" 


m=—2 
[V 7) Yom (9, p) exp [i(P”—p’) - r/fi]dz}. (4.4) 


Integrating over the angular = in (4.4), we obtain °) 


to('—P") = (2a)-*(ABa)b S [(—1)" Xen Yen A] 
: ond 4 [ V r)jo(Pr/h)r2dr], (4.5) 


where 7, is the spherical Bessel function of order 2, and P, «, 8 have the same 
meaning as in the previous section. 

If the potential V (7) is of short range, we can expand 7,(Pr/h) in a power 
series, and keeping only the first term ;;(Pr/h)®, we see that (4.5) becomes 


vy(p'—p") = (2h) *(—FEl) T° Xe, (4.6) 
where J, is the first moment of the potential given in (2.3), and &, is a 
second order Racah tensor whose m = 0 component is 


4x 
— h(3 2 (p’’—p’)?]. 4.7 
Yoo = V2 [3(6,'—2'.)?—(P” —P’)?] (4.7) 
From (4.6) and the reasoning of section 1, V; can be represented as 


where the Racah tensor T, is now an operator whose m = 0 component has 
the form 


a 5 i-2{5(r)(3p,2—p) + (36,2—f2)4 (4) 
—~ 2[3p, 5(r)p,—P - 5(r)p]}. ( 
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We now discuss the matrix elements of V; in LS coupling. For nucleons 
in the same shell, the wave function is given by (3.9) and as the tensor force 
acts only on the triplet state, the general matrix element is *) 


<(nl)?L’, 1, J|\V_| (nb)? L, 1, J> = —Pely(—1)° 7 ¢ (nl)? L'||T|| (nl)? L> 
-(15)tW(L’L11; 27), (4.10) 
where we have replaced the matrix element for X, by the value °) 
€1||Xq||1> = (15)4. (4.11) 


To evaluate the matrix element of T,, we notice first that because of 
(2.9), (2.10), two different parts of (4.9) contribute to the matrix element, 
according to whether L’, L are odd of even. For L’, L odd, we have that 
< (nl)? L’ M|T o9| (nl)? LM» 

= —V2<(nl)?L' M|4ah-*[3p, 0(r)p,—p + 4(r)p]|(nl)*LM), (4.12) 
while for L’, L even we have 
(nl)? L’ M|T99| (nl)? LM > 
l 
= < (nl)? L’ M|4ah~ [6 (r) (3p,?—p?) + (36,2—f?)d(r) || (ml)PLM)>, (4.13) 
where in both cases r, p are given by (2.6). 

The matrix element of T, for L’, L odd was evaluated in ref. §), 
where it was shown to be zero unless L’ = L. A more direct derivation is 
given in the appendix 3 of this paper. We quote the result 


<(nl)®L||T || (nl)*L> = —V24,,H UL, L) 
- [(2L—1)(2L+1)(2L+3)][L(L+1)}-4, (4.14) 
where A,, is given by (2.17) and H(i, L) by (2.20). 
The tensor operator appearing in the matrix element (4.13) for L’, L 
even, could be expressed as the sum of two operators 


1 Ld 
T, = /2 (T’,+T, ), (4.15) 


where the m = 0 components for T’, and T,’ are given by 
T'9 = 4th? (3p,?—p*)d(r),  — Ty = 4h? 0(r) (3p,?—p*). (4.16) 


A matrix element of the type (4.13) for the tensor operator T’s, is clearly the 
transposed conjugate of the same matrix element for Ty’. We need therefore 
only to derive the matrix element for T;’ which is done in appendix 3 of 
this paper. We quote the result 


¢ (nl)? L'||T "|| (nl)? LY =—$D,, K (1; L’, L)—A, {K(l; L’, L) z(t; L’, L) 
+G (I, L’)[(20—1)1 (1-41) (20-3) (22-441) (2L +1) (2L’ +1) ]#W (ULL’; 21)}, (4.17) 
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where L’, L are even. In (4.17) A,,, D,, are the radial integrals given by 
(2.17) and (2.18) respectively, and G(/, L’) is defined by (2.15). The W in 
(4.17) is a Racah coefficient, and AK(/; L’, L) is given by 
K(l; L', L) = (21+1)2(2L’+1)-4<U00|L0> <U00|L' 0><L200|L’0>. (4.18) 
Finally y(/; L’, L) has the explicit form 
y(l; L+2, L) = APU(i+-1)+2—$L?, 
y(;L,L) = Ai(l+1)—34+ $L(L+1), (4.19) 
y(l; L—2, L) = APU (1+-1)+2—$(L+1)?. 
In the next section we discuss and tabulate the matrix elements for tensor 
forces, for both L even and odd. 


5. Discussion and Tabulation of the Matrix Elements 


In the previous section we obtained the matrix elements for short range 
central, spin-orbit coupling and tensor forces, in terms of the coefficients 
G(l, L) defined by (2.15), H(/, L) defined by (2.20) and the radial integrals 
A,, B,, and D,, given by (2.17), (2.14) and (2.18) respectively. 

From the explicit form of the Clebsch-Gordan coefficients given by 
Racah *), we obtain for G(/, L) the recurrence relation 


G(l, 0) = (2/+1), (5.1) 


G(l,L+2) — (L+1)* (214+1)*—(L+1)? 
= —; L even. (5.2) 
G(i, L) (L+2)? (2/+-1)?—(L+2)? 
Using this relation, G(/, L) is tabulated for all the shells of interest in terms 
of simple fractions (table 1) and of decimal fractions (table 2). Note that 
from (2.15), G(l, L) is defined only for even L in the range 0 SL S 21. 
From (2.20) and using again the explicit form of the Clebsch-Gordan and 


Racah coefficients * 1°), we obtain for H(/, ZL) the recurrence relation °) 
H(i, 1) = $4(0+1) (2/+1), (5.3) 


H(l,L+2) L(L+2) 4d(/+1)—(L+1)(£+3) | L odd. (5.4) 
H(i,L) = (L+1)(L+3) 4d(/4+1)—L(L+2) ’ Mod # 
Using this relation, H (/, L) is tabulated for all the shells of interest in terms 
of simple fractions, (table 3), and of decimal fractions (table 4). Note that 
from (2.20) H(i, L) is defined only for odd L in the range 0< L < 2. 
To evaluate the radial integrals A,,,, B,,, D,, it is necessary to specify the 
common potential for the nucleons. It is useful to assume ") that the com- 
mon potential has the harmonic oscillator form. In this case, the equation 
satisfied by the radial wave function 8,,,(7) is !) 
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vr? dr dr yr? 


where w is the frequency of the harmonic oscillator and m the mass of the 
nucleon. Using (5.5) we see that the radial integral D,,, given by (2.18), can 
be expressed as 


2 
| h E dd a m4 + fret} yy = Hho (2n+143)Ryy (5.5) 


2m 


Dy, = v® C,,— (4n4+-2/4+-3) vB,,,, (5.6) 
where B,, is given by (2.14), C,, is the radial integral 
Cu =|, Aa(r)]* dr, (5.7) 
and 
vy = mo/h. (5.8) 


It is convenient to introduce the radial integrals A},, Bi,, C,, and Dj,, 
that are nondimensional and independent of » by the relations 
y®\2 , y\t y\t_, y5\t 
Aq= (=) An B= (=) Bu» Cu=(2) Cu» Diy= (=) Drv (5.9) 


JU IU 


Defining the integral M*, as 
ME, = (22)tN4, I a2k+4l exp (— 22%) v8, (a2) da, (5.10) 


where v,,,(x”) are the associate Laguerre polynomials, and N,,, the normali- 
zation constants for y = 1, as given by Talmi 1"), we see from (5.9), (5.6) 
and (2.14), (2.17) that 


Ai, = M?%,, Bi, =Mi,, Cy, = M?,, Di, = Ci.—(4n+2/+3)Bi,. (5.11) 


nl? nl? 


From the explicit form") of the polynomials v,,,(%?) we see that the 
radial integrals are rational numbers, and we tabulate these integrals as 
simple fractions in table 5, and as decimal fraction in table 6. The radial 
integral B;, is, except for a factor of two, the same as the one tabulated by 
Zeldes !*) (diagonal terms in tables 2a, 2b of his paper), but is reproduced 
here for the sake of completeness. The radial integral D/,, is always negative, 
so —Dji, is given in tables 5 and 6. 

With the help of tables 1 to 6, we easily determine, up to first moment of 
the potentials, the matrix elements in LS coupling for the different types of 
short range forces. It is convenient to express these matrix elements in units 
of the moments of the potentials J,, k = 0, 1,..., as in this way we do not 
need to specify in advance the parameters for the potentials. As the moments 
of the potentials, the first of which are given by (2.3), do not have the same 
units, we may define the reduced moments I’, as 
os 4 


I', = (28-+1)-11, ( : (5.12) 
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and the J’, have the units of energy. In terms of the /’,, the matrix elements 
for the short range central forces of section 2, take the form 
< (nl)? L|V (r)| (nl)? L> = I’, B,, G(l, L)—I', U (nl, L), (5.13) 
where 
U (nl, L) = G(l, L){—2. Di, + (AU 1)—2L(L+1)]44}, (6.14) 
when L is even, and the form 
<(nl)? L\V (r)|(nl)?L> = I1', A), H(i, L), (5.15) 
when L is odd. 
For convenient use, we give the values of B),G(l, L) in table 7, and of 
U (nl, L) in table 8, for all the relevant shells and for all even values of Z in 
the range 0 < L < 2/. In table 9 we give the values of A‘), H(i, L) for all 
odd L in the relevant range 0 < L < 2/. To compare the contribution to the 
matrix elements of the different moments of the potentials, we need to 
estimate J’), J’; for the forces under discussion. We shall do this in the next 


section. 
For the spin-orbit coupling force of section 3, the matrix element up to 


first moment of the potential is given by (3.10) and (3.11), so it becomes 
<(nl)? L, 1, T\V ys\ (nl)? L, 1, JD 
$ 
= [I',A, A(l,L {(—1yee7 a) 5] Ween 1 
WA HO £))\(—1)" (6)* | | WEE 1) 


(L+1)- if J=L+1 
—[L(L+1)]? if J=L 

(—L)" if J/=L—-l, 
where L is restricted to odd values. From table 9, we can immediately 
obtain the matrix elements for a short range spin-orbit coupling force in 
units of the reduced moment /’,. We note that the J’, in this case, is in general, 


different from the one that appears in (5.13) and (5.15), as the parameters of 
the radial part of the spin-orbit potential are, in general, different from those 


of the central force. 
For the tensor force, we first consider the matrix elements in which L is 


odd, and from (4.10) and (4.14) we have 
((nl)PL, 1, J|\Vq| (nl)? L, 1, J> 


2L+1 





(5.16) 


=I',A',H(, L) 














| 2 (2L—1) ; a 
r (L-+1) if J=L+1 
2 (2L—1)(2L+3 
= Py Agh GE toa if J=L on 
See if J=L-1 
. = 
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The matrix elements for the tensor force with LZ odd, can also be obtained 
from table 9, in units of the reduced moment 1’). 

For L even, the matrix elements for the tensor forces are given by (4.10) 
and (4.17). Using the explicit forms for the Clebsch-Gordan and Racah 
coefficients *1°) we can reduce (4.17) to simple expressions containing 
G(l, L) as well as the radial integrals A,,,, D,,,. We shall limit ourselves to 
considering the diagonal matrix elements for the tensor forces, i.e. those for 
which L’ = L, as they give the interaction energy in LS coupling. From 
(4.10), (4.17) and the definition (2.15) of G(/, L), we obtain 


< (nl)? L, 1, T\Vz| (nl)? L, 1, JID 


—[L/(2L+8)) if J=L+1 
= I’, Z(nl, L) 1 if J=L (5.18) 
—[(L+1)/(2L—-1)] if J =L-1, 


where Z(nl, L) is defined by 
$= G(L, L){ZDi,4 [$l(l+1)+g-FL(L+1)]Aj}. (5.19) 


In table 10, we give the values of Z(n/, L) for all relevant shells, and for 
even values of L in the range 0 < L S 2/. These values correspond to the 
interaction energy for tensor forces in LS coupling, when L is even and 
J =L, given in units of the reduced moment. 

The matrix elements obtained in this paper are for two nucleons in the 
same shell and in LS coupling. We can pass to 77 coupling with the help of the 
9) coefficients 7). For nucleons in different shells, the methods discussed in 
this paper are still applicable, though the matrix elements will be more 
complex. A general tabulation is in progress. 


Z(nl, L) = 


TABLE 1 


Table of the coefficient G(i/, L) defined by (5.2). Simple fractions 






































~ Lio | 2 4 6 8 10 12 
r — ae . wae = 
Sy | | 
l 3 6/5 | | 
2 5 10/7 10/7 
3 7 28/15 14/11 700/429 
4 9| 180/77 | 1458/1001 | 180/143 | 4410/2431 
5 11| 110/39 22/13 880/663 | 5390/4199 | 8316/4199 
6 13) 182/55 364/187 | 5200/3553 | 4550/3553 | 9828/7429 | 396396/185725 
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TABLE 2 


Table of the coefficient G(/, L) defined by (5.2). 
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Decimal fractions 












































7 10 | 2 4 6 8 10 12 
\ | | 
- eis ai : ——_- - = | 
0 lL | 
l 3; 1.200 | | 
2 | S| 1.429 1429 | | 
3 | 7] 1.867 1.273 1.632 
4 | 9| 2338 | 1.457 1.259 1.814 
5 |11} 2.821 | 1.692 | 1.827 1.284 | 1.980 
6 |13| 3.309 1947 | 1.464 1.281 | 1.388 2.134 
TABLE 3 
Table of the coefficient H(/, L) defined by (5.4). Simple fractions 
L. | } -— a. ans | 
\ | l 3 5 | ] | 9 | ll 
i! SE SS Pee Spe oe _ 
eX | 
l | | | 
2 | 15 | 30/7 
3 | 42 | 14 70/11 | 
4 | 90 2430/77 , 2430/143 1260/143 | | 
5 | 165 770/13 440/13 4620/221 | 48510/4199 
6 | 273 | 1092/11 | 10920/187 | 136500/3553 8190/323 108108/7429 
| | | } 
TABLE 4 
Table of the coefficient H(/, L) defined by (5.4). Decimal fractions 
L | | | 
-_ 3 5 | 7 9 11 
2” tae tr oo eee 1 ees 
| | 
l 3 | 
2 15 | 4.286 | 
3 42 | 14.000 6.364 
4 90 | 31.558 16.993 8.811 
5 165 59.231 | 33.846 20.905 553 | 
6 | 273 | 99.273 | 58.396 | 938.418 25.356 | 14.552 
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TABLE 5 
Table of the radial integrals A’,;, B’y;, C’n,,—D’,; defined by (5.11) and (5.10) Simple 
fractions 
| 
(n+1)0 | A’at B's, | C'ni —D' ai 
| | | 
ls 8 2 3/2 9/2 
Ip 2/3 | 5/6 | 35/24 65/24 
ld 7/30 | 21/40 231/160 357/160 
lf 33/280 429/1120 | 6435/4480 9009/4480 
lg 143/2016 2431/8064 46189/32256 60775/32256 
lh 4199/88704 4199/16896 | 96577/67584 121771/67584 
li 7429/219648 185725/878592 | 5014575/3514368 6128925/3514368 
2s 275/24 41/32 147/128 10901/128 
2p 373/480 363/640 8575/7680 | 30629/7680 
2d 26312/107520 6579/17920 78969/71680 210507/71680 
2f 130823/1128960 | 58487/215040 | 188045/172032 2101099/860160 
2g 94757/1419264 | 136357/630784 24694319/22708224 | 48938461/22708224 
3s 87347/6144 | 8257/8192 | 32307/32768 | 331001/32768 
3p 777083/860160 224081/491520 378491/393216 9759757/1966080 
3d 186797/688128 4113433/13762560 | 3486285/3670016 | 12967447/3670016 
| 
6 


Table of the radial integrals A’,;, B’n,, C’nt, 


TABLE 


—D’,, defined by (5.11) and (5.10). Decimal 





























fractions 

(m+ 1)? A’ ay Bat Cnt —D' ni 

| 

| 

| | 

Is 8 2 1.5 | 4.5 

lp 0.667 0.833 1.458 | 2.708 
ld 0.233 0.525 1.444 2.231 
lf 0.118 0.383 1.436 2.011 
lg 0.071 0.301 1.432 1.884 
lh 0.047 0.249 | 1.429 1.802 
li 0.034 0.211 1.427 1.744 
2s 11.458 1.281 1.148 7.820 
2p 0.777 0.567 1.117 3.988 
2d 0.245 0.367 1.102 2.937 
2f 0.116 0.272 1.093 2.443 
2g 0.067 0.216 1.087 2.155 
3s 14.217 1.008 0.986 10.101 
3p 0.903 0.456 0.963 4.964 
3d 0.271 0.299 0.950 3.533 
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TABLE 7 


Table of B’,, G(i, L) 









































e | | | | 
i ak 0 | aah hl eee oer py ng 

(n+1)i N | | | | | | 

, Yau [urls <T Aie T Tele Fv Ret Teach | Tile (8% ue MAT tey ace 
Is 2 | 
Ip 2.5 1 | | | 
ld 2.625 | 0.75 | 0.75 | 
if 2.681 0.715 0.488 0.625 
lg 2.713 0.705 | 0.439 | 0.379 0.547 | 
lh 2.734 0.701 0.421 | 0.330 0.319 0.492 
li 2.748 0.700 0.411 0.309 0.271 0.280 0.451 
2s 1.281 
2p 1.702 0.681 
2d 1.836 0.524 0.524 
2f 1.904 0.508 0.346 0.444 
2g 1.946 0.505 | 0.315 0.272 0.392 
3s 1.008 | 
3p 1.368 0.547 | | 
3d 1.494 0.427 0.427 | 

TABLE 8 


Table of U(ul, L) defined by (5.14) 














| | | | 
0 2 4 6 Oi. Lh S309 12 
- ai | | 
| | 
ls 3 | | 
Ip 6.750 1.500 
ld 9.771 2.292 1.125 | 
lf 12.684 3.052 1.556 0.938 
lg 15.561 3.793 2.002 1.239 0.820 
lh 18.420 4.523 2.433 1.563 1.056 0.738 
li 21.270 5.246 2.856 1.875 1.316 0.934 0.677 
2s 5.214 
2p 9.530 2.413 
2d 12.236 2.972 1.748 
of 14.644 3.581 1.925 1.428 
2g 16.936 4.165 2.255 1.486 1.234 
3s 6.734 
3p 11.735 3.068 
3d 14.492 3.559 2.202 
































34 MARCOS MOSHINSKY 


TABLE 9 


Table of A’,, H(i, L) 















































. 1 3 5 7 9 11 
(n+1)/ 
lp 2 | 
ld 3.5 l | 
lf 4.950 1.650 0.750 
Ig 6.384 2.239 1.205 0.625 | | 
lh 7.811 2.804 1.602 0.990 0.547 | 
li 9.233 3.358 1.975 1.299 0.858 0.492 
2p 2.331 
2d 3.671 1.049 
2f 4.867 1.622 7 
2g 6.009 2.107 1.135 0.588 
3p 2.710 | 
3d 4.072 1.163 
TABLE 10 
Table of Z(ni, L) defined by (5.19) 
L | | 
0 2 4 6 | 8 | 10 12 
(n+1)0\_ | eet Bae ee 
| | | 
Is 0 | 
Ip 4.800 0 | | 
ld 9.333 1.867 0 | | 
lf 13.860 3.168 1.320 
lg 18.386 4.378 2.149 071 0 
lh 22.911 5.554 2.884 1.709 0.924 0 
li 27.436 6.715 3.581 2.257 1.455 | 0.823 0 
2s — 0.733 | 
2p 4.265 | —0.532 
2d 8.198 1.503 | —0.455 
of 11.890 2.651 0.982 | —0.405 
2g 15.474 3.645 1.726 0.752 | —0.369 
3s —1.122 
3p 4.434 | —0.828 
3d 8.358 1.457 | —0.714 
= 
































6. The Moments of the Potentials 


In the previous section we obtained the matrix elements for short range 
forces, in units of the moments J’o, J’; of these forces. To be able to compare 
the matrix elements due to different types of potentials, as well as the con- 
tribution to a given matrix element of the terms due to different moments of 
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the same potential, we have to make an estimate of these moments. We 
would like to use the potentials acting between nucleons in nuclear matter 2), 
but as these are not yet well defined, we shall use for the purpose of discussion, 
the interaction potentials between free nucleons as given by Gammel and 


Thaler 3). 
The radial part of the potentials of Gammel and Thaler !%) is always of 
the form of a Yukawa potential with a repulsive core 


+ 00 if r<a 
V(r) = 

—V,(b/r) exp (—r/b) if r >a. 

It was shown by Bauer and Moshinsky *) that the repulsive core can be 

taken into consideration if we replace the potential V (7), by a potential 


translated by the length a of the repulsive core, plus a 6 function potential of 
strength 42(h?.a/m), so the equivalent potential V,, becomes 


Veq = —V0[5/(r+-4)] exp [—(r+a)/b]+42(h? a/m)d(r). (6.2) 


Taking into account that 476(r) can also be expressed as r~*6(7), the moments 
Iq, 1, of (2.3), for the equivalent potential V.,(7) take the form 


Ig = —V_ 68 {(1—c) exp (—c)+c?[—Ei(—c)]}+(?a/m), (6.3) 
I, = —V, 0° {(6—2c+-c?—c) exp (—c)-+c4[— Ei(—c) ]}, (6.4) 


(6.1) 


where 
—Ei(—c) =|" a-exp (—ax)dx, c= (a/b). (6.5) 


The potentials of Gammel and Thaler 1%) for the forces between nucleons, 
are classified as even-triplet, even-singlet, odd-triplet, odd-singlet, to indi- 
cate the even or odd character of the relative orbital angular momentum of 
the two nucleons, and the state of total spin of the two nucleons. The matrix 
elements discussed in the previous sections were obtained for the wave 
function |(#/)?LM)» defined by (2.8). From the symmetry properties of the 
Clebsch-Gordan coefficient in (2.8), we see that under interchange of the two 
nucleons | (m/)?.M> will be symmetric if L is even and antisymmetric if L is 
odd. If we expand ®) the |(n/)?2.M)> in terms of the wave functions of the 
relative coordinates r’ = r,—r,, and centre of mass coordinates r’”’ = 
+(l,+r,), then, as shown by Talmi !"), symmetric | (n/)2LM) would contain 
only even wave functions of the relative coordinates, and antisymmetric 
|(nd)?L.M > would contain only odd wave functions of the relative coordinates. 
We conclude therefore, that the matrix elements with even L have to be 
evaluated with the even parity potentials of Gammel and Thaler, while the 
matrix elements with odd L correspond to the odd parity potentials of 
Gammel and Thaler. 

In table 11 we specify the parameters of the potentials of Gammel and 
Thaler 18), and their moments Jy, J, given by (6.3), (6.4) respectively. The 
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central odd-triplet potential does not appear in the tables, as it vanishes !%), 
The spin-orbit coupling even-triplet potential is not included in the table, as 
up to the moment J,, the spin-orbit coupling force has only matrix elements 
with odd L. The values of J) are only given for the central even-triplet and 
even-singlet potentials, as other matrix elements do not contain Jp. 


TABLE ll 


The moments of the potentials t 
































Potential Vo b a I, 
otentials =| (Mev) | (#) (f) © |p Mev)| (7 te nm ann 
| . 
tral | 
sicgtiaataa 100.7 | 0.813 | 0.4 0.49 | —7.74|—114 | ~0.21 | —0.171 
tral 
nie 425.5 | 0.69 | 04 0.58 | —38.5 |—189 | —1.04 | —0.283 
entral 
pe — 100 . 0.5 0.50 314 0.471 
Spin-orbit | 
odd-triplet 7317.5 | 0.27 | 0.4125 | 1.58 9.44 | 0.014 
Tensor : ra ros a 
odd-triplet — 22 1.25 0.4125 0.33 262 | 0.393 
Tensor a 
even-triplet ae 0.831 | 0.4 0.48 — 328 | | —0.493 


























t We denote by / the length 10-!* cm. 


To obtain the reduced moments J’, of (5.12) we have to determine 
vt = (mw/h)t, which implies specifying fw. We use the estimate of 
Moszkowski !*) 


hw =~ 414-4 MeV, (6.6) 


where A is the mass number of the nucleus. In units t of f-!, »t becomes then 
view A-tf-l, (6.7) 


The analysis carried out in the previous sections applies to short range forces, 
i.e. those whose range is small compared with the radius of the nucleus. It is 
convenient therefore to estimate I’), J’; for a large nucleus, so we take 
A = 216. For the corresponding value » = 3f-*, we give the reduced 


moments J’y, J’; in the last two columns of table 11. 

Using the reduced moments of table 11, we first compare the contributions 
of the zero moment J’, and the first moment J’, to the matrix elements for 
even parity central forces. For the even-triplet central forces, I’y, J’; are 
given in the first line of table 11, and multiplying their value by table 7 and 8 





SHORT RANGE FORCES AND NUCLEAR SHELL THEORY 37 


respectively, we see that the contribution of the first moment is larger than 
the contribution of the zero moment for all shells, but particularly for 
shells of large /. For the central even-triplet forces of Gammel and Thaler, 
it would not be correct therefore to idealize them as 6 function potentials, 
even for large nuclei. For the central even-singlet forces, /’5, J’; are given 
in the second line of table 11, and multiplying their values by tables 7 and 8 
respectively, we see that only for the first shells would the contribution of 
the zero moment be larger than the contribution of the first moment, which 
again shows the limitation of the 6 function potentials frequently employed 
in nuclear shell theory. 

For L odd, the matrix elements for central odd-singlet, spin-orbit coupling 
odd-triplet, and tensor odd-triplet forces, are very similar as indicated in 
(5.15), (5.16) and (5.17) respectively. Their relative importance is deter- 
mined by the corresponding /, or /',;. From table 11 we see that the spin 
orbit coupling force gives a much smaller matrix element, that either the 
central odd-singlet or the tensor odd-triplet potential. 

For L even, we can have matrix elements with either S = 0 or 1. For the 
singlet case, only the central even-singlet potential discussed above, gives a 
contribution. For the triplet case, we have contributions of both the central 
even-triplet force and the tensor even-triplet force. Comparing the values of 
I, and J’, for these two forces, and the tables 8 and 10, we see that the contri- 
bution of the tensor even-triplet forces is, in general (the exceptions are the 
matrix elements for which L = 2/), larger than that of the central even- 
triplet force, if we are dealing with a large nucleus for which we could limit 
ourselves to the first moment contributions to the matrix elements. 


Appendix 1 
In this appendix we evaluate the matrix element (2.16) of d(r)p?. We 
start by considering the effect of p? = $(p,—p.)* on |(nl)?LM), when 
r, = r, = r. As L is even, we have from the symmetry properties *) of the 
Clebsch-Gordan coefficients, that 


{p*| (nl)*LM}_, rae 
= > Cll, mz LMY{f Ry r(P)Y im, (9, ) Rul) img.) (A-1) 


mM, 


—7?* > <um, m|LM >(Rrr(7)Y om, (8, P) [Rnr(7) Yom, (9, YI; 


where £2? = —h?V?. 
From (2.9) we see that (A.1) reduces to 
{P?| (nl)? LM >} aryer 
& oe aan] f d .d af") 
= —w{n,.| 5 ono — —3[2 SS _ SEEN pe! (a2 
Mus dr dr r2 Mua dr d r Raj (A-2) 


- [4o0(2L +1)]-4(21-+1) <100|LOYY , (9, @). 








38 MARCOS MOSHINSKY 


As {|(nl)?LM >}, -r,-2 can also be reduced with the help of (2.9), the matrix 
element of 6(r)p? can be given in terms of radial integrals. Taking into 
account that 


0 fd dR? {" (2. de aa) 
gn2 nl xa va, ni A. 
I, Mn (ie a ") ar s), ula” a | % 3) 


which can be proved by integration by parts, we rearrange terms to obtain 
(2.16) for the matrix element of 6(r)p?. 


Appendix 2 


The matrix element (3.11) could be obtained from the expectation value 
of the z component of the operator p x 6(r)p (designated in the spherical 
notation by the index 0), since 


¢(nl)?LM|[p x 6(r)p Jol (nZ)®L.M > 
= <(nl)2L||p x (r)p||(al)2L>(2L-+1)-#<LIMO|LM) (A.A) 


ba | [ (Py) ius X (Py) -2]o At, 


where (py),—. is given, as in the appendix of ref. *), by 
(Py)i-2 = > <Um, m|LM >[PRni(7) ¥ im, (8, P)\[Mnr(7) Yim, (8, p)). (A.5) 


WH, Me 
We can express the vector p in the form 
p=rr(r-p)—r (rx), (A.6) 
where 1 = rx p. As L in (A.5) is odd, we see from the relation (2.9) that only 
the second part of (A.6) contributes to (A.5). The vector product in (A.6) 
can be put in terms of spherical components under the form 
(rX1)_, = —t+/2 > <1lur|lm)>y,1,, (A.7) 
pv 
and using the standard methods of Racah * 5) we obtain 


—1*(EX1)m Yim, (9, p) = (t/r)[62(0+1) }8(20+-1) 
> [(22’ +1) ~$<100|/’0>W (LUZ; 12’) <21m, ml’ qy>V v¢, (8, y)], (A-8) 
I'qy 
where /’ is limited to 1’ = /+1. 
Substituting (A.8) into (A.5), and again using Racah methods ®-*), we 
have 


(Pm Pima = (42) ~4(ih/r) [(Rr(7) ? 
[ (22+-1)3(Z+-1) (27+-3) ]#</+ 1100|LO>W (1+- LL; 1) (A.9) 
*<1LmM|LM'DY (9, @), 
where M’ = m+M. We introduce this result into (A.4), writing the vector 
product in a spherical form similar to (A.7) and keeping in mind that 
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(Pm Y*)imz = —(—1)"(b-mY)ima» We obtain finally 

((nl)?LM |[p x 6(r)p }o| (m2)?LM> 
= {(h?/42) in [R,.2(7) |* dr (22+-1)3 (24-1) (274-3) [<d+-100|L0>]?  (A.10) 
(W (1+ ULL; 1)}*}¢[6(2L +1) ]4W(1ILL; 1L)<LIMO|LM). 


Introducing the explicit value 1°) of the Racah coefficient W(11LL; 1L) in 
(A.9), we obtain, using (A.4), the matrix element (3.11). 


Appendix 3 


For L’ = L and L odd, the matrix element (4.12) which we designate by 
—(4xh~*)Q could be written as 


Q = V2] [3(¢. p)halbs v)-2— (Py) Le * (Py): 2) 
= —(12)8 ¥ {<11mm’|20> (—1)™ [ [bm y)ha(Pm Yea) dt}. (A.11) 


Using the expression (A.9) for (f,, y);22 and the standard procedure of 
Racah *), we obtain 
Q = {(h?/4x)A,, H(i, L) (60)? (2L+1)W(11LL; 2L)}(2L+1)-4<L2MO0|LM), 

(A.12) 

where A,,, is given by (2.17) and AH(/,L) by (2.20). Taking the explicit 
expression for the Racah coefficient, we see that the term contained inside 
the curly bracket of (A.11) gives us (4.14). 

To evaluate the matrix element of the operator Ty, defined by (4.16), 
when L’, L are even, we start by considering the effect of 


(3p,?—*) — 4(3(p1,—Poe)®— (Pi —P2)?), (A.13) 


on the |(/)?.M > of (2.8), when r, = r, = r. As L is even, we have from the 
symmetry properties of Clebsch-Gordan coefficients that 


{(3p,?—p?)| (nl)?LM >}, ear 
= 2 <Um,m,|LM)[(3p,?—P?)Rur(7) Ym, (8, )][Rni(7) Yim, (9, )] (A-14) 


mM, Ms, 


—}(3p,2—p*) Y <Um, mg|LMY[Rni(7)Y¥ im, (9, Y)][Rnr(7)Y im, (9, P) I 


MH, Me 
From the explicit form of the operators *) £,, £2, we have that the operator 
(3p,2—p?) appearing in the right hand side of (A.14) is given by 
ON OR 8 oe | r) 


2 
Yr or 


3p,7—p? = —h? (3 cos? @—1) (" > r > 


' -e 2 4 l . | 
Be ie ns coe el oe 15 
+8 cos 6 sin 6 =, ore + (31,2—/*?) |, (A.15) 
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where /*, /, are the usual angular momentum operators 
1 @ 0 i @ 1 a 
pa ft Pett Py pee 
sin 6 06 rar 06 r sin? 6 dg? t Op 
Taking into account the well known effect §) of the operators (3 cos?@—1), 


3 cos 6 sin 00/00 and of /?, /, on the spherical harmonics, and reducing the 
radial integrals with the help of (A.3), and of the relation 


in (Re, ail (OR, ,/Or) jr? dr = —+ . Re dr, (A.17) 


(A.16) 


we obtain straightforwardly the value (4.17) for the matrix element of Ty’. 
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Abstract: A discussion is given of the possibility of taking into account the state dependence 
of the Brueckner /-matrix by using an effective potential containing a three-body force. 
It is shown that this can be chosen so that the binding energy and its density dependence 
and also the single particle energies are given correctly. The contribution of the three- 
body force to the binding energy per particle is shown to be about 17 MeV if the Brueckner 
and Gammel calculations of the ¢-matrix are used. 


1. Introduction 


Recent work on the many body problem initiated by Watson!) and 
Brueckner 2) has thrown some light on the validity of shell-model consider- 
ations of atomic nuclei. It has been made plausible that, provided the inter- 
nucleon potential (assumed 2-body) is replaced by a certain operator known 
as the reaction matrix, then good results will be obtained when purely 
shell-model wave-functions are used. This statement depends upon certain 
remaining terms of the original perturbation series being small and this has 
been made plausible by several authors. It will not be discussed here. 

The reaction matrix, which we shall denote by ¢, is a two body operator in 
that, acting on a shell-model state it can only change the state of two par- 
ticles. However, its form depends upon the states occupied by the other 
particles in the nucleus, and, in this sense, it differs from the ‘‘effective 
potentials’ usually used in shell-model theory. The fact that one aspect of 
this dependence of ¢ on the occupied states is a density dependence has led to 
the suggestion by Skyrme ) that one can reproduce its effect by having an 
effective potential which contains a three-body part. It is the purpose of this 
work to see how far one can, in fact, simulate the occupied state dependence 
of ¢ by a three-body potential. 

We shall first consider the binding energy of nuclei and shall equate the 
value of the binding energy and its density dependence calculated with the 
t-matrix and with an effective potential containing a three-body part. 
A difficulty arises when this is applied to the evaluation of single particle 
energies since a different factor must now be associated with the three-body 
potential. One can use this, however, to take account of the so called re- 
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arrangement energy which must be included in the Brueckner theory 4). 
In fact the condition that the density dependence of the binding energy 
should be correctly given by the three-body potential already ensures that 
the rearrangement energy for the removal of a particle at the top of the 
Fermi sea is also given correctly. The momentum dependence and magnitude 
of the three-body potential are discussed in sections 4 and 5 and section 6 
contains a discussion of the effective mass. 


2. Binding Energies 


We introduce an effective potential defined by 
V = § Dv (r,, r,)+% Dv (r,,7;, Te) (1) 
ij ijk 
and shall endeavour to equate the nuclear properties obtained with this 
potential with those obtained from the reaction matrix. The notation 


v(k,, k,) = ¢k,k,|v|k, k,>— ¢k, k,|v|k, k, (2) 


etc. will be used. Momentum states |k> are normalized to 6 functions and 
spin variables are not indicated explicitly. 

In order to obtain the correct binding energy and density for nuclear 
matter we require 


$4, k,) =F S 0 (kyk,) +4 5 0 (ke, ky, by) (3) 
ij ij isk 
for all densities in the neighbourhood of py, the density of nuclear matter. 
In this equation ¢, is the reaction matrix for nuclear matter at density p in 
its ground state, and the summations are over all momenta and spins occupied 
in the ground state at the density indicated. 

Two modifications arise when finite nuclei are considered. First, different 
densities are involved and, secondly, since the nuclear states are no longer 
plane waves, the sums over momenta are weighted by distribution functions 
different from the simple Fermi distribution used in eq. (2). Thus the only 
simple way of obtaining agreement for the binding energies is to choose the 
effective potential so that an equation of the form of eq. (3) but without the 
sums over the momenta k;k; is satisfied. Two (essentially similar) approxi- 
mations are involved here; it is assumed that the ¢-matrix corresponding to 
nuclear matter at the local density can be used and that the momentum 
distribution of the third particle in the three-body potential can be taken to 
be the Fermi distribution at the local density. This gives 


p 
3t,(K;, k;) = 50) (k,, k;)+4 > vu (k,, K;, k,). (4) 
k 


In general it will not be possible with any simple form for the potentials to 
satisfy eq. (4) exactly for all p, a fact which corresponds to the limitation 
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we have made by only including two and three-body potentials in the 
effective potential. We shall therefore choose the effective potential so that 
the first two terms of the Taylor expansion about p = py are satisfied, i.e. 


t,.(K,, k,) = v(k,, k,) +4 S v®) (k,, k,, k,.) (5) 
and 
Se te) | = 5 [5S sys) | 6) 
Using the well known relation 
p= aah 7) 


37” 
where k, is the Fermi momentum at the density p, we can write eq. (6) in 
the form 
¢ 3 
52 chs) | = PZ oe, ey, he (8) 
Op Po 3 
where here, and subsequently, k,; refers to the density pp. 

We shall see later that there may be difficulties in choosing the momentum 
dependence of v‘*) so as to satisfy eq. (8) and it is therefore of interest 
to consider the equation obtained by substituting eq. (5) into the first 
derivative with respect to p of eq. (3). This is 


o | ot 2a)3 Po 
S| (te) | = SPS 0 (ee) (9) 


i.e. the averaged form of eq. (8). 
If the three-body potential is assumed to be independent of momentum 
then it can be eliminated between eqs. (5) and (8). Then, using eq. (7), we 


have 


ot 
0 (ke ,) = tyke) — [5 (|. (10) 
: Op Po 
Thus, if the linear approximation to ¢, is reasonable for all p less than pg, it 
follows that v‘?) is equal to the free space (zero density) ¢-matrix. 


3. Single Particle Energies 


Let — E(k) be the energy required to remove a particle of momentum k 
from the nucleus for k < ky, and let E(k) be the energy required to add a 
particle of momentum & to the nucleus for k >k,. Then 


E(k) = M(R) + R(R) (11) 

where 
h? k? 220)* Po 
M(t) = OS 6, yk) 





(12) 
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and 
fe 0; ti (Ki, k;) 


R(k) = 32 


13 


In eq. (13) 6, ¢, for k < ky, is the change in the ¢-matrix due to the removal 
of all particles with momenta between & and k+-dk and 6,A is the corre- 
sponding change in the total number of particles in the nucleus. For k < ky, 
minus 6,¢ and minus 6,A are the changes caused by adding particles with 
momenta in the neighbourhood of &. Note that the limit of a very large 
nucleus is being considered and suitable averages over spins and momentum 
directions are being carried out to remove minor irregularities. The volume 
of the nucleus is denoted by 2. 

The quantities M(k) and R(k) have been called by Thouless *) the 
“model energies’” and the “‘rearrangement energies’’ respectively. 

An interesting special case is for k = k, when E(k,) is the energy of the 
top particle and must therefore be equal to the average binding energy per 
particle in the nucleus. Thus R(k;) is the difference between the average 
binding energy and the model energy of the top particle. The calculations of 
Brueckner and Gammel ®) using the Gammel and Thaler ®) potential yield 
for this quantity a value of 17 MeV, i.e. 


R(Ry) = 17 MeV. (14) 
Using eq. (13) we have 
1 20 Ot ,(k,, k,) 





R(ky) = — ; 
(Rr) = 5a Op 
Substituting from eq. (9) gives 
(27)? , Po 
R (by) = "FX 9 (ky Ky, Ki). (15) 
ij 


This equation, combined with eq. (14) gives immediately a particular 
average of the three body potential. 

We now consider the single particle energies obtained from the effective 
potential. These are given by 


h2R2 — (Q7r)3_ Pe 





E(k) = + “(So (k,, ey) +4 5 (ke, ky k)] (16) 
F 3 po 
= M(k) Ha >) v')(k, k,, k,), (17) 


on using eqs. (9) and (12). Note that, as pointed out in section 1 the presence 
of the term corresponding to the rearrangement energy in eq. (17) is due to 
the different factor associated with the three body potential according 
to whether total or single particle energies are considered. 
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In order that the single particle energies should be correctly given by the 
effective potential we require that the second term on the right hand side of 
eq. (17) should be equal to R(f), i.e. 








2a)? Po Po bt k,, k, 
=. v® (k;,k,;,k) = 3) ~ae am (18) 
Q ij ij 0,A 


For k = k, this is already satisfied provided that eq. (9) is satisfied. For 
k # ky eq. (18) can be satisfied by choosing a suitable momentum depend- 
ence for the three-body potential. Note that it is in principle possible to 
choose the momentum dependence so that both eq. (8) and (18) are satisfied. 
With a simple quadratic form however this will not in general be possible 
(section 4). 


4. The Momentum Dependence of the Three-Body Potential 


To study the momentum dependence of the three-body potential we must 
consider the way the ¢-matrix depends on the occupied states. The Brueckner 
expression for ¢ in terms of the fundamental two body interaction is 


t =vpo%e (19) 


where Q is an operator designed to exclude states which violate the exclusion 
principle, and where e is the excitation energy in the intermediate states. 


Thus 
n= i[a(Q]e 20 


It 1s reasonable to assume that the main change in ¢, when the occupied 
states are altered, arises from a change in Q and that changes in e give rise 
to only small effects. This has been made quantitative by Thouless *). 
We shall therefore ignore Ae and put 


ar = 1 (21) 


To evaluate this quantity we must make some assumptions about ¢. For 
the present we take the simplest possible form, i.e. a ¢ which is local in 
co-ordinate space and has zero range. Such a ¢-matrix is very unrealistic and 
chosen only for simplicity. For the exchange character we take a Serber 
mixture with singlet and triplet parts equal. This seems a reasonable 
approximation to the results obtained by Brueckner and Gammel ®) and 
there is also some phenomenological evidence that the space exchange 
character is approximately Serber. Thus we take 


(ky, K,|¢|k’,, k’,> = (2)~* 6(k, +k, —k’, —k’2) 7 (22) 
where T, represents here a suitable operator in spin space. 
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For the energy denominators in eq. (21) the effective mass approximation 
is used. We obtain 














[meee = 4 _ _3|Tol? i 2K?+ 2kP+ 4K ky— 3? (23) 
Op p, (2x)*E,* K 2k,?—2K2—4/? 
where the notation 
1 = k,—k, (24) 
K = }(k,+k,) (25) 
h2k,? 
‘= ore (28) 


has been used and where ; is the Fermi momentum corresponding to the 
density py. A difficulty arises here in that the derivative does not exist for 
|k,;| = |k,;| = &;. For our purposes this difficulty can be ignored by only 
considering states which are separated from the Fermi surface by a small 
energy gap — which may be taken to be equal to the mean energy difference 
between states of a finite nucleus. Note that the divergence in the R.H.S. of 
eq. (23) is logarithmic so that the integrals required for R(k) are finite. 

By integrating eq. (23), and similar expressions for 6, ¢/d, A, over 1 and K 
one can obtain values for R(k). The integral over K has to be done numeri- 
cally. The result is given by 

3|T ol? hy? : 
R(k) = Qn)tE,*4 (k) (27) 


where A (k) = 0.19, 0.31, 0.34 for k = ky, 0.7 ky and O respectively. The 
ratio R(k;,)/R(0) given by these values agrees with that calculated by 
Thouless *) with the same assumptions about ¢. 

We shall consider the possibility of fitting 0¢/dp and R(k) with a three- 
body potential which is quadratic in momenta. Such a form is consistent 
with the effective mass approximation and has been used in the phenomeno- 
logical calculations of Skyrme’). Thus we take 








3 3 Q 
v®(k,, k,, ks) = v@{l+a }k?2+6 > k,-k;] = (28) 
i=1 i>j=1 27 
Then, from eq. (17), 
v'3) R68 = , 
R(k) = ae (1+-gak,?-+-ak?). (29) 


One can obtain a value of « by comparing eq. (29) with eq. (27). To fit the 
extremes k = ky and k = 0 requires 


kia = —0.29 (30) 
whilst to fit the k = ky and k = 0.7 k, values would require a value of about 
one-third for this quantity. 
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In order to satisfy the density dependence of the /-matrix for all momenta 
we must satisfy eq. (8) which becomes, with the form of eq. (28), 


5 |e es K,) | = gol todkyt+ (2x +A) KY Ge I0)F}. (81 
Slap "Ie  (2x)° tutes red ee 
It is of course impossible to fit such a simple expression to eq. (23) but the 
general trend is given by the values 
kPa wi, keep w —§, (32) 
which make the R.H.S. of eq. (31) independent of K. 

It follows from eq. (32) and eq. (30) that, with the assumptions made 
about ¢, and the form chosen for v®), the two types of momentum dependence 
are incompatible ft. However, in both cases, the momentum dependence can 
be considered to be quite small. To see this we calculate the contribution of 
the three-body force to the binding energy per particle of an infinite nucleus. 
This is given by 

B® — 1 il [1+ 2k?) (33) 
ee Pe 
If the three-body force is chosen to give the correct density dependence of 
nuclear matter then, as we saw in section 3, it must give X(k,) correctly. So, 
from eq. (29) 





y(3) k,8 11 ; : 
R (kz) = 3674 [1+ 5 ak,?]. (34) 
Thus 
1+ 2ak,? 
B®) = : R(R,). 35 
1+42k,? v( t) ( 5) 


This ranges from about 0.9 R(k,) to 1.3 R(k,) according to whether « is 
given by eq. (32) or eq. (30) respectively. The contribution of the three-body 
force to the binding energy is thus already determined to within 20 %. 

It is doubtful whether much meaning can be attached to this type of 
calculation of the momentum dependence of the three-body force unless a 
more realistic ¢-matrix is used. Qualitatively it appears likely that the use of 
a more realistic ¢-matrix would tend to give momentum dependent contri- 
butions to the three-body potential which vary with momentum in the 
opposite directions to those found above. To see this for the evaluation of 
R(k) we note that, as k is decreased below k,, the lowest possible relative 
momentum in the intermediate state on the right hand side of eq. (20) 
increases (one particle must have momentum & and the other momentum 
greater than k,), and this will result in a decrease in the ¢-matrix and hence 
in R(k). On the other hand, a reduction of the relative momentum of the 


t If we allow a more general momentum dependence then there is no incompatibility. 
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two particles considered in (0¢/dp)(k,, k;) will give rise to an increase in the 
magnitude of this term due to the momentum dependence of ¢. Thus, in 
both cases, the momentum dependence of the ¢-matrix tends to reduce in 
magnitude the value of « from that calculated above — it may even, indeed, 
alter the sign. These considerations could be made quantitative by carrying 
out the calculations with a more realistic ¢-matrix, taken, for example, 
from the work of Brueckner and Gammel *). In view of the fact that, as 
indicated above, there is some cancellation between the various effects, it 
seems reasonable to assume that a momentum independent three-body 
potential will not be seriously in error. 


5. The Magnitude of the Three Body Potential 


This can be obtained directly from an assumed nuclear potential using 
calculations of the type performed by Brueckner and Gammel 5). In their 
calculations they use the fundamental two body interaction of Gammel 
and Thaler *) which, with certain approximations, leads to the value given 
by eq. (14). Thus, from eq. (29) 


3624 


k,§ 


y(3) — 





17 MeV (36) 


where v) is defined by eq. (28) with « = 8 = 0. This leads, by (35), to 
a three-body contribution to the binding energy per particle given by 


B®) = 17 MeV. (37) 


As discussed in § 4 this quantity is not very sensitive to the momentum 
dependence of the three body potential. The value of 17 MeV agrees well with 
that obtained, phenomenologically, by Skyrme %). 

It is interesting to see how far the approximate calculation leading to 
eq. (27) reproduces this value. The contribution of the reaction matrix of 
eq. (22) to the binding energy per particle is given by 








BY a ws Tn (38) 
(2z0)* 
Hence the total binding energy per particle is given by 
Tok, 3 
= — —3E 39 


where £; is the maximum Fermi energy, given by #?k,?/2M. This leads to 


Tok, 
ot. es —37 MeV (40) 





(20)* 
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which gives, using (27a) 


(41) 





for a reasonable value of M*/M this is of the right order of magnitude. 


6. The Effective Mass 


The assumption that we can approximate the dependence of E(k) upon k 

by a quadratic term has often been made. This leads to the idea of an effec- 
tive mass, M*, defined by the equation 
hk? 
2M* 
Assuming that this is reasonably accurate for all & less than hk, we shall 
consider how far the effective mass can be determined from the properties of 
nuclear matter. The argument used here is identical to that of Weisskopf §) 
except that we include the three body potential. 

We first write the two body effective potential in a quadratic form since 
this is necessary in order to obtain eq. (42). Thus we put 

v (k,, k;) = v [1+y(k?-+,;)). (43) 
A possible term depending on k; « k,; has not been included since it will not 
contribute below. For convenience of writing a Serber potential will be 
assumed although this does not affect the result. 

Using eqs. (28) and (43) we obtain for the binding energy and single 
particle energies the following expressions 


+ const. (42) 





E(k) = 


3 9)(2) k,§ y(3) 











kv 
a f 
B= $2;+ (2a)2 (1+ gyh_?) + 3604 (1+ Zak,”) (44) 
/ hy? k2 k 2 (2) 3k 6 4)(3) 
E(t) =>, + ‘Oxy (1+ 3yk2+yk?) + me (1+Sake2+ak2). (45) 


Comparing eq. (45) with eq. (42) we have 
= Ps i in 4k,3 y(2) y 4 6k,® y(3) & (46) 
M* M _~ h3(2x)? 3624 h? 
We now use the fact that B = E(k) and subtract eq. (45) with k = k, from 
twice eq. (44). On substituting for y from eq. (46) we find 





— 37, (] , = B®) 47 
= 3E, (1-3 7) —B. (47) 


Thus the value of M* can only be found in this way if the contribution of the 
three body potential to the binding energy is known. With B® equal to 
R(k,), and R(k,) given by the work of Brueckner and Gammel we obtain 


M* ~ 3M (48) 
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which agrees with the value of * quoted by Brueckner and Gammel, and 
also with that obtained by Skyrme %). Note that the case of B*) equal to 
R(k,) corresponds to no momentum dependence in the three body potential 
in which case the value of M* which fits M(k), which is the value quoted 
by Brueckner and Gammel, is the same as that which fits E(k). This is of 
course not true in general. One can show (Brueckner ®)) that the M* which 
fits M (Rk) is given by an equation like eq. (47) but with B® replaced by R(z). 

The value of M* deduced from eq. (47) is quite sensitive to B® so that, 
even assuming that the quadratic form, eq. (42), is satisfactory, it is not 
possible at this stage to give, for example, the variation of the nuclear 
potential depth with momentum for momenta near the Fermi surface, which 
is required for the optical potential of the nucleus. 


7. Conclusions 


It is shown that much of the occupied state dependence of the ¢-matrix 
can be taken into account in shell-model type calculations by using a three- 
body effective potential in addition to the usual two-body one. A discussion 
of the momentum dependence of the three-body potential shows that it is 
reasonable at this stage to assume it to be independent of momentum. 
Its contribution to the binding energy per particle is around 17 MeV if the 
calculations of Brueckner and Gammel ®) are realistic. The two-body 
effective potential, under certain approximations, is equal to the free space 
t-matrix. 


I am grateful to Dr. J. S. Bell and to T. H. R. Skyrme for discussions on 
the contents of this paper. 
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THE (d, t) REACTIONS AND THE INTERNAL STRUCTURE OF 
THE TRITON 
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Abstract: From the experimental values of the differential cross sections for Li’(d, t) Li® 
and Li?(p, d)Li®; F'*(d, t) F*8 and F!® (p, d) F'8, the probability for the existence of the 
triton in the configuration of a deuteron ground state plus a second neutron was calculated 
and found to be very small. 


It was pointed out by Butler and Salpeter ') that for cases when contri- 
butions to the (d, t)-reactions arise mainly form direct pick up reactions, 
Butler’s stripping theory 7) can be used to provide valuable information 
concerning the internal structure of the triton. If the experimental cross- 
sections for both a (d, t) and a (p, d) reaction between the same two nuclear 
levels are known, then it would be possible to calculate the probability for 
the triton to have the configuration of deuteron ground state plus a second 
neutron 8), 

Let the triton wave function y;(r, R) be expanded in terms of the states 
%.,(") of the deuteron, where 7 refers to its spin state: 


yr(r, R) = 2 Avi telt)fa(R); (1) 


where r is the difference between the coordinates of the proton and one of the 
neutrons, and R is the position vector of the second neutron with respect to 
the midpoint of the vector r; the wave functions y;, x,,;and/,, are normalized 
to unity. If the Fourier transform of /),(R), denoted by ®;, is known, 
the experimental ratio o(d, t)/o(d, p) enables us to calculate the quantity 
A,? = > ;,|Ao,|? which is the probability of finding the triton in the configura- 
tion of a deuteron and a neutron. When the energies used in the (d, t) 
reactions are not high enough to make possible the determination of the 
function ®; completely, the experimental ratio o(d, t)/o(d, p) between the 
same two nuclear states gives C,*|A,|?, where C; is the normalization factor 
of the wave function of the second neutron /(R). A lower limit to C,? was 
obtained theoretically by A. Werner *), by assuming the triton to consist of 
an unpolarized deuteron plus a second neutron: she showed that C,*> 16.4. 
Thus an upper limit to A,? can be determined. Using the experimental data 
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on the angular distributions of protons in C!* (d, p) C!® by Rotblat *) and of 
tritons in C8 (d, t) C!® by Holmgren e¢ al.5), A. Werner obtained an upper 
limit of 0.11 for A,? i.e. for the probability of finding the triton in the 
configuration of deuteron ground state plus second neutron. This is to be 
compared with the maximum possible value of A,?, viz. 0.75 (which is the 
probability of obtaining a triplet neutron-proton spin factor from the triton 
spin function). 


6 Cat)/ 6 Cpd) 


























10 20 30 50 
6 (C.M.) 


Fig. 1. Values of ratio o(d, t)/o (p, d) at different angles in the C.M.S. for the reactions 
Li?(d, t) Li® and Li?(p, d)Li®, $ Experimental values: * Theoretical curve with 
Cz?|Aq|? = 1.08. 

In view of the importance of the internal structure of the triton in theoreti- 
cal considerations similar calculations were carried out for the following two 
sets of reactions: 

a) The experimental results of Levine, Bender and McGruer *) for 
Li’(d, t)Li® and of Reynolds and Standing’) for Li’(p, d) Li®, with the 
momentum transfer / = 1 for the ground level. A fit of the experimental 
results with Butler’s formula was obtained for the values of the nuclear 
radius parameter 7, = 6.0 10-% cm and 5.5x10-% cm, respectively, 
@®, being taken to be proportional to *) 1/(k?-+-A?). The ratio of the experi- 
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mental cross sections as a function of the angle is shown in fig. 1. The ratio of 
the two theoretical curves shows the same angle dependence and agrees with 
the experimental values if one chooses C?|A |" = 1.08. Therefore, A,? <0.06. 

b) The experimental results of El-Bedewi and Hussein §), for F1*(d, t)F" 
and of Reynolds and Standing for F!*(p, d) F!8 with the momentum transfer 
1 = 0 for the ground level. The fit of the first experimental data with 
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Fig. 2. Values of o(d, t) at different angles in the C.M.S. for the reaction F!°(d, t)F'*. Experi- 

mental points by El Bedewi eé al.®), fitted by both Butler’s formula (heavy line) with 75= 

5.0 10-18 cm and Bhatia’s ef al.®) formula (dashed line) with R = 6.9x10- cm and 
1 = 0 in the ground level. 


Butler’s formula is shown in fig. 2 and was achieved with 7) = 5.0 x 10-* 
cm; the fit of the second data was also achieved with the same value of 
r,’). The same form of ®, as in (a) above was used also in this case. 
The ratio of the experimental cross-sections as a function of the angle is 
shown in fig. 3, together with the theoretical curve. Agreement is obtained 
between the two curves when we take C,?|A,|? = 0.27, whence Ay? < 0.02. 
It may be noticed that in these cases, unlike the example chosen by 
Werner, the experimental and theoretical ratios of the cross sections are not 
angle independent. These two examples, in addition to that given by A. 
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Werner, show that the probability of finding the triton in the configuration 
of deuteron ground state plus second neutron is very small. 
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Fig. 3. Values of ratio o(d, t)/o(p, d) at different angles in the C.M.S. for the reactions 
F19(d, t)F'8 and F!*(p, d)F!8. 6 Experimental values «++ Theoretical curve normalized with 
Cz*|Ao|? = 0.27. 1 
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AND TARGET 
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Abstract: The general form of the scattering matrix in the singlet-triplet representation 
is found, and the formulae for the differential cross section, the polarization and the 
correlation coefficients are derived. 


1. Introduction 


The general theory is given by R. H. Dalitz?), L. Wolfenstein and 
J. Ashkin ?) and by R. Oehme *). We can characterize a beam of protons of 
uniform momentum by the density matrix of the beam, p, which is a 
Hermitian 2-by-2 matrix in spin space. The expectation value of any 
operator for the beam is given as the trace of a matrix 


{®>beam = Ir (pa) (1) 
where Tr p = 1. We may *) take eq. (1) as the definition of the density 
matrix p. The density matrix can be expanded in terms of a complete set of 
2? = 4 basic Hermitian matrices w*“ in spin space, which obey the relations 

Tr (w*@”) = 26,,. 

In the scattering p+p — p+p we will describe the system by the density 
matrix in the combined spin space of the two-proton system. The expectation 
value of any operator 2 before scattering is 

(2>in = Tr(pin 2) (2) 


where Tr py, = 1. Let 24 be a complete set of 2? - 22 = 16 basic Hermitian 
matrices in this combined spin space with the property 


Tr(Q#Q”) = 2- 26,,. (3) 

We can expand p,, in terms of these operators and find with eqs. (2) and (3) 
16 

Pin= + 2 <2") 02". (4) 
Pe 


The system after scattering consists of two proton beams. If the scattering 


t Most of this work was done while the author was at Nuclear Physics Research Laboratory, 
University of Liverpool, England. 
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matrix is M, we find for the density matrix of the two outgoing proton beams 
Pout = Mp Mt; (5) 


Pout 1S a Hermitian matrix. The expectation value of any operator 2’ in the 
combined spin space of the scattered protons and the recoil protons is then 


(2 out = Tr (pout Q')/Tr Pout (6) 
and the differential cross section is 
Q = Tr Pout: (7) 


In the case of an unpolarized target and an unpolarized incident proton 
beam only the unit matrix has non-zero expectation value before scattering, 
and we get from eq. (4) 


Pin = +i. (4a) 


We find for the density matrix po,;, the differential cross section Q and for 
any operator 22’ 


Pout = <¢ MMt, (5a) 
Q = Tr MMt, (7a) 
<2" yout = Tr MMt Q'/Tr MMt. (6a) 


The general form of M is given in ref. ?). The expectation value of any 
operator can be expressed ** 7), from eq. (6), in terms of the coefficients 
occurring in M ; these coefficients are givenin terms of phase-shifts by Wright). 
Stapp ®) uses the singlet-triplet representation and gives the matrix elements 
in terms of phase-shifts ®*); in the present paper this representation will be 
used. 


2. General Form of the Scattering Matrix M in the Singlet-Triplet 
Representation 


In the single particle representation the basic Hermitian matrices Q2¥ are 
the direct products 24 = w,* xq," of the corresponding basic matrices w,* 
and w, in the spin spaces of the scattered proton and the recoil proton. For 
convenience we arrange the corresponding basic vectors in a column matrix 


a(1)a(2)) bd ¥) 

a(1)B (2) |_| do(b—#) 
B(1)a(2) | ~ ) bs(—a. 8) 

B(1)B(2)?— \$a(-4.-¥) 


where « and # are the two spin eigenfunctions, and 1 and 2 stand for the 
scattered and the recoil proton. 
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In the singlet-triplet representation we have 


yal 
y={™ \=U¢, (9) 
X-1 
Xs 
S* = UQ4UH, (10) 


where 7;, Yo, X-1 are the triplet and y, the singlet eigenfunctions, S“ are the 
new basic Hermitian matrices, and U is a unitary matrix 


1 0 0 O 
0 I/4/2 1/4/2 0 
QO 14/2 —1/s/2 0 
U-=Ut or UUt=1. (12) 


Let k, and k, be unit vectors in the direction of the momenta in the centre of 
mass system of the incoming proton before and after scattering. We define 
the three orthogonal unit vectors 


K, X ky | K,—k, | k,+k, 
n> - , m => - , 1 — ° 
sin # 2 sin (8/2) 2 cos (#/2) 
We choose the z-axis in the direction of k,, and the y-axis in the direction of 
n. We measure the polar angle # from the z-axis and the azimuthal angle » 
from the z-axis. 
The basic Hermitian matrices w* are the unit matrix and the three Pauli 
matrices 


* if (" a poy { | 
[= > Og=i , > Oy=)., > = . 
01 e'? 0 ve? 0 0 —l1 


The z-axis is the axis of quantization, and o,,and o, are therefore p-dependent. 
The scattering matrix may be written in the form 


My My,e® M,,e° Myge~"” 
Myce? Mo Myie* Mog 
M_,,e? M_,e* M_4,_, M_,,e” 
M,,e° Moy M,.,¢e°" M,, 
where the M,, are functions only of the polar angle #. The indices wu, » = 
1, 0, —1, s refer to the basic vectors y,, 7, x, and 4g. 

The scattering matrix M is invariant under space rotations and reflections 


and time reversal. m and Lare polar vectors and change sign under space 
reflections, and o and n are axial vectors and do not change sign. The forms 











(13) 


M = (14) 
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o,:m,0,-m, 0-1, 0,°1, (0, m)(0,°n), (0, -1)(6,- Mm), (0,- m)(o,- Nn), 
(a, - 1*)(o, - m) are invariant under space rotations. They change signunder 
space reflections, however, and therefore cannot enter into the expression 
for M. From eq. (3) it then follows that the traces of the products of M and 
any linear combinations of these matrices must vanish: 

Tr M(o,x1) = Tr M(1xo,) = 0, 

Tr M(o,x1) = Tr M(1xa,) = 0, 

Tr M(o,Xo,) = Tr M(o,Xo,) = 0, 

Tr M(o,xo,) = Tr M(o,Xo,) = 9. 
Since the two particles are identical we have spin symmetry })%): 

Tr M(lxo,) = Tr M(o,x1), Tr M(oe,xo,) = Tr M(o,xo,). (16) 

From eqs. (15) and (16) we get 


My, =M_43; Myy=M_y; My = —M_ yy; My = —My1; 


(17) 
M,, = M,, = M,, = M_,, = M,, = M,_, = 0 
and the scattering matrix is then 
-Mi, M,,e* M,_,e-** 0 
Me” M —My,e-* 0 
PS is 00 01 (18) 
M,_,e7" —M,,e” Mi, 0 
0 0 0 Mes 


From the invariance of M under space rotations and reflections and from 
spin symmetry it thus follows that there are no transitions between singlet 
and triplet states, which also follows from the conservation of parity. 
The total spin of the two protons is thus a constant of motion. 

Now, @, 1 and n change sign under time reversal, and m does not change 
sign. The form 


(a, - m) (0, -1)+(¢, - 1)(@, > m) 
= sin #(o, X 6,—0,X 0,)— cos 0(0,X 6,+6,X6,) (19) 


therefore changes sign under time reversal, and cannot be contained in M. 
The trace of the product of M and (19) must vanish, i.e. ?) 


My—M—M14 = V2 cot 8+ (Myy+M,). (20) 


The scattering matrix thus depends upon five distinct complex functions 
i.e., excluding the absolute phase factor, on nine real parameters *). The 
parity of the two proton system is odd. The singlet spin eigenfunction is 
antisymmetric, and the triplet spin eigenfunctions are symmetric. The 
singlet matrix element is therefore symmetrical, and the triplet matrix 
elements (functions of # and @) are antisymmetrical: M,, and Mg, are 
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proportional to cos #, M,_, to sin*# cos #and Mj, and M4, to sin #*). At an 
angle # = $a we have 
M,, (42) = M,_,(42) = Mgo($2) = 0. (21) 


3. Formulae for the Differential Cross Section, the Polarization and 
the Correlation Coefficients 


It may be derived from eqs. (6a) and (18), and it also follows from spin 
symmetry, that the polarization P, and correlation coefficients C,,,... 
satisfy the relations 

,= <0x1) = (1x0) = P, =P, 
Cen = (9,X Og) = (9,X G,) = Cag: 

It may be derived from eqs. (6a) and (18), and it follows from the in- 
variance of the scattering matrix under space rotations and reflections, that 
there is no polarization in the scattering plane, and no correlation between 
spin components in the scattering plane and components normal to the 
scattering plane: 


(22) 


Pay = Pa = Pa = Pe = 9, 
Coy = Cyr = Cy, = Czy = 0. 


ey 


(23) 


We find the expectation values of the operator S,, the polarization and 
the correlation coefficients, from eqs. (6a) and (18): 


24/2 
YP =QP,= ot he Im {My Mi +MoM—Ma M¢4} 


OC xe = {4 Re My, M¥_1—2|M yo|?+2|M |? +|M] oo!2— | Mogl?} 
OC yy = +{—4 Re My, M¥_1+2|Myo|?+2|M] 9; |?-+|Mool?—|Moal?} (24) 
QC, = {2|Myy|?+ 2|Myo|/?+2|M,_,|?—2|M 9, |?—|M oo|?—|Moagl?} 


0c. = 24/2 


4 
The corresponding quantities in the m, 1, n co-ordinate system may be 
calculated from the geometry: 


P, =P,=P; 

Con _ Cyy, 

Crom = $(CaetCz.)—$ 008 O(C,,—C,2)— sin 9 C,,, (25) 
Cy = ¥(CoetC,,) +3 cos 0(C,,—C,2)+ sin B C,,, 

Ci = Cim = $ sin 0(C,,—Cz2) — cos #C,,. 


We get the differential cross section from eqs. (7a) and (18) and we have 
finally for the polarization and the correlation coefficients 





Re {My Mi, +M oo. Mjo—Mo Mi} 
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Q = £{2|Myy/?+-2|Myo|?+2|My_4/?+2|M |? +| Mol? + |Mss\*} 
OCon = G{—4 Re My, ME, +2|Myo/?+2|Moy|?+|Mool?—|Mos!?} 
Q(1—Cyn) = {|My +My/?+ M 4|"} 
2(Cumt+Cu) = 3{|Mq,+My_1|?—|Moe|*} 
4/2 
QP =- a. Im {(Myy>—M qi) (My, —My_1+Moo)} 
’ (26) 
0Cam = #{|Myi +My_3|?—|Moel?— ra (|4Z,; —M_1|?—|M ol?) } 
cos @ 
1 
0Cy en ¥{| My, +My_4|? —|Mog|?+ cos @ ( M,,—M,_,|?— M ol*)} 
N 
0Cmi = Sain pt Ma0l?—|fo1!*}- r¢ 
ul 
The last four formulae are derived by means of eq. (20). It will be seen that on 
Cm; has the opposite sign of Stapp’s Cyp because m = —K and 1= P. - 
From eq. (21) it follows that the formulae are very simple at an angle of - 
@ = 90°. Cyn = —1 for scattering in singlet states, and Cy, = | for scatter- 
ing at 90° in triplet states, and a measurement of C,, at 90° will therefore cr 
give the ratio between the singlet and triplet scattering cross sections. la 
When scattered in a second target (the analyser) the component of polari- pI 
zation normal to the scattering plane gives an asymmetry in the differential eo 
cross section. It follows that polarization parallel to the direction of motion E 
is not detected 5). This difficulty can be overcome by introducing a magnetic os 
field between the first and second target (7). The correlation coefficients ol 
Cyn and Cy; (and also C,,, and C,, with a magnetic field) can be measured with tl 
two analysers in coincidence *). C,, has been measured at 90° (in the centre t} 
of mass system) at 382 MeV 1°), er 
The author is indebted to the Royal Norwegian Council for Scientific and in 
Industrial Research for a fellowship. - 
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In connection with experimental work in this laboratory on the levels of 
Na®31) an attempt has been made to describe this nucleus in terms of the 
rotational model in a way similar to F’® ?). In this latter case the model was 
unexpectedly successful. However in the case of Na** the spins and parities of 
only two states are known with any certainty at present and the predictions 
cannot be checked. For this reason only a first trial using reasonable para- 
meters is reported. 

The ground state quadrupole moment has been measured as 0.10 x 10-*4 
cm? ’), Assuming that the ground state is fairly pure K = $ (we shall see 
later that this is approximately so) and computing the strong coupling 
projection factor we obtain a value of 6 » +0.4. The Coulomb excitation 
cross section *) for transitions to the first excited state yields B = 0.3. 
Examination of the Nilsson >) level diagram in this region shows that the 
next excited particle configurations above the K = 3 ground state consist 
of two configurations nearly degenerate having K = } and K = $. Both of 
these may be expected to mix with the ground state configurations through 
the rotation-particle coupling *) in contrast to F!® where only one excited 
configuration is expected to mix strongly. The appropriate moment of 
inertia can be derived from the position of the first excited 2+ states in the 
neighbouring even-even nuclei Ne”® and Mg*4. This yields a value of h?/2.4% = 
0.25 MeV. From the assumption of 6 = +0.4, we derive values for the 
decoupling parameter (which fixes the level order in the K = } band) of 
—0.25 and for the matrix elements for the interaction of the mixing bands 
Agy = —1.1#2/2% and Agy = +2.1%2/2F 6). 

One excited state will be expected to be pure and therefore not subject to 
shift due to the interaction of different bands. This is the J = 4, K = $state. 
This is therefore used as the starting point and is identified with the observed 
state at 2.39 MeV. If other states in this region are chosen the agreement is 
rather poorer. The K = } rotational set is then based on this state as shown 
on the left hand side of fig. 1. 

The J = $ states occur in only two bands, K = }and K = 3. The per- 
turbed position of the K= member must coincide with the ground state. The 
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unperturbed position of this state is then at 0.08 MeV and the rotational set 
based on it is shown in the second diagram from the left in fig. 1. The small 
shift in the J = $ member indicates that it is fairly pure K = $. 
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Fig. 1. Comparison between the known levels of Na** and the levels predicted by the present 

calculations. The first three columns show the unperturbed positions of the levels in the 

rotational bands of K = 4, $ and § respectively; each level is labelled with its total angular 

momentum, J. The fourth column shows the resulting level spectrum after considering mixing 
between levels of the same J but different K. 
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For the J = 3 states all three bands will mix. The ground state of the 
unperturbed K = 3 band was fixed at 2.35 MeV so that the lowest J = 3 
state coincided with the observed 0.439 MeV first excited state of Na. 
The K = 3 band based on this unperturbed ground state is shown in the third 
diagram from the left in fig. 1. 

The final positions of the J = 3 and } states are now determined and are 
as shown in the fourth diagram of fig. 1. The observed states of Na** are 
shown on the right hand diagram in fig. 1 for comparison. The set of five 
states predicted between 1.5 and 3.5 MeV bear some resemblance to the 
states observed between 2 and 3 MeV. The spacing of the predicted states is 
however too great and this may well reflect the fact that too small a moment 
of inertia was used. 

The group of states near 4 MeV are not accounted for by this model. 
It may be that these are states produced by many-particle excitations. 
The first state in Al® unaccounted for by this model occurs at 4 MeV ”). 

On this model the ground state of Ne®* should be J = 3 K = 3. Allowed 
6-transitions are observed 8) to the ground, 0.44 and 2.08 MeV states which 
is consistent with the spin of $+ assigned by this model to the 2.08 MeV 
state. The spin of Ne** is not definitely established but stripping measure- 
ments by Burrows eé al.*) strongly suggest that its level structure is similar to 
that of Mg”. 

TABLE | 


Gamma ray transitions 






































Transitions Predicted Observed 
from I evel at Quantity . ° | SF cake er ca 
, This Model | Weisskopf?*) | Ref. 
0.44 MeV t1 (sec) 4x 10-13 1510-18 | 10-12—10-18 14) 
assumed J = $ TREg (sec) 6x 10-10 1.5 10-8 3 xX 10-1 4) 
Ty (0.44) 2400 10° = 20 15) 
Tre (0.44) 300 — 3000 t 
2.08 MeV Tm1 (1.64) | 
———_—— 55 000 6 7. 
assumed = $| Tg (2.08) | - | 
2.39 MeV Tm (2.39) 
ee 90 8000 3 1) 
assumed J = $ Tre (1.95) | 




















t Derived from the measured lifetimes. 


The ground state magnetic moment is predicted on this model to be 
2.39 n.m. which may be compared with the measured value of 2.22 n.m.?°). 
Models for Na** along similar lines have been suggested by Rakavy 1) 
and by Litherland e¢ al.!*). Rakavy considered only the interaction of 
K = }and K = $ bands. States of }, | and 3 are predicted for the 2nd, 3rd 


and 4th excited states. Litherland considered only the interaction of K = 3 
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and K = $ bands. States of $ and 3 are predicted for the 2nd and 3rd 
excited states. 

The excitation functions and cascading of gamma rays resulting from 
inelastic neutron scattering in Na** +) are not inconsistent with the proposed 
spin assignments for the 2nd and 3rd excited states. Angular distributions of 
deuterons inelastically scattered by Na’ 8) indicate that the parities of the 
2.08, 2.71 and 3.85 MeV states are even. 

If we identify the 2nd and 3rd excited states observed with the corre- 
sponding $ and $+ states in the predicted spectrum and assume that these 
along with the ground and 0.44 MeV states have the amounts of K ad- 
mixture predicted by this model, the y-ray decay properties of these states 
can then be calculated. The results are shown in table 1 along with the 
usual Weisskopf estimate and the observed values for comparison. The 
agreement is as satisfactory as can be expected from this first trial. 

When the spins of a few more states are established with certainty it will 
be interesting to make a more detailed fit using similar considerations. 
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Abstract: Providing the interactions responsible are invariant under time reversal, it is 
shown there is a simple general relation between the spin polarization moments produced 
in a collision process, and the angular distribution induced by these moments in the time 
inverse collision. 


There is a well-known relation between the angular distribution of 
products from a nuclear reaction induced by polarized spin } particles, and 
the polarization of the particles produced in the inverse reaction !). This has 
been called the polarization — asymmetry equality ?) and is valid provided 
the interactions responsible are invariant under time reversal. However, it 
does not seem to have been noticed that this is a special case of a very general 
relation between a collision process and its time inverse when spin polariza- 
tion moments of any order are involved, provided time reversal invariance is 
satisfied. 

The theorem can be deduced from the general formulae for polarized 
nuclear reactions *), but probably is most transparent if we start from first 
principles with the collision or scattering matrix S. Consider the reaction 
A+B -— C+D, in which A f is incident along the direction of the unit vector 
k, and C emerges along k,. This we call I. The time inverse of I, C+-D — A+ 
B, in which spin directions are reversed and C is incident along —k,, A 
emerging along —k,, we call II. To avoid a multiplicity of indices we denote 
the corresponding spins by a, b, c and d respectively, and their z-components 
by «a, 8, y and 6. 

The transition amplitude for reaction I between states with definite mag- 
netic quantum numbers is then given by the S matrix element 





<cydd; Ky|S\|axbf; k,>. (1) 
The corresponding differential cross-section for the unpolarized case is then 
do(k, ,k,) ma,? 
= dd; k,|S|axbB; k,>|?, 2 
don Baki) BLA 2l<749: KalSlaabp: I> (2) 


summed over all magnetic quantum numbers. 


T A may be a particle or a photon. For the interpretation of photon ‘spin’, see for example 
refs.%), 
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We adopt a widely used representation for the angular momentum func- 
tions **®) so that their behaviour under time reversal is 


KYaa — (—)r* Ya,—a 
With this representation the collision matrix elements for I and II are 
related by ®) 
<cydd; Keg|SlaabB; ky> = (—)aatrrererrsase 
xX <a, —a, b, —B; —k,|S|c, —y, d, —d; —k,>, (3) 

provided the interactions are time reversal invariant. 

We use the term polarization to denote any ordering of spins. A detailed 
description is given by the usual multipole or tensor moments 7,, 3). If the 


relative amplitude for a spin a to have a z-component « is A,, the component 
q of the spin tensor of rank & is defined here as 


Ty,(a) = > V2a+1(—)*+*+*(a, —a, a, a+g|kg>A, AX... (4) 


<aabB\cy> is the usual Clebsch-Gordan vector addition coefficient. Then 
Too is unity provided },|!A,|? = 1, while, for example, the dipolarization 
tensor (k = 1) has components 


Tyo(a) = V3/a(a+1) Sa\A,|? 
= V3a/(a+1) P,, (5) 





Ty4,(@) = V3a/2(a+1)(P,iP,), 


if P is the usual ‘polarization’ vector, P = <a/a>. Of course, moments up to 
k = 2a can be defined in this way. 

Consider now the reaction I when the incident particle A is polarized in 
some way. The differential cross-section do(k,,k,)/dw, which apart from 
irrelevant factors we write as /(#), now becomes 


I(0) = > A, A} <cydd; ky|S\axbp; k,><cydd; k,|S|aa’ bB; k,>*, (6) 
summed over all magnetic quantum numbers. Inverting (4) and introducing 
into (6), 


I(6) = ST}, (a) > V 2a+1(—)**+#<a, —a, a, a+9|kg> 
ka 
x <cydd; Ky|S|aabB; k,><cydd; k,|S\a, «+9, 68; k,>*. (7) 


Of course, the k = g = 0 term, J,,(6) say, corresponds to the unpolarized 
distribution (2); the additional terms are introduced by the incident polari- 


zation. 
Now in the inverse reaction II the expectation value of the spin tensor 


Tj, _, for the emergent particle A is, summing over all magnetic quantum 
numbers, 
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> (—)*+*-*<aaa, —a—g\|k, —g> 
<a, —a, b, —B; —k,|S{c, Fr; d—dé;—k,>» (8) 
Ti_,(a)  X<a,—a—g, b, —B; —k,|S|c, —y, d, —6; —k,>* 


V2a+1 DdI<a, —a, b—B; —k,|S|c, —y, d, —d; —k,)|* 
again normalized so that 74 = 1. Using (3) and the symmetry properties of 
the Clebsch-Gordan coefficients ®) this becomes 


(—)**#> (—)*+*+#<a, —a, a, a+g|kg> 
<cydd; k2|S|aabp; k,> (9) 
Th-a(4) _ X <cydd; k,|S|a, «+9, bf; k,>* 


V2a+1 >| <cydd; ky|S|axbp; k,>|? 
The denominator of (9) is just the unpolarized intensity J,,(@), while the 
numerator is just the factor occurring in the k, g term of (7), the angular 
distribution /(6#) for the inverse reaction I. Hence this latter can be written 


(8) = Tun (9) 2 (—)*4 Ty (4) Ty, -4(4). (10) 











, 





This is the generalization of the dipolarization-asymmetry equality for 
spin } particles. We note that the spin tensors occur in the form of a scalar 
product *), as they should since the angular distribution cannot depend on 
our choice of axes. It should be remembered when using (10) that while 
Tq describes the polarization of particles incident along k,, 7; refers to the 
polarization of particles emerging along —k, in the inverse reaction (with 
incident beam along —k,), but referred to the same coordinate axes. For 
example, the dipolarization P' in I would conventionally be regarded 
positive if directed along n = k, xk,. This must be retained for P™ for II in 
(10), rather than the conventional (—k,) x (—k,) = —n. 

Since in the centre of mass system the reaction I is quite symmetrical in 
‘incident’ particle and ‘target’ particle the result (10) applies equally to 
reactions with unpolarized incident beam but oriented target nuclei B. 
Then 7}, refers to the polarization of the recoiling residual nuclei B in the 
inverse reaction II. Further, we may include polarization of both particles; 
that is, have a polarized beam incident on oriented target nuclei in reaction I. 
The angular distribution is then related by (10) to the inverse II in which the 
polarization of both emergent and recoil particles is measured. The tensors 
appearing in (10) would then be composites of the tensors for each particle 

Ty(4,6)= > Vp, a, (4) Lx, a, (0) <h1 91 Fe Go| k9>- (11) 
ky kg @ Gq 
Unfortunately these further considerations are somewhat academic at the 
present stage of experimental techniques. 

Finally we should remark that although the above discussion has been in 

terms of nuclear reactions it is equally true, of course, of mesonic and other 
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collision or reaction processes, provided only that the interactions responsible 
are invariant under time reversal. 


Note added in proof: It should have been stressed in the above that the 
result, eq. (10), is dependent only upon the time reversal invariance ex- 
pressed in eq. (3), but does not depend upon invariance under parity 
inversion. The latter can be used, for example, to require that the dipo- 
larization vector be perpendicular to the reaction plane, and it is in this 
form that the dipolarization-asymmetry equality is usually expressed ') 
(but see ref.*) however). Eq. (10) reduces for k = 1 to the more general 
form which is valid even without invariance under parity inversion ?). 
That is, 

1, pu (_34 
I (0) = Iy,(9) EE: P (=) 
in the notation used above, where now P" is not necessarily perpendicular 
to the reaction plane. 
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Abstract: The energies of the F!® levels J = 4, §, $ of positive parity and the magnetic 
moments of the $ and § levels are calculated with the unified model, assuming weak 


coupling. 


1. Introduction 


Recent work has focussed interest on radically different approaches to the 
structure of F!*, Elliot and Flowers ') use the shell model of the nucleus, and 
construct the wave-functions from the three particles outside the inert 
doubly-closed shell. Paul 2?) and Rakavy *) assume strong coupling between 
the last odd particle and the collective oscillations. This note is based on 
weak coupling between particle and surface oscillations of the core. 


2. The Weak Coupling Model 


The unified model with weak coupling has been discussed by many 
authors 4), and the procedure will not be given here. In the case of F!*, the 
odd proton is coupled to the surface oscillations of the core of 8 protons and 
10 neutrons (O18), The special assumptions made in this calculation are the 
following: 

1) For the surface oscillations, spherical harmonics of order greater than 
the second are neglected. 

2) In the absence of coupling, the odd proton can be in the single particle 
shell model states Ids, 2s3, ldg with excitation energies as in O”. With 
coupling, these particle states combine with surface quanta to form nuclear 
states of positive parity having angular momentum J = 3, 3, 3..., the 
single particle parameters being no longer good quantum numbers. 

3) The effect of three and more quanta is neglected. 

4) The energy of one surface quantum, fw, is taken as 2 MeV, which is 
approximately the excitation energy of the 2+ level in O78. 
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3. Results 


The coupling parameter P is taken as defined by Feenberg *): 
P =—_k®h(BC)-4 (ho). 
27 


It is found that for P = 0.78, the calculated energy levels approximately fit 
the observed levels. These are given in table 1, together with the calculated 








TABLE I 
Ey— 5 Fa— 2 My My 
Experimental 0.2 1.59 2.6 3.5+0.45 
Calculated 0.25 1.66 2.76 4.3 























and experimental magnetic moments. The core gyromagnetic ratio g, is 
taken to be Z/A. The magnetic moments are somewhat better than the 
Schmidt values uy = 2.8 and ws = 4.8. However, the fair agreement with 
experiment is not a true indication of the success of the model because of the 
large two quanta amplitudes in the nuclear wave-functions. These are given 
in table 2. Here the symbol (”, K,7) indicates the amplitude of the normalized 









































TABLE 2 
I | (oor) | (12§) | (128) | (128) | (207) | (22g) | (224) | (22g) | (248) | (248) 
4 0.659 0.646! 0 0.226; 0.197} —0.239 0 —0.074)| 0 0 
8 0.713 | —0.449| 0.424) —0.082) 0.155 0.088 | —0.140 0.044; 0.194) 115 
3 0.282 | —0.286); 0.701 0.130; 0.105) —0.205 0.106 0.110} 0.505 0 








wave-function composed of quanta of total angular momentum K and the 
particle of angular momentum 7 to give the normalized nuclear wave- 
function of the state of spin J. Table 2 shows that, particularly for J = 3, 
the two quanta amplitudes are so large that the effect of more quanta may 
radically change the results. 


We are grateful to Mr. Ivar Espe, who has worked on the same problem at 
Copenhagen, for helpful comments on preliminary calculations made by us, 
and to Professor L. Rosenfeld for his advice. 
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Abstract: The protons emitted from the bombardment of a thin vanadium target by 8.67 
MeV deuterons have been analysed with a magnetic spectrograph and detected by 
nuclear photographic emulsions. Seven new excited levels in V5? have been observed 
at 3.74, 4.27, 4.46, 4.72, 4.92, 5.23 and 5.48 MeV with errors varying between + 0.02 
and + 0.03 MeV. 

The angular distributions of some proton groups corresponding to a number of low 
lying levels are measured and compared with theoretical curves based on stripping 
mechanism. For the ground level in V®*’, the neutron is captured in the 2pg state. This 
suggests that in the shell model the Ilfs state lies above the 2p, state. A spin of 3+ is 
proposed for this ground level. 


1. Introduction 


Bethe and Butler !) have suggested certain deuteron induced reactions to 
test the accuracy of the shell model in ascribing definite angular momentum 
states to nucleons in a nucleus. One of these proposed reactions is V*!(d, p) V® 
which should yield, for the ground level, protons characterized by /, = 3 if 
the 1fs state lies in the shell model below the 2p, state. However, in this 
region, the energy corresponding to each of these states is nearly the same, 
and accordingly they may cross over in a way similar to that observed by 
FE] Bedewi *) for the 1dg and 2s, states. Thus, investigation of such reaction 
cannot only be considered as a test for the shell model, but rather a means 
for yielding information regarding the structure of the model itself. Moreover, 
the target nucleus is known to havea closed neutron subshell and it will be of 
interest to study the orbital angular momentum carried by the captured 
29° neutron in various excited levels. 

The only experimental angular distributions for the two long range proton 
groups were reported by King and Parkinson *). Although these authors 
have found both distributions to be characterized by /, = 1, yet they did not 
rule out the possibility of a considerable admixture of /, = 3. Reliable 
interpretation of these results seems difficult in view of the present known 
level structure of V®? which indicates that a number of different groups have 
been involved in their measurement. For this reason it is necessary to 
reinvestigate this reaction with high resolution apparatus. 
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Up to the present time, the most accurate determination of the energy 
levels in V® has been reported by Schwagner and Cox *) who used a magnetic 
spectrometer to analyse the protons emitted from vanadium targets bom- 
barded with 6 MeV deuterons from an electrostatic generator. Although 
these workers have measured 23 proton groups corresponding to different 
levels in V* reaching an excitation energy of 3.30 MeV, yet no angular 
distributions have been reported. In the present experiment, we have 
employed deuterons of higher energy in the hope to observe some higher 
excited levels in V°*. The outgoing particles were analysed by a magnetic 
spectrograph which allows to study the angular distributions of a number of 
resolved proton groups. 


2. Procedure 


A self supported vanadium target of 0.5 mg/cm? areal density, prepared 
by evaporation onto stainless steel and then pealed off, was bombarded with 
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Fig. 1. Spectrum of the deuterons scattered from the deuteron bombardment with the 
vanadium target. 
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a beam of deuterons of 8.67+-0.02 MeV mean energy provided by the Liver- 
pool 37-inch cyclotron. The charged particles emitted from this target were 
analysed by a magnetic spectrograph and detected in Ilford C, emulsion 
100 w thick. This equipment and its use in similar studies have been reported 
in detail by Green and Middleton *) and El Bedewi ?). 

In order to find out the composition of this target, mass analysis was 
carried out from elastic deuteron scattering. The distribution of these 
scattered deuterons, shown in fig. 1, at an angle of observation of 40°, 
indicates that oxygen and carbon are present as main contamination. Deute- 
rons elastically scattered from vanadium isotopes, which naturally exist as 
V5 and V*!, are not resolved. The abundance of the latter isotope is known 
to be 99.76 % and should be responsible for most of the observed proton 
groups. However, weak groups are ignored in this investigation. It should be 
mentioned, as shown from this spectrum, that no definite deuteron group 
which could be scattered inelastically is identified above the general back 
ground. 


3. Results and Discussion 


3.1. ENERGY SPECTRUM 


A typical proton spectrum observed at an angle of observation 20° is 
shown in fig. 2A. Groups due to vanadium are easily sorted out from those 
due to oxygen and carbon on account of the variation of energy shift with 
angle. However, each group is identified by assuming a certain reaction and 
calculating the corresponding Q-value. The agreement of the results obtained 
at all angles of observation favours that assumption. Moreover, the groups 
denoted by Cy, C,, Op and QO, are identified, from known Q-values, to belong 
to C® and O!* leaving the residual nuclei in the ground and first excited 
levels respectively. Groups labelled by Vo, V,,... V2, are assigned to the 
reaction V*!(d, p)V®. As shown in the presented spectrum, the groups 
corresponding to V», V9, Vi, and V,, are obscured by the two contamination 
groups Cy and Op», but they are observed at other angles and their positions 
at an angle of observation of 50° are shown in fig. 2B. 

The Q-values corresponding to these various groups are calculated at all 
angles of observation. The ground level reaction energy is found to have a 
mean value of 5.08+-0.02 MeV, in agreement with the value 5.079+0.008 
MeV determined from neutron capture gamma rays from vanadium which 
was reported by Barthlomew and Kinsey ®) or the value 5.072+0.008 MeV 
obtained from V®!(d, p)V® reaction by Schwagner and Cox *). The values of 
the energy levels in V5? deduced from the present work are compared with 
those obtained by Schwagner and Cox *) as shown in table 1. With exceptions 
of some complex levels, good agreement is generally achieved. In case of 
these low-spacing levels, which are difficult to resolve by the present 
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arrangement, our results may correspond to the mean value of these levels, 

or refer to the most intense component. Outside the region investigated by 

Schwagner and Cox, seven groups denoted by V;, Vj., . . . Vo; are observed. 
TABLE | 


Energy levels in V* 











| | Schw | | Schw 
Group | Present | ie '| Group Present | ae ay 

V; 0.1440.02 | 0.131-40.011 | Vs 2.404002 | 2.415-+40.011 
V, 0.4340.02 | 0.418+40.011 | 2.458-40.011 
v, 0.81+40.02 | 0.78040.011 || Vi 2.51 -+0.03 2.525+0.011 
0.834 -+0.011 | a 2.84-+.0.02 2.848 40.011 
v, 1.40 -+.0.02 1.402+40.011 || Vy, 3.03 4.0.02 3.002-40.011 
1.475+40.011 || 3.051-40.011 
V, 1.55 -+0.02 1.54540.011 |) Vis 3.1640.03 | 3.189+0.011 
| 1.753+0.011 || Vig 3.28 +0.03 3.306 40.011 

V, 1.76 +-0.02 1.78540.011 || Vj, 3.74 4.0.02 - 

| | 1.84140.017 || Vi. 4.27 4.0.02 m 

2.088 +.0.011 v. 4.46 +0.02 = 

V, | 2.11+40.02 2.131-+40.015 Vis 4.72-+40.03 - 

2.150+0.015 || Vig 4.92 +.0.02 —_ 

V, 2.29 4.0.02 2.307+0.011 || Ve. | 5.28-+0.02 - 

| Van 5.48 40.03 - 


























The corresponding excited levels in V™ are 3.74-+--0.02, 4.27-+.0.02, 4.46+.0.02, 
4.46+-0.02, 4.72+ 0.03, 4.92+-0.02, 5.23+0.02 and 5.48+-0.03 MeV. From 
an investigation on the V*!(n, y)V®? reaction, Barthlomew and Kinsey °) 
have suggested that two gamma ray groups of energies 3.73 MeV and 3.59 
MeV are in cascade between the capturing level at 7.305 MeV and the ground 
state. These authors have thus suspected a level to occur at 3.575 MeV or 
3.715 MeV. The existence of the latter level is supported in view of a level 
obtained at 3.74 MeV from the present investigation. 


3.2. ANGULAR DISTRIBUTIONS 


The angular distributions for protons associated with the transition to the 
ground state and various levels up to an excitation energy of 2.29 MeV (Vg) 
are plotted in the centre-of-mass system as shown in fig. 3. The theoretical 
curves are calculated from Butler’s formula 7), using for the interaction the 
Gamow radius 6.25 x 10-8 cm and choosing a value for the angular momen- 
tum /, transferred by the captured neutron to give the best fit. The results are 
consistent with those derived from the formula of Bhatia, Huang, Huby and 
Newns *) using a larger radius of interaction 7.35 x 10~ cm. 

In case of the angular distribution for the resolved proton group Vo, 
corresponding to the transition to the ground state, a reasonable fit is 
observed between the experimental points and the theoretical curve for 
/, = 1. It follows that the 29" neutron carries in the ground state of V™ 
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one unit of orbital angular momentum, and accordingly is captured in the 
2p3 state. Thus, this state lies in the shell model lower than the Ifg state, 
and thus the ambiguity mentioned by Bethe and Butler!) is removed. 


8007 
































DIFFERENTIAL CROSS SECTION 




















ANGLE IN CENTRE OF MASS SYSTEM 


Fig. 3. Angular distribution of proton groups emitted from the reaction V®1(d, p)V5*. The 
curves are calculated from Butler theory using r = 6.25 x 10-18 cm. 


Since the ground state of V*! has an odd parity and spin ¢ (Bleaney e¢ al. °)), 
then, according to the selection rules, the ground level of V®2 must have 
even parity and spin 2, 3, 4 or 5 which satisfies the combination between the 
2p3 state of the odd neutron with the If; state of the odd proton. Leblanc 
et al. 1°) have reported a f--activity between this ground level and a level 
at 1.44 MeV in Cr®? which is found by El Bedewi and Tadros ™) to have 
spin 2+. According to the Gamow-Teller selection rules one can thus exclude 
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spins 4+ and 5+ for the ground level of V**. In view of Nordheim’s rule ?*) 
spin 2+ is omitted and accordingly we can suggest for this ground level an 
even parity and spin 3. 













































































TABLE 2 
| . : ; 
, Suggested spin of Relative neutron | Relative reduced 
-value| Parity | ~"5® a hae 
ae es ba bag _— ithe final nucleus Is capture probabilityA | width y?(2/p+1) 
Vv, | 1 | even | 3 | 100 | 100 
Vi | l | even | 2-5 | 24 | 24 
v, | 1 | even | 25 | 3.9 | 4.0 
Vv; | 1 | even | 2+ 5 | 41 | 43 
V, | 1 | even | 2-5 | 3.7 | 4.0 
V; | l | even | 2-5 | 28.8 | 30 
y oe even 2-5 7.9 8.6 
e even 0-7 1.9 2.1 
V 1 even 2—> 5 15.6 16.9 
‘ 3 even 0-7 1.7 1.8 
Vs 1 | even | 2-5 6.1 | 6.7 














With regard to the other investigated groups V,, Vo, ... Vs, the angular 
momentum /, is found to be either unity or a mixture of /, = 1 and /, = 3. 
The results on the spins and parities of the various levels in V* are listed in 
table 2 together with the relative capture probabilities and relative reduced 
widths calculated from both stripping theories. It should be noted that, in 
general, the experimental points at small angles are below the theoretical 
curves. This discrepancy, which may be due to the approximations involved 
in the stripping theories, has been observed by other authors as Middleton, 
E1] Bedewi and Tai ?*) and Holt and Marsham **), 


One of the authors (F.B.) is grateful to Professor H. W. B. Skinner for his 
encouragement and advice during the performance of this experiment at the 
Nuclear Physics Research Laboratory, Liverpool. 

The authors would also like to express their gratitude to Professor M. A. 
El Sherbini for his interest and discussion. 
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Abstract: The angular distributions of a number of proton groups emitted from the deuteron 
bombardment with a cobalt target are compared with theoretical curves based on 
nuclear stripping mechanism. The spins of the ground and first excited levels of Co®® 
are found to be 5+ and 2+ respectively. 


In a recent report +), we have given some evidence, by investigating the 
V*l(d, p) V® reaction, that the 2p, state in the shell model lies lower than the 
lf state. This arrangement has been achieved since V*! isotope contains 
28 neutrons filling the 1fz subshell, and the captured neutron is found to 
carry in one unit of orbital angular momentum. It will thus be of interest to 
carry on similar experiments on nuclei containing 32 neutrons to find out 
whether they fill the subshell 2p3 of Mayer’s model. For this reason, cobalt 
97C0°*, which naturally exists as a single isotope, has been chosen. 

Foglesong and Foxwell?) have carefully analysed magnetically the 
proton groups emitted from the Co®*(d, p)Co® reaction. As expected for an 
odd-odd nucleus, the proton spectrum is so complicated and many levels are 
found to have close spacing as low as 14 keV. These authors have observed 
35 levels up to an excitation energy of 4.6 MeV. However, no angular 
distribution of any of these proton groups has yet been reported. 

In the present work, a deuteron beam of mean energy 8.70 MeV from the 
Liverpool 37-inch cyclotron is used to bombard a self supported cobalt 
target of 1.5 mg/cm? surface density prepared by electrolysis. The outgoing 
protons have been analysed by a magnetic spectrograph with photographic 
detection *). The experimental procedure is similar to that previously des- 
cribed by El Bedewi *). A typical proton spectrum observed at an angle 15° 
is shown in fig. 1. At the high energy region, five groups of considerable 
intensity are assigned to the Co®®(d, p)Co® reaction, since the corresponding 
Q-values calculated at different angles of observation are in agreement with 
those reported by Foglesong and Foxwell 2). These authors have determined 
the reaction energy Qy as 5.283-+-0.008 MeV and gave energy levels in Co® 
which correspond to the present investigated proton groups as shown in the 
table. Group A is found to represent a doublet corresponding to the transition 
to the ground and the first excited levels (0.06 MeV). Groups labelled by 
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B, D, and E correspond to transitions to excited levels at 0.286 MeV, 
0.792 MeV and 1.012 MeV respectively. The group C is of complex structure, 
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and correspond to transitions to four closely spaced levels at 0.445, 0.513, 
0.557 and 0.622 MeV. 
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The angular distributions of each of these groups are represented in the 
centre-of-mass system as shown in fig. 2. Attempts have been made to fit the 
distributions by theoretical curves calculated from the nuclear stripping 












































TABLE | 
fis . Suggested spin of|Relative neutron a 
Group | Energy level *) Parity the final capture ; , 
value ne width y?(2J/B+ 1) 
nucleus /g probability A 
A 0 1 even 5 100 100 
0.060 +.0.003 2 
B | 0.28640.003 | 1 |even| 2+5 27 | 27 
0.445 + 0.003 | 
0.513 +.0.003 | 
C 1 even 2-5 55 56 
0.557 + 0.005 
0.622 +0.004 
0.7924-0.003 | 1 |even| 2>5 | 29 | 23 
1.0120.003 | 1. | even 2-5 | 47 | 49 























theories of Butler ®) and Bhatia, Huang, Huby and Newns °). The value of 
/, chosen to give the best fit in each case is found to be unity. It is surprising 
to point out that a rather small radius of interaction has to be used in these 
calculations. The most satisfactory value required for all the Born approxi- 
mation curves is found to be the Gamow radius 6.5 10-!° cm, with an 
exception to group B where a much smaller radius 5.0 x 10-18 cm is necessary 
for better agreement. In case of the Butler curves, best fitting was achieved 
when the radius of interaction is 5.0 x 10-8 cm. It should be mentioned that 
no theoretical curve characterized by an angular momentum greater than 
unity can give satisfactory agreement with the experimental results unless 
the radius of interaction is highly increased beyond a reasonable value. 
As shown from the table, groups B, D and E represent transitions to 
single levels where the neutron is captured with a unit orbital angular mo- 
mentum. Group C is of complex structure since it corresponds to the transi- 
tion to four excited levels. Proton groups associated with the formation of 
Co® in one or more of these excited levels may be then responsible for the 
shape of the total angular distribution characterized by /, = 1. In case of 
group A, the symmetry of its shape, as seen from various spectra at different 
angles of observations, suggests that its two components are of nearly the 
same intensity, i.e. having similar angular distributions and accordingly, the 
neutron carries into either the ground or the first excited levels a unit 
angular momentum. As predicted by the shell model, the spin of the target 
nucleus Co5® is -. Thus, according to the selection rules, each of the in- 
vestigated levels in Co®® must have even parity and spin 2, 3, 4 or 5. 
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Some of these possible assignments for the spin of the ground and first 
excited levels could be ruled out on account of the beta spectrum measured 
by Deutsch and Goldhaber *) and by Chang Yun Fan *) as shown in fig. 3. 
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Fig. 3 


These authors have detected f~ transition from the ground level of Co® to 
the second excited level in Ni® (at 2.25 MeV) of spin 4+, but there is no 
evidence for such transition to lower levels. Thus according to the Gamow- 
Teller selection rule, the assignment of 2+ or 3+ for this ground level is 
omitted, leaving it with a spin 4+ or 5+. On the other hand, the reported 
6 decay transition between the first excited level in Co® and the first 
excited level in Ni® of spin 2+, and the absence of such transition between 
that level and the second excited level in Ni® exclude all the possible spins 
for that level except the value of 2+. But, on account of the life-time of the 
isomeric transition between the first and ground levels in Co®, a spin change 
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of 3 is required ®). It follows that the spin of this ground level has to be 
only 5+. 

If the spin assignment of this ground level is correct, then the 33™ captured 
neutron is not a 2p, nucleon, but ought to be a 2p, one and accordingly, the 
subshell 2p,, in Mayer’s model, is not filled in the Co®® structure. The con- 
figuration of this nucleus can be thus suggested as (a1f,)7*(v2p,)o?(v1f,) 9°, 
coupled together to give spin ¢. On capturing a neutron, the configuration of 
the resulting ground level of Co® becomes (z1f,)7*(v2p,),3(v1f,),?, coupled 
together to give spin 5. This configuration can also represent the first excited 
level since it can couple to give spin 2 which has been assigned to that level. 


One of the authors (F.B.) is grateful to Professor H. W. B. Skinner for his 
encouragement and advice during the performance of this experiment at the 
Nuclear Physics Research Laboratory, Liverpool. 

The authors would also like to express their gratitude to Professor M. A. 
El Sherbini for his interest and discussions. 
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ON THE INTERACTION OF STRANGE PARTICLES 
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Abstract: The similarity between z-interaction and K-interaction is stressed in the present 
investigation. It is found that both interactions can be reduced to the universal form 
H = piys Py. 
It is also shown that after all symmetry requirements have been imposed, the number of 
independent coupling constants is six, which is less by two than that in the theory of 
Prentki and d’Espagnat. 


One of the complications of meson theory compared to quantum electro- 
dynamics is the necessity of introducing isobaric spin space. The interaction 
Hamiltonian between nucleons and mesons is given by 


Ay = SP 5 PY (1) 
where y is the field operator for nucleons and @ is a 2 x 2 matrix in isobaric 
spin space whose elements are proportional to the field operators of mesons. 
Eq. (1) possesses essentially the same form as the interaction Hamiltonian 
in quantum electrodynamics. This general form of the interaction Hamil- 
tonian seems to have been rejected in the recent formulation of Prentki and 
d’Espagnat 1) devised to express the Gell-Mann-Nishijima scheme **) for 
strong interactions. However, Gell-Mann has been able to restore form (1) 
for interactions involving z-mesons by expressing 2 and A particles in terms 
of spinor operators y. In the present note we shall show that if we demand 
the interactions involving K-mesons to be also of the form (1), the resulting 
interaction Hamiltonian will be slightly different from that obtained by 
Prentki and d’Espagnat but reduces to a special case of it when further 
symmetry requirements are imposed. Our new interaction Hamiltonian 
also leads to the Gell-Mann-Nishijima scheme in the general case. 

We shall begin by writing down the following four matrices of the field 
operators: 


l 
= — (A+-2° a+ 
i to (2 N+) yw = (° “ _ [va4te" 
S-N?®) a” ¥* y- 5 (A—2) m 
3" at K® K+ 
= gel K- —Ke 
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where 5°, N+, A, a+, K®, etc., represent field operators for the corresponding 
particles. We shall temporarily ignore the differences in mass among various 


baryons. 
To make g“ still more similar to gy‘), we shall use the following modified 


expression: 
l , 
Ta 0 17 0’ ] + 
yt) = (" ~ _ [v3 (7° +-120°’) . 7 
a —ip a —~e (x°—i2") 


Vv 





where 2°’ represents a fictitious particle which, as we shall see below, does 
not actually participate in the interaction. 2° and z®’ now correspond exactly 
to 6, and 6, defined by 

1 


y 1 : = , 
K° = = (0, +102), K° =~, (0,—i0,). 


It should also be pointed out that there is no reason whatsoever for 
preferring A to —A when we write down ¥) in (2). Thus in the following 
considerations, we shall have to consider also ¥?)’ obtained from WY) by 
reversing the sign of A: 

— yy? a 
yen” —( ). 
a —Z° 

To express the interaction Hamiltonian in form (1), Gell-Mann broke 

Y® and ¥Y) into the following four spinors: 


N+ 5° a+ Z° 
w-(S) wa E) eB) eZ) 0 


He found that the Hamiltonian for z-interaction can be put in the following 
form: 


4 
a $2 Lie” 175, PD pO + GPO iy, Pet ld} (4) 


where the second term in the brackets is simply the Hermitian conjugate 
of the first term, and p)*? represents the transposed and complex conjugate 
of »™. It can easily be seen that terms containing x” in the above expression 
cancel out and the result may simply be written as 


4 
H, = Df, 9 tygt ty. (4a) 
j=l 
For reasons mentioned above, the terms obtained from those of (4a) with 
7 = 3andj7 = 4 by reversing the sign of A but with different coupling con- 
stants must be added to (4a). Thus the modified interaction Hamiltonian 
becomes 


4 4d 
Hy = FSP tyee® PFE STP” rey the. (5) 
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where 


y(3)/ = (4)’ = . 6 
¥ —, + s- ( ) 


If we further require that 2;=2°, J, = (1V'2)(Z++2-) and J, = (1/V 2%) 
(“*+—.2-) should appear in the result as components of a vector, then we 
must have 

fs = fa, ls = fa: (7) 


Writing down the result explicitly, we obtain 


Hy =f 9% ing t > ey + fy G™ ing (t > ae)y™ 
+ (fs—f's) [Atys # + B+h.c.] (8) 
+(/s+f's)(tatys x 2] + 2 
which is just the first part of the interaction Hamiltonian obtained by 
Prentki and d’Espagnat. 
To obtain the interaction Hamiltonian involving K-mesons, we shall 
divide ¥" and YW) in another way: 


w= (5). =(F). = (3). #=(2)- 


In contrast with the case of z-interaction, we shall now require that 4 and 
¢”), which appear in the same term, should have different values of 7 and 7. 
For instance, when 7 = 1, 7 = 3 we must put 


Hys = fys{h™ isp +h iy, p*? OM} (10) 
where the second term in the brackets is the Hermitian conjugate of the first 
term. Similarly, for 7 = 2, 7 = 4, we have 


Hog = fog {P tvs 9 PO +G™ ys P** G}., (11) 
We see easily that ford = 1,7 = 4and7 = 2,7 = 3, the resulting expressions 
cannot conserve the electric charge of the system and therefore these terms 
must be dropped from the interaction Hamiltonian. Furthermore, we shall 
require that whenever 7 and 7 are interchanged, y'?) must be at the same 
time replaced by y‘?)*?; thus no new terms are obtained by interchanging 
t and 7. As before, terms obtained by reversing the sign of A must also be 
added to the result. We finally obtain 


He = fis $™ ig 6 + fog O™ i753 p™ GO 
+f’ ss piv) iys gp!) p'3)’ + fg, pi?) iys gp) pia’ h.c. (12) 
where 


pra( 2). ra(Z). om 


An interaction Hamiltonian of the same type has been recently proposed by 
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the present author °) for weak z-interaction. This Hamiltonian may be 
obtained from (12) by the substitution 


bis > Bis: fis 8's» $—>y™ and gp — gp. 
Eq. (12) can also be written explicitly as 


l 


Hy = 5 (his—f'1s) (N+ Kt+—3° K)iy, A 

+ <5 (foa—f'n) (N° K°+-8- K-)iy, A ai 
+ 5 (ha tf») [ (N+ K+— 2° K%)iy, 594-2 (N+ K°+5°K-)iy, 2] 

+ 5 (fa t+f v4) (—N° K9— E> K-)iy, 3°+ V2 (N° K+—&-K) iy, S-]-+hic. 


This should be compared with the second part of the interaction Hamiltonian 
obtained by Prentki and d’Espagnat which may be written down explicitly 
as follows: 


H’ = g,(N+ K+-+N° K°)iy, A+g6(—° K°+E- K-)iy, A 
+-g,[(N+ K+—N® K®)iy, 594 V2 Nt K® iy, S++V/2 N° K+ iy, S-] (15) 
+-ge[(—8° K°—E- K-)iy, 5°+ V2 B° K- iy, S+— V2 8- K% iy, S-]-+hic. 


Comparing (14) and (15) we see that these two expressions will be the same if 


— (fis—f'1s) = = 5 (foa—f'2a) = 8s = Be (16) 
“3 (Aist+/1s) = 3 (foat+f'2a) = 87 = 8s- (17) 


The assumption that the interaction Hamiltonian should be of the form 
(1) means physically that the interaction is charge independent in the original 
sense of Kemmer ®). This means, in particular, that the interaction is in- 
dependent of the charge states of y or ¢. This charge independence 
should not be confused with charge symmetry or charge invariance which 
imply invariance under reflection or rotation in isobaric space. For instance, 
Hamiltonian (15) will not represent a charge independent K-interaction if 
£5 * &6, 82 ~ ¥g- On the other hand, charge independence does not imply 
any symmetry between the pairs (2+, X-), (N+, N°) and (&°, S-); to ensure 
these symmetries, conditions (7), (16) and (17) have to be introduced. 

Besides the assumption that the interaction Hamiltonian should be of the 
form (1), the following two rules have also been introduced in the present 
theory: (i) the rule which prescribes how two-component spinors can be 
chosen from Y¥@) and ¥Y) for various interactions, and (ii) the rule which 
imposes the condition that for z-interactions, # and y) appearing in the 
same term should have the same values of 7 and 7, whereas for K-interactions, 





ON THE INTERACTION OF STRANGE PARTICLES 89 


¢ and ¢ should have different values of i and 7. Rule (ii) is directly 
responsible for the selection rule AS = 0. 

We shall now discuss in more detail the consequence of rule (i). We first 
consider y") given by (3). When the interaction is charge independent, the 
interaction with a-mesons will not produce any mass difference between 
N+ and N®. The observed mass difference between N+ and N® is usually 
ascribed to electromagnetic interaction as the electromagnetic field interacts 
differently with N+ and N®. From our foregoing result we see that a mass 
difference can also be produced by interaction with K-mesons if (16) and 
(17) are not strictly satisfied. The approximate equality of masses of N+ 
and N® shows that conditions (16) and (17) are indeed correct to a very good 
approximation. On the other hand, if now we consider the spinor 4°) 
defined in (9), we find that the difference in mass between N® and 5- must be 
due to the fact that z-mesons interact differently with N® and 3-. Therefore 
the strength of interaction of z-mesons with various baryons cannot be the 
same. If we assume that the large mass differences among baryons are all 
due to z-interactions, then we find that in order to reproduce the observed 
mass spectrum the following relation must be satisfied: 


hi <fs—f's < fst+f's < fe (18) 


and 


his =fea fis = fa = 9 (i.e. 25 = &g = 87 = 8s) 
or 


fis = fo fis = fog = 9 (i.e. 25 = &g = —87 = —8s)- 


This is just opposite to the recent suggestion of Gell-Mann which requires 
that the interaction with z-mesons should be universal and that the inter- 
action with K-mesons should be responsible for the mass differences of 
various baryons. In the present theory the suggestion of Gell-Mann cannot 
be made to agree with the experimental results. 

An alternative possibility is to put /’, = 0. Then neither z-interaction nor 
K-interaction is universal. The z-interaction will be responsible for the mass 
differences of N, X and & particles, while K-interaction will be responsible 
for the mass difference between A and 2 particles. In other words, z- 
interaction will be responsible for the splitting of two doublet states of 
YW) and K-interaction will be responsible for splitting of the triplet and 
singlet states of Y*), 

The above investigation reflects the viewpoint that the matrix operators 
given in (2) will perhaps play a very profound and fundamental role in the 
future theory of elementary particles. The dimension 2 x 2 of these matrices 
is directly connected with the fundamental fact that no multiply charged 
elementary particles have ever been found in nature. 
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Abstract: The linked diagram expansion of the ground state energy and wave function of 
a system of fermions are extended to the case where the ground state of the unperturbed 
system is degenerate, as, for instance, in a nucleus with an incomplete shell. The state 
where all the complete shells are filled is taken as vacuum state. It is then shown, to all 
orders in the perturbation expansion, that the energy of the first levels is given by the 
sum of two terms. The first term, is the energy of the core alone and is given by a linked 
diagram expansion of the usual form. The second term is the energy of the particles 
outside the core. It is obtained by solving an eigenvalue problem in the space of the 
degenerate unperturbed wave functions. The corresponding eigen-functions are given 
by linked diagram expansions very similar with the usual ones. A few generalizations 
of the method, and its relation to the Brillouin-Wigner perturbation method are dis- 
cussed. 


1. Introduction 


Le développement de l’énergie de ]’état fondamental d’un systéme de 
particules en une somme de termes relatifs a l’ensemble des diagrammes 
connexes n’est pas sous sa forme habituelle +~*), applicable lorsque l'état 
fondamental du systéme sans interaction est dégénéré. Cet état joue en 
effet dans la théorie le réle d’état de référence (ou état du vide) et tous les 
raisonnements présentés dans les articles cités plus haut ne peuvent pas 
s’étendre lorsque celui-ci n’est pas défini d’une maniére unique. On peut le 
voir en remarquant, par exemple, que la notion essentielle de diagramme 
connexe ou non-connexe n’est définie que par rapport a un état de référence 
donné, et change lorsqu’on change celui-ci. 

Si la dégénérescence de |’état fondamental du systéme non- perturbé ne 
joue pas un réle important dans ]’étude de la matiére nucléaire infinie, il 
n’en est pas de méme dans le cas des noyaux réels finis. Le systéme non- 
perturbé est alors constitué par le modéle des couches et son état fondamental 
sera dégénéré chaque fois que le noyau comportera une couche incomplete. 
L’un des problémes essentiels de la théorie est dans ce cas la détermination 
de la maniére dont les interactions lévent la dégénérescence. La résolution 
de ce probléme donne les énergies, spins et parités de l’état fondamental et 
généralement aussi des premiers états excités du noyau. 
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La méthode proposée ici repose sur un traitement différent des états des 
couches complétes et des états de la couche incomplete. Le traitement des 
états des couches complétes est le méme que dans le cas non-dégénéré. [1 
conduit pour la contribution correspondante 4a l’énergie de l'état, a une 
expression explicite sous la forme d’un développement dont les dénomina- 
teurs ne contiennent que les énergies non-perturbées. Pour les états de la 
couche incomplete, on utilise, au contraire, une méthode du type de Brillouin- 
Wigner °) (l’analogie sera précisée au paragraphe 5). La contribution corres- 
pondante a l’énergie de l'état est alors donnée implicitement par la résolu- 
tion d’une équation se présentant sous la forme d’un développement ov les 
dénominateurs contiennent l’énergie vraie de l'état. 

Nous allons montrer qu’on peut, tout au moins formellement, séparer 
rigoureusement a tous les ordres les contributions des deux sortes d’états. 

Dans le cas d’un systéme trés grand, la méthode de Brillouin-Wigner 
présente le défaut de ne pas conduire a une mise en évidence simple de la 
dépendance de l’énergie de liaison par rapport au volume '). Cet inconvénient 
n’apparait pas dans la méthode proposée ici, car la méthode de Brillouin- 
Wigner n’est appliquée qu’a un petit nombre d’états au voisinage de la 
surface de Fermi. La plus grande partie de l’énergie de liaison fournie par le 
coeur est donnée par une expression explicite qui est bien proportionnelle au 
volume du systéme. 


2. Formalisme Général 


Nous utiliserons le formalisme de la seconde quantification. Les indices 
m,n,...serviront 4 énumérer un ensemble complet d’états des nucléons se 
déplagant indépendamment dans un certain potentiel moyen. Les énergies 
de ces états seront désignées par «¢,,, . . ., et nous appellerons 7,,+, 7,,,... les 
opérateurs de création et d’annihilation dans les états de particules in- 
dépendantes. 

Soit Ey la valeur propre la plus basse de l’Hamiltonien H, du systéme de A 
particules indépendantes. Lorsque cette valeur propre n’est pas dégénérée, 
on fait jouer a l’état correspondant le réle d’état du vide. Dans le cas ot elle 
est dégénérée, nous ferons jouer ce rdéle a l’état non-dégénéré obtenu en 
rvemplissant complétement tous les niveaux de particules indépendantes dont 
L’énergie est inférieure a une énergie donnée e®. On prendra en principe une 
énergie e° tout juste inférieure ou tout juste supérieure a l’énergie e* de la 
couche incompléte (nous indiquerons toutefois au paragraphe 5 une générali- 
sation possible de ce choix). Le ,,c@ur’’ ainsi défini sera alors constitué par 
les nucléons remplissant entiérement soit les couches completes du noyau, 
soit l’ensemble des couches complétes et de la couche incompléte. Le 
nombre A° des nucléons du coeur n’étant pas égal a A, il faut pour former les 
états d’énergie E, du noyau soit ajouter A? = A—A?® particules au cceur, 
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soit créer dans celui-ci A‘ = A°—A trous, suivant qu’on a choisi e®<e* ou 
e®>e*. Les deux cas se traitant d’une maniére tout a fait paralléle, nous 
raisonnerons, pour fixer les idées, sur le systéme coeur plus couche incom- 
pléte (e°<e*). 

Nous désignerons par |0> la fonction d’onde normalisée du coeur et par 
E,° son énergie: 


(H)—E,°)|0> = 0. (1) 
Nous utiliserons dans l’espace 92, des fonctions d’énergie E,: 
E,=E,°+E,, E, = Ae’, (2) 
du noyau de masse A, la base constituée par les fonctions d’onde 
IY>o = m* Mat +++ 10>, (Em = & = ++. ="), (3) 


obtenues en faisant agir sur la fonction d’onde du ceur tous les produits de 
A? = A—A?® opérateurs de création de nucléons dans des états de la couche 
incompléte. Nous désignerons par |y)9, |y’>o, . . . les g fonctions orthonorma- 
les ainsi définies f. 

Nous nous appuierons, comme dans le cas non-dégénéré *) sur les pro- 
priétés des opérateurs 


e—H (4) 


ou 
H = Hy+V (5) 
est l’Hamiltonien du systéme. Ces deux opérateurs sont liés par Ja trans- 


formation 
l 


U(p) =—~ | efl4o-*) G(e)de, (6) 
271 Jc 
ou le contour C se compose d’une paraliéle a l’axe réel au-dessous de l’axe 
réel, parcourue dans le sens croissant et d’une paralléle au-dessus de l’axe 
réel, parcourue dans le sens décroissant. 

Nous indiquerons au paragraphe suivant la maniére de construire les 
développements des éléments de matrice de U(f) pris entre les fonctions de 
la base |y>, définie par (3). Par combinaison linéaire de ceux-ci, on peut 
déterminer les éléments de matrice de U(f) pris entre n’importe quelles 
fonctions de 2). Nous allons maintenant montrer comment |’étude du com- 
portement asymptotique pour 6 — + oo des éléments de matrice de U() 
pris entre certaines fonctions de 2) permet, tout au moins en principe, de 
déterminer g valeurs propres du noyau considéré. 


t Cette représentation des fonctions de base dans le cas dégénéré a aussi été utilisée par 
J. Goldstone °). 
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Nous partirons pour cela du développement formel de U(f) 


U(B) = ef > |ndeP¥ ncn, (7) 


ot les |n> et E,, désignent l’ensemble complet des fonctions et des valeurs 
propres de H. De cet ensemble, nous allons extraire g fonctions et valeurs 
propres |x> et E, de H, de la maniére suivante: 

|1> sera la fonction d’onde de |’état fondamental du noyau. Nous désigne- 
rons par |1>, sa projection sur l’espace 25; 

|2 sera la fonction d’onde d’énergie la plus basse possible dont la projec- 
tion |25, sur 2 soit linéairement indépendante de |1)p; 

|35 sera la fonction d’onde d’énergie la plus basse possible dont la projec- 
tion |3>, sur 2, soit linéairement indépendante de |1), et |2> 9, et ainsi de suite. 

Nous obtiendrons bien ainsi g fonctions |x) en général. Nous désignerons 
par |x», leurs projections sur 2). Ces projections étant linéairement indépen- 
dantes on peut leur associer g vecteurs |&>,) de maniére a former un systéme 
biorthogonal*), c’est a dire tel que 


0<%|">9 = Daa’. (8) 


Sion forme maintenant l’élément diagonal ,<a|U (f)|a>, de l’expression (7), 
on voit que dans la somme qui figure au second membre, le terme dont 
l’énergie est la plus basse est celui qui correspond a la valeur propre E,. On 


a par conséquent 
lim 9<@|U(B)|&>9 = e~44%e, (9) 
Bo-+ 00 
ol. nous avons posé 
AE, = E,—E,. (10) 


Inversement, si nous pouvons trouver un certain nombre (qui ne pourra 
pas dépasser g) de fonctions de 2), |&>» telles que la relation (9) soit vérifiée 
avec des AE, différents, nous aurons déterminé autant de valeurs propres du 


noyau considéré. 
3. Développement de U(f) et Calcul des Valeurs Propres 


Les développements en puissances de l’interaction des opérateurs (4) 
s’écrivent: 


cm-_$(v_LY. 








e— Hy (11) 
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En remplagant dans ces développements V par son expression en fonction 
des opérateurs » et 9°: 
V =4 > Crs|v\mn>n,+ + Mn Nmt «++, (13) 


rsmn 


on est conduit aprés application du théoréme de Wick §) a représenter 
chacun des termes obtenus par un diagramme. 

Précisons que dans l’application du théoréme de Wick sur les opérateurs 
ordonnés, il faut, conformément a la définition du vide introduite au para- 
graphe précédent considérer les opérateurs 7, et 7,,+ relatifs a des états du 
,,ceur’ comme créant et annihilant des trous, respectivement. Les opérateurs 
n, et n,,* relatifs aux autres états, au contraire, annthilent et créent des particules, 
respectivement. Sur les diagrammes, les lignes ayant des fléches dirigées dans 
le sens des temps décroissants seront donc relatives toujours a des états du 
coeur, alors que les lignes dirigées vers les temps croissants se rapporteront 
aux autres états. 

Nous allons d’abord considérer les éléments de matrice de U(f) pris entre 
les fonctions |y>, définies par (3). Les diagrammes intervenant dans le 
calcul de 9<y|U (8)|y’>»9 sont ceux qui se terminent du cété des temps croissants 











par les lignes ouvertes relatives aux états m, n,... de la couche incomplete 
intervenant dans l’expression (4) de |y>o et du cété des temps décroissants par 
les lignes m', n’... relatives a l'état |y'>, (fig. 1). 
‘a ” 
+ A 
im" an 
\ 7 pie): 
‘NS 
Partie hee Portic vide . vide 


Fig. 1. Un diagramme pour le calcul de )<y|U()|y». 


Le diagramme le plus général se compose d'une partie liée (la partie qu’on 
peut atteindre en suivant les lignes du diagramme lorsqu’on entre dans 
celui-ci par toutes les lignes ouvertes) et d’une partie vide-vide. Ces deux 
parties peuvent étre elles-mémes formées de plusieurs parties connexes. La 
sommation des parties vide-vide non-connexes se fait comme dans le cas 
non-dégénéré grace a la formule exponentielle 4), et on peut écrire 


o<lU (B)ly’>o = o<vlU (B) ly’ or ee, (14) 
ou le premier facteur du second membre désigne /a somme de tous les diagram- 
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mes liges (c’est-a-dire sans partie vide-vide) et ot l’argument de la fonction 
exponentielle consiste en la somme de tous les diagrammes vide-vide connexes. 

Pour calculer la limite pour f — + 00 de (14), ilsuffit de calculer séparément 
la limite de chaque facteur. La limite de <0|/U (f)|0>, se calcule exactement 
comme dans le cas non-dégénéré, et on trouve 





lim O|U(f)10>¢ = F’(E,°)—BAE®, (15) 
ou rie 
co l p 
Fl) = OV S (a V) 10>. (16) 
et ou 
AE® = F(E,’) (17) 


est la différence entre l’énergie vraie et l’énergie non-perturbée E,° du caur. 
La présence des particules de la couche incomplete n’intervient pas, en effet, 
dans le calcul de AE®, sauf, éventuellement dans le choix du potentiel moyen 
servant a définir les fonctions de base des particules indépendantes. 

Pour calculer la limite du premier facteur de (14), nous partirons de la 
relation (6) écrite sous la forme 


fa . 
midce O6rlGle)lr’>a. de, (18) 





XVID (B) ly or = 


et nous chercherons parmi les singularités de la fonction a intégrer celle qui 
a l’énergie la plus faible. 

Considérons un terme d’ordre donné dans le développement de 
0<v|G(e)|y’>o.. Ses singularités possibles sont les énergies des états non- 
perturbés du noyau étudié. La singularité ayant l’énergie la plus faible est le 
pdle e = Ey. Mais ici, contrairement au cas non-dégénéré, ce pdle peut étre 
d’un ordre quelconque supérieur a deux, car des états intermédiaires 
d’énergie E, peuvent apparaitre a n’importe quel endroit d’un diagramme 
lié. Par exemple, il suffira que sur le diagramme de la fig. 2, les états m’, 
n',...m", n”,... appartiennent a la couche incomplete, pour qu’on ait 
deux états intermédiaires d’énergie Eo. 

Nous définirons alors une matrice ®(e) de l’espace 2 par la relation 


o<7IPle)ly>o = 0 VlV 3 (3, v) ly ox» (19) 


=0 





ot Q, est l’opérateur de projection en dehors de l’espace 2). Cet opérateur 
assure qu’aucun état d’énergie EF, n’interviendra dans le développement 
(19). La matrice ®(e) n’a donc pas de singularité pour e = Ep. 

Le diagramme lié le plus général peut étre décomposé (fig. 2) en un certain 
nombre de parties comprises entre des états intermédiaires d’énergie Eo, 
mais a l’intérieur desquelles aucun de ceux-ci n’intervient. On peut alors 
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écrire 
7IG(e)ly ou = 2, (e—E,)?*4 o<ylP(é)?lv'Do 
(20) 
= oy ly'>o- 


e—E,—®(e) 


Ceci nous conduit a considérer le probléme de valeurs propres a g dimen- 
sions dans {2 
[e—Eg—P(é)}|>o = 9. (21) 
Nous montrerons en appendice que les valeurs propres de (21) sont toutes 
réelles. 
Désignons par 
e=E,°=E,+4E,” et |a>o 


un ensemble de solutions de (21) ayant la propriété suivante: 











Fig. 2. Les états intermédiaires d’énergie E, dans un diagramme lié. 


E,” est la valeur propre la plus petite; 

E,” est la valeur propre la plus petite dont la fonction propre |2), est linéaire- 
ment indépendante de |1)9; 

E, est la valeur propre la plus petite dont la fonction propre |3), est linéaire- 
ment indépendante de |1>_ et |2>9;... et ainst de suite. 

Nous montrerons en appendice qu’on peut toujours en principe (sous 
réserve de convergence) trouver g solutions de (21) ayant cette propriété. 

Les fonctions |«>, étant linéairement indépendantes, on peut trouver g 
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fonctions |&>, de 2, formant avec elles un systéme biorthogonal, c’est-a-dire 
satisfaisant aux relations (8). 

Cette maniére de définir les |%), n’est pas la seule. Les raisonnements qui 
suivent s’appliquent aussi bien a des fonctions |&>, définies ainsi: 

|1>) est n’importe quelle fonction de Q, telle que 9<1/1>, = 1; 

25, est n’importe quelle fonction de 2, orthogonale a |1>, telle que 
0<2|2 6 = 1; 

|(3>9 est n’importe quelle fonction de 2, orthogonale a 
0<3/3>9 = 1 etc.... 

Ceci permet, en particulier d’étendre les raisonnements au cas ot pour 
une raison quelconque on ne pourrait déterminer gu’un nombre de solutions 
de (21) inférieur a g. 

On remarquera que les fonctions |&>) ne servent qu’aux besoins de la 
démonstration. Elles ne figurent pas dans les résultats finaux qui ne font 
intervenir que les fonctions |«>» (voir les équations (21), (29) et (33)). 

Nous allons maintenant étudier les singularités des fonctions analytiques 
de e« constituées par les éléments de matrice 


1, et |2>, telle que 





i 
08! Ee |e (22) 
pris entre deux des fonctions |&), et |&’>,) qui viennent d’étre définies. Nous 
allons montrer que: 

a) les éléments de matrices (22) n'ont pas de singularité en dehors del’ axe réel; 

b) les éléments non- diagonaux n'ont aucune singularité pour des énergies 
inférieures ou égales a la plus grande des valeurs propres E,* et E,,’. 

c) les éléments diagonaux (a = «’) n'ont pas de singularité pour des énergies 
inférieures a E,”. Ils ont un péle simple pour e = E,?. 

Pour une valeur donnée de ¢ ott @(e) est réguliere, e—E,--®(e) est une 
matrice de dimension finie g. Une telle matrice posséde toujours un inverse 
bien défini lorsque l’équation (21) n’a pas de solution autre que la solution 
triviale |}, = 0. Les seules singularités possibles des éléments de matrice 
(22) sont donc les valeurs réelles de ¢ pour lesquelles, ou bien ®(e) aura une 
singularité, ou bien ]’équation (21) aura une solution non-triviale. 

Pour une valeur réelle de e, la matrice e— E,—@(e) est hermitique et on 
peut, en désignant par |k, €>, et A, (e) ses fonctions et valeurs propres I’écrire 


sous la forme 





g 


e—E,—P(e) rr > |R, E>gAg(E)o<R, é|. (23) 


k=1 


Cette diagonalisation permet d’écrire (22) sous la forme 





x’ : >= 3 a’ |R : k, el& 24 
o<& | IZo= 2 062 07 (6) 06 » €|& Do. (24) 


e—E,—®(e) 
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Si le systéme étudié comprend un nombre fini de particules, ®(e) et par 
conséquent les fonctions A,(¢) n’ont pas de singularités autres que des pédles. 
Ces points ne sont pas des singularités pour (24). 

I] nous reste a étudier le comportement des éléments de matrice (22) au 
voisinage des valeurs propres de (21). Pour ces valeurs de e, l'un des A,(e) 
s’annulle. Nous montrerons dans l’appendice que les A,(e) »’ont que des zéros 
simples. Le développement (24) montre alors gu’une valeur propre de 
l’équation (21) ne sera un pdle de l’élément de matrice (22) que si la fonction 
propre correspondante n'est orthogonale ni a |\&>_ ni a& |&’>o. Sinon, en effet, 
l’un des produits scalaires 9¢k, €|&>9 OU 9<R, e|&’>9 au moins présenterait un 
zéro pour la valeur considérée de e, ce qui ferait disparaitre le pdle simple 
introduit par le zéro de A,(e). 

Cette propriété, et la maniére dont les vecteurs |a>, ont été choisis en- 
trainent immédiatement pour conséquences les propriétés a) et b). Tout 
vecteur |» est en effet orthogonal aux vecteurs propres de (21) correspon- 
dant a des valeurs propres plus petites que E,”. 

Calculons enfin le résidu de 1’élément diagonal (22) pour e = E,". En 
désignant par l’indice 1 la valeur propre A(e) qui est nulle au point E,’ ona 
au voisinage de cette valeur 


Ay(e) = (e—E,*)a',(E,") +... 
4, €)9 = 4la>ot+ ...; 


ou a est une constante de normalisation. 
En reportant dans (24) on obtient 


(25) 


|a|? 
e—E,—P(e) (e—E,")4',(E,") 
ou les termes omis sont finis. En dérivant la relation (23) pour e = E,* et 
en prenant l’élément de matrice diagonal pour la fonction |«>, on obtient 


a',(E,”) 
aj? 








o<&| |&>» —= + eee, 


0<%|1—®'(E,”) |x >o - 


Les deux derniéres relations conduisent a |’expression 


l 
(—E,*),<all—@'(E,")lay 








X x. = 26 
0< | e—E,—®(e) |&>o ( ) 
valable pour e voisin de E,?. 

Les considérations qui précédent permettent maintenant de trouver la 
valeur asymptotique pour f — + 00 des éléments diagonaux de l’opérateur 
(18) calculés pour les fonctions |&>,. D’aprés (18), (20) et (26) on a 

—BAE,* 
: (27) 





lim 0<a|U (8) loo. = 


Seder 9<a|1—D'(E,”)|a>9 
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En rapprochant enfin (9) des relations (14), (15) et (27) on voit que les 
quantités £y+AE, ou 


AE, = 4E°+AE,’ (28) 
sont des valeurs propres. Nous obtenons également la relation 
0<a|1—®'(E,”)|ad9 = eF Fe") (29) 


qui fixe le coefficient de normalisation des fonctions |«>,. Celles-ci sont en 
effet définies 4 la normalisation prés par le probléme de valeurs propres (21). 
La normalisation déterminée par la relation (29) correspond a la condition 
que les |x, soient les projections sur 22) des fonctions propres |«> de H 
normalisées a l’unité. 

En résumé, une valeur propre de H est la somme de E, et de deux contri- 
butions: Ja contribution du ,,ceur’’ AE® donnée explicitement par les for- 
mules (16) et (17), et la contribution des particules de la couche incomplete 
AE,’ qui s’obtient en résolvant le probléme de valeurs propres (21). 


4. Le Calcul des Fonctions Propres 


Pour construire les fonctions propres relatives aux valeurs propres 
déterminées au paragraphe précédent, nous partirons de la relation 
ja> = lim e4®a-M) U(B)|a>q (30) 
B+ 0 
qui résulte du développement (7) et de la définition des fonctions non- 
perturbées |) et des valeurs propres E, qui leur correspondent. 

Le calcul de U(f)|&>, fait intervenir les diagrammes qui se terminent vers 
les temps décroissants par A” lignes relatives 4 des états de la couche in- 
complete, et vers les temps croissants d’une maniére quelconque. Le dia- 
gramme le plus général de ce type comprend une partie vide-vide composée 
de plusieurs parties connexes. La sommation de ces parties vide-vide se fait 
comme dans le calcul des valeurs propres et conduit au méme facteur 
exponentiel que dans la relation (14). En tenant compte de (15), l’expression 
(30) prend alors la forme 

a> = lim eftBa~4F Hod 1 (B)|a) op, 
B+ 0o 
ou le dernier facteur résulte maintenant de la sommation des diagrammes liés 
exclusivement. En utilisant la transformation (6), et en remplacgant FE, par 
AE°+E,*, l’expression de |«> devient 


1 onan 
|«> 7 ip = _ Oat OFF) G (6) |8>q, de. (31) 
—>+0o 


Dans chaque terme du développement de G(e)|a>o,, un certain nombre 
d’états intermédiaires d’énergie E, peuvent apparaitre. La sommation des 
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éléments de matrice de G(e) pris entre des états d’énergie E, se fait comme 
au paragraphe précédent, et conduit a la relation 





a 0 , , = 1 - 
G(elaya = FE (tv) te rae ES lade. (82 


a’ p=0 


Nous avons utilisé ici la relation, valable pour tout systéme biorthogonal, 
P, = > |x’ o< a" F 


ou P, est l’opérateur de projection sur 2). 

La relation (31) implique que le second membre a pour f — +00 une 
limite finie. Pour cela il faut que la fonction G(e)|%>o, ait un pdle simple pour 
e = E,” et aucune singularité aux énergies plus petites. Dans l’expression 
(32) le second facteur posséde précisément ces propriétés ainsi qu’on l’a vu 
au paragraphe précédent. I] en résulte que le premier facteur est régulier 
pour toutes les valeurs de « inférieures ou égales 4 E,”. En calculant alors 
le résidu de l’intégrale (31) pour e= E,", on obtient, en tenant compte de 
(26) et (29), 


a> = G- V)" leo (33) 


ou, rappelons le, la sommation doit étre étendue aux diagrammes liés 
seulement. Les fonctions |x), et les énergies LE," qui doivent étre introduites 
dans cette expression sont obtenues par résolution du probléme de valeurs 
propres (21). 


5. Généralisations 


Le formalisme qui vient d’étre décrit se préte a plusieurs généralisations 
immédiates. 

Ainsi, on peut prendre un ceur plus petit (ou plus grand, dans le cas ot 
le coeur comprend un nombre de particules supérieur a A) que nous l’avons 
indiqué. Les diagrammes liés se termineront alors par un nombre de lignes 
ouvertes plus grand. La contribution du coeur 4 l’énergie de liaison sera plus 
faible, alors que la contribution des particules extérieures au coeur sera 
augmentée. 

I] est intéressant de considérer alors le cas extréme ot on prend un c@ur 
inexistant. Les trous disparaissent, et les diagrammes se composent tous de 
A lignes dirigées dans le sens des temps croissants. Ils sont tous liés. Consi- 
dérons pour simplifier un cas ot: l'état fondamental de H, est non-dégénéré et 
désignons par |), la fonction d’onde normalisée correspondante. La matrice 
@(e) se réduit a un nombre pur, 





o) = «IV & (-V)' Io 
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La sommation est ici étendue a tous les diagrammes, et on a donc affaire 
a l’élément de matrice de l’opérateur complet. L’équation (21) s’écrit ici 
e—E,—®(e) = 0. 

Cette équation est exactement celle a laquelle aboutit la méthode de perturba- 
tion de Brillouin-Wigner *) caractérisée par la présence de l’énergie véritable 

e dans les dénominateurs de la fonction ®(e). 

On peut enfin envisager une autre généralisation lorsque le systéme non- 
perturbé comprend en plus des g états d’énergie Ey, g’ états quasi-dégénérés, 
c’est-a-dire ayant une énergie voisine de E,. Dans le but d’améliorer la 
convergence des développements, on peut alors inclure les g’ états quasi- 
dégénérés dans l’espace 2. La matrice ®(e) aura alors g-+-g’ dimensions, et 
l’équation aux valeurs propres (21) devra étre écrite 


[e—Hy—®P(e) }|>o = 9, 


car les états de 2) n’ayant plus la méme énergie on ne peut plus remplacer 
H, agissant sur ces états par £,. A cette modification prés, les raisonnements 
des paragraphes précédents s’étendent immédiatement. 


Appendice 


Nous allons ici indiquer ou rappeler quelques propriétés de la matrice 
@(e) et des matrices qui s’y rattachent. Ces propriétés généralisent certaines 
de celles que Wigner *) a établies pour les ,,fonctions R’’. 

Nous considérerons ici des matrices de dimension finie dont les éléments sont 
des fonctions méromorphes dans tout le plan complexe de la variable e. 

La matrice ®(e), dans le cas d’un systéme de dimension finie satisfait a ces 
conditions, sous réserve, toutefois, que le développement qui la définit soit 
convergent, ce que nous admettrons. 

Toute matrice finie A(e) peut étre écrite sous la forme 


A(e) = a(e)+2a(e), (A.1) 
ou a(e) et a(e) sont des matrices hermitiques. Nous nous intéresserons ici a 
des matrices A (e) telles que 


a(e) = ImA(e)>O0t si Ime> 0, 
a(e)=ImA(e) <0 si Ime< 0. 
Montrons d’abord que 
Th. I: La matrice O(c) définie par (19) posséde la propriété suivante: 
Im @(e) S0, si Ime>0O, 
Im @(e)=0, si Ime < 0. 


t Cette inégalité signifie que Im A (e) est positive définie. 
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Le raisonnement qui suit est tout a fait semblable a celui que Van Hove !°) 
a appliqué aux parties diagonales de la fonction de Green. 
Pour deux valeurs ¢ et e’ quelconques on a 


G(e)—G(e’) = (¢’—e)G(e)G(e’), 





d’ou 
ov |G (e)—G(e’) |v Dor = (€’—€) <1 (e)G(e’) |” Dox- (A.2) 
Posons 
A(e) = e— E,—P(e), 
1 A.3 
Ble) = Ae (A.3) 


Compte tenu de (20), nous pouvons alors écrire (A.2) sous la forme 
B(e)—B(e’) = Ble) [e’—e+ P(e) —P(e’) | B(e’) 
= (e'—€)9 <y|G(e)G(e’) |’ Dox. 
En multipliant cette relation a droite par A (e’) et a gauche par A(e), on 
obtient 
P(e)—P(e") = (e—e’)[1— } A(€)|y 00671 (€)G(e’) Iv’ Dor 06714 (€’)]- 
vy 
En désignant par P, le projecteur sur l’espace 2, et par Q, le projecteur sur 
l’espace orthogonal a {2), nous pouvons écrire 


oVlG(e)G(e’)ly Dor = 0671 (€) Po Ge’) |v Dor +0<71G (€) Qo G (e’) |v Dor- 


Les diagrammes intervenant dans le calcul du premier terme se composent 
de deux parties liées relatives a G(e) et 4 G(e’), respectivement. On a donc 


o<vlG(e) Po Ge’) |v or = > o<VIG(e) ly" or o<y IG (e’) lv Dor 
Y 
= 9<y|B(e) Ble’) |y'Do- 


P(2)—P(e') = —(e—e')[ & A (€)|y>00671G(2)Qo Ge’) Iv’ Dor 06714 (€’)]. 
YY 


En posant e’ = e*, le crochet devient visiblement une matrice hermitique 
positive semi-définie, ce qui entraine le théoréme I. 

Th. II: Les matrices A (e) et-— B(e) définies par (A.3) satisfont a la condition 
(A). 

La propriété relative a A(e) est évidente. Elle entraine immédiatement 
que l’équation (21) qui s’écrit avec les notations présentes 


A(e)|>9 = 0, (A.4) 


ou ¢ n'est pas réel, n’a pas de solution autre que |), = 0. I] en résulte que 
A(e) a bien un inverse lorsque ¢ n’est pas réel. 
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Posons 
A=a+tu, B= bd+7£. 
En exprimant que 
AB = BA = 1, 


on obtient (entre autres) les relations 
aptab=0, ba—fa = 1. (A.5) 


En multipliant la seconde relation a droite par f, la premiére a gauche par 3), 
et en retranchant, on obtient 

B = —bab—faf. 
I] en résulte que 6 S 0 puisque « > 0 et que 0 et f sont hermitiques. Mais 
s'il existait un vecteur |}, tel que £|>,) = 0, on aurait d’aprés (A.5) «b|>_ = 0, 
c’est-a-dire b|>, = 0 puisque «>0. On aurait donc B|>, = 0 ce qui contredit 
le fait que B est l’inverse de A. On a donc bien £<0, ce qu'il fallait établir. 

Nous avons noté en passant que (A.4) n’avait pas de solution non- triviale 
pour e complexe. Autrement dit: 

Th. III: Les valeurs propres de l’équation (21) sont toutes réelles. 

La valeur moyenne ,¢|A (e€)|>,) de la matrice A (e) pour tout vecteur |), est 
une fonction R. Nous avons alors les résultats suivants qu'il suffira de rappe- 
ler: 

Th. IV: Pour « réel, 4<|A (€)|>9 est pour tout vecteur |). une fonction monotone 
croissante, ayant des poles simples a résidus négatifs situés sur l’axe réel. 

Soient A,(e) et |, €>»9 une valeur propre et une fonction propre normalisée 
de A(e) pour e réel. On a 

d d a. 
4, tle) sad 4, 06 €|A (€)|k, €>9 = oh, &| 4.4 (€)|R, €>9 > 0 
é € € 
d’aprés le théoréme IV. D’ou: 

Th. V: Pour « réel, les valeurs propres de A (e) sont des fonctions monotones 
croissantes. 

En particulier, les fonctions A,(e) n’ont que des zéros simples, car leurs 
dérivées sont partout positives et jamais nulles. 

Ce théoréme permet de démontrer le théoréme suivant: 

Th. VI: Les fonctions propres del’ équation (21) A (€)|>9 = 0, correspondant 
a des valeurs propres situées dans un intervalle réel &, &g a Vintérieur duquel 
A(e) est bornée, sont linéairement indépendantes. 

S’il n’en était pas ainsi, il existerait dans 22) un sous-espace 2’, de dimen- 
sion g’<g contenant k(k>g’) vecteurs propres de A (e)|>) = 0. Soit alors 
Al(e) la restriction de A(e) a l’espace 2’). C’est visiblement une matrice 
R a g’ dimensions. Ses g’ fonctions propres sont donc des fonctions mono- 
tones croissantes, continues dans I’intervalle ¢,, ¢, puisque A (e) y est bornée. 
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Elles ne peuvent pas avoir plus de g’ zéros. Ceci contredit le fait que l’équation 
Al(e)|>9 = 0 a évidemment les mémes & valeurs propres que l’équation de 
départ. 

Ce théoréme a pour conséquence immédiate la propriété suivante: des 
fonctions propres de l’équation (21) correspondant a des valeurs propres 
inférieures au pdble de D(e) ayant l’énergie la plus faible sont linéairement 
indépendantes. 

Cette propriété permet de repérer certaines des fonctions |«>, définies dans 
le texte, mais elle ne permet pas forcément de les repérer toutes. Nous n’avons 
pas trouvé de régle générale permettant de dire a l’avance quelles sont les 
valeurs propres de (21) qui donneront des fonctions propres linéairement 
indépendantes f mais on peut cependant affirmer que: 

Th. VII: L’équation A(e€)|>9 a toujours g fonctions propres linéairement 
indépendantes. 

Supposons qu'il n’en soit pas ainsi, et appelons 22’, l’espace sous-tendu par 
les fonctions propres de (21). Soit 22’’5 le sous-espace de 2, orthogonal a 22’. 
La restriction a 2’, de la matrice B(e) inverse de A(e) n’aurait aucune 
singularité. Les éléments de matrice de B(e) étant par hypothése des fonc- 
tions méromorphes de e devraient alors se réduire a des constantes. Pour 
e—> —oo, B(e) > 0. La restriction a 2’’, de B(e) devrait donc étre nulle quel 
que soit e, ce qui est contraire avec le fait que B(e) est l’inverse d’une matrice 
finie partout sauf en des pdles isolés. 

t En particulier, il n’est pas exact que les zéros ayant l’énergie la plus faible pour chacune 


des fonctions A,(eé) correspondent toujours 4a des fonctions propres linéairement indépen- 
dantes. 
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Abstract: An investigation has been undertaken to determine whether there are definitive 
experiments which can determine, at least in principle, the relative 2—A parity. Two 
such methods are discussed. They are both based upon the parity-conserving electro- 
magnetic decays of the 2°. The first involves the process 2° + A®+y. It is necessary 
to measure the decay asymmetries of the A® together with the direction of the photon 
polarization. The second method (also calculated recently by Feinberg) involves an 
accurate measurement of the branching ratio for the reactions 2° + A®°+e++e- and 
2° —+ A®+y. The appendix is concerned with some properties of a general vertex part. 


1. Introduction 


Since we may expect that larger numbers of strange particles will become 
available in the near future, it is of some interest to examine the possibility 
of determining various properties, such as the parities, of these particles. 
Since parity is not conserved in weak interactions, we cannot expect to 
determine the parities of all of the strange particles relative to the nucleon '). 
There are still certain relative parities which can be determined since the 
particles involved take part in strong or electromagnetic interactions. An 
example is the parity of the X relative to the A ?). Pais and Treiman 2) have 
recently suggested that the reaction 2~+p — A®+n (with the 2~ being 
captured from an S or P state) could be used to determine this relative 
parity. The experiment involves measuring the direction of the A polarization 
through its decay asymmetry. In order that the A be polarized, it is necessary 
that the incoming & be produced polarized and retain its polarization in the 
process of slowing down. The determination of the relative parity, in the 
above experiment, also requires knowing whether the 2 is captured from an 
S or P state. 

It is the purpose of this note to examine other experiments which could, 
at least in principle, serve as a more definitive determination of the 2—A 
relative parity. The reactions which we discuss below involve the decay of 
the 2° into the A®. Although this is a decay process, only strong and electro- 
magnetic interactions are involved, and parity is therefore conserved. 
Specifically we consider the reactions 


t Supported in part by the U.S. Air Force through the OSR. 
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2° —> A°+-y, (1) 
and 


+° > A®°+et+e-. (2) 


2. Polarization of the A°® in s° Decay 


First, let us examine the process (1). Let q be a unit vector in the direction 
of the A® momentum in the 2° rest system, é'* be the polarization of the 
y-ray (e - @ = 0) and P; the polarization of the incoming 2°. The general 
expression, S, for the transition amplitudes in this process must be linear in 
é', Expressed as a matrix in spin space, S has the forms 


S (even) = Ao: (ex q), (3) 
S (odd) = A’o:e™, (4) 
where the components of @ are the Pauli spin matrices. A and A’ are con- 
stants. Eq. (3) is the invariant form of the matrix element for an even 
+ —A relative parity and eq. (4) the form for an odd relative parity. 
The expression for the 7-th component of the polarization, (P,);, of the 
outgoing A® is given by %) 
_ Tr(a, SSt)+ (Py), Tr(a;So,St) 





P,),= 5 
(Pals = Te SSt)+ (Pz), r(So, St) 
This leads to 
P (even) = —P;+2e x G{P, - (e x q)}; (6) 
P (odd) = —P,+2e(P,.- e). (7) 


For either alternative, the A® has a component of polarization in the direc- 
tion of the 2° polarization. The feature which distinguishes between (6) and 
(7) is the existence of a component parallel [ (7) ] or perpendicular [(6)] to the 
photon polarization. If this experiment were feasible, it could serve as an 
unambiguous determination of the relative 2—A parity. It is only required 
that the incoming 2° be polarized. 

If we sum over the two photon polarizations é'*) in expressions (6) and 
(7), we obtain for a given A direction 4q, 


P, = —G(Pyx° 4) (8) 
for either relative parity. This may be a means of determining whether 
+°—s are produced polarized, since directly produced A°-s are polarized 


perpendicular to their direction of motion. If we do not select A°-s in any 
specific direction, 


P, _ —%P;. (9) 


The A-polarization in process (2) is almost equivalent to the results obtained 
for process (1) after summing over the photon polarizations (see eq. (8)). 
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3. The Internal Conversion - y Emission Branching Ratio t 


In order to make use of the process considered in section 2, it is required 
that the 2° be polarized. We would now like to consider possible measure- 
ments which do not depend on this polarization, namely, those connected 
with the relative probabilities of reactions (1) and (2). 

The general covariant form for the matrix element in 2° decay is 





M=T1,2Q,, (10) 
where 
Q, = &,'°/V 2\k| (11) 
in process (1), and 
m* ai(r)y,v(s) 
Q,= / f 12 
Rote Vy So k? or 


in process (2). The functions « and v are negaton and positon spinors of 
momentum r and s respectively, e, m are the electronic charge and mass, 
and & is the four-momentum of the photon. J", is the vertex part which de- 
scribes the decay of a 2° into a A® and a photon (real or virtual). The 
general covariant form for J", is derived in the appendix. It is 

















I’, (even) 
pat: M,;M, _ . : k2 Ak h, | 
-V Poo a ate Ea T | +f2(R*) oO yy | “(p); (13) 
I’, (odd) 
_VMsM, ; ey R2 =O ibis Pe 
a aq 4 {AG N ivere ar + sr | +f'2(k?) ys om se} (0). (14) 


The spinors A (q) and X(p) satisfy the equations 


A(q)(*vg+M,) = 0, 
and (15) 
((‘yp+M y)&X(p) = 0. 


Other symbols used above are defined as follows: 


M = 3(M;+M,), (16) 
A=M;—M,, (17) 

and 
k=p —4. (18) 


For the case of the emission of a real y, the /, terms do not contribute since 
k? = 0 and e,k, = 0. The result for the transition probability w, 1s 


t G. Feinberg ¢) has recently calculated this branching ratio, assuming that only the terms 
f, and f’s, defined in eqs. (13) and (14) below, contribute. These terms indeed provide the 
major contribution and our numerical results are in agreement with his. 
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-|fa(0)|? 43 








w,(even) = ee bh (19) 
2 43 
w,(odd) = fs a M ch (20) 


(A perturbation calculation involving exchanges of virtual 2-mesons leads 
to w, ~ 10'* sec.) 

Calculation of the internal conversion yields for the momentum distri- 
bution, W (\q|), of the A® in the X° rest system 


3 4 M, 2m? q* 
re )/? m{ q ig § A q (21) 
322 M2 6&’—q? My (6?—q?)? 








We(\q|, even) = 











2 a |f’,(0)|?{ q* M, 2m? q! 
Mee(ldl, odd) => ue \e—qit M, @oahe 
A Re f’;(0) tad 
" My — (|f'2(0)/? 

where 

M,\ 

6 = (<4) A. (23) 
Ms 


The above results are accurate if we neglect corrections of order (4/M)? 
to the dominant terms. « is the fine structure constant (e?/4). 
The transition probability, w.., is 


= [ wellalya 


(24) 
Imex = (i) V A2—4m?. 
Finally, the branching ratio R = w,,/w, is given by 
2 « aay" A =| 
R = In— — — 25 
(even) > £{ M, pigs o£ (25) 


and 








2 « (M,\! A 7 A Re f’,(0)/,* (0) 9 
oe =(z) [ing 2’ My I/'2(0) |? } mM 


Although the momentum distributions (21) and (22) differ significantly 
for low momenta, the number of events involving low momentum A’s is 
small. For example, restricting ourselves to events for which g < 0.95 gmax; 
we accept only about 20 % of the total number of internal conversions. 
Integrating (21) and (22) up to 0.95 gmax, we obtain 


oe a] a 
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The above ratio is very sensitive to the upper limit of the integration. 
The branching ratios (25) and (26), themselves, differ by approximately 
13 %. Their values are 


R(even) = yg5: (28) 
R(odd) = ;4,. (29) 


In making the above estimates we have neglected the interference term 
A Re f';(0)f.* (0) 
Ms  |f'2(0)|? 
The ratio of this correction term to the leading term is probably not greater 
than 


(30) 





Indeed, a perturbation calculation indicates that 
Re f',(0)f4*(0) 1 


(02 4 
The other terms we have neglected (see discussion following equations (21) 
and (22)) involved assuming (4/M)? <1, which is certainly reasonable. 
Thus the error of R(odd) is about 1 %, and the error in the difference 
between R(odd) and R(even) is about 10 %. 





4. Conclusions 


The analysis in sections 2 and 3 has demonstrated that there are, at least 
in principle, two methods by which we may determine the relative 2—A 
parity. They are both based upon the parity-conserving electromagnetic 
decays of the 2°. The method discussed in section 2 depends upon the fact 
that the 2° is polarized. No other assumptions are made. It is necessary to 
measure the decay asymmetries of the A® together with the direction of the 
photon polarization. The analysis of section 3 is independent of the 2° 
polarization. However, it is necessary to make a very accurate measurement 
(better than 10 %) of the branching ratio in the 2° decay. Corrections of 
order 1 % to the branching ratio were neglected. 


The authors would like to thank Dr. L. Madansky for helpful discussions. 


Appendix 


We derive below the covariant form for the vertex part J", used in eqs. 
(13) and (14): 


r,(, 9) = fe™*<A(Q)Ii,(2)|Z(b)>d*z, (A.1) 








DETERMINATION OF THE RELATIVE Z—A PARITY lll 


where |2(f)>, |A(q)> are states of real 2’ and A particles, and k = p—g. 
j,(v) is the current operator. It satisfies the conservation equation 


3 
1) oy (A.2) 
Ox , 
This conservation equation leads to the following condition on I’,: 
k,l’, = 9. (A.3) 


The most general forms for J", are 





. k k 
P,(even) = A(g) | iga (A) + ga(¥)op <2 +ealk*) 52] 26), (A) 
and 


. k k 
P,(odd) = A(g) | ie’s(A*\ye74 +e alM)s Op ge +8'alR)6 se |Z). (A) 


The g’s are scalar functions of k? and 2'(p), A(q) are defined by equation (15). 
All other terms such as (f,+q,), yk etc. reduce to the terms in (A.4) and 
(A.5) when one makes use of eq. (15). Application of the condition (A.3) 
and eq. (15) leads to the relations 


i? ; 
| (Ms —M a )eu (A) — Sea(t*) | A@)E() = 0, (A.6) 
and 
k? ‘ 
| (ts + 3)e's(H4)— Tr e’alt*) | A@)rs2(6) = 0. (A. 


Note that g,(k?) would vanish if M, were to equal M, and g,(k?) and 
g’, (Rk?) vanish for real photon emission (k? = 0). Accordingly, we define a 
new function /,(k?), where 


gi (M2) = = Ale’); (A.8) 
therefore 
My—M, 
k2 k? A.9 
gs(h) = 247, (0) (A.9) 
Also 
82(k*) = f(k?). (A.10) 
Similarly, we have 
Re 
g'(k?) = yy! 16%"); (A.11) 
therefore 
M;+M, 
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Also 
8'2(k*) = f'2(R?). (A.13) 

It may be noted that if the vertex part involves particles of equal mass 
which are coupled indentically in the interaction, the application of time 
reversal invariance excludes the g, and g’, terms °). 

Further, for either process considered here, J", is multiplied by 2,. The 
expression k . Q, vanishes, since for real photon emission k a &,=9, and for 
internal conversion {2, is simply the electronic vertex part, which also 
satisfies a current conservation condition. Thus, the g, and g’, terms will 
not contribute to either process. 

It is interesting to observe that the current conservation condition (A.3) 
provides a simple means for the renormalization of vertex parts in perturba- 
tion theory. It is the g, term which is divergent in perturbation theory. In 
place of the usual prescription for renormalization, one can evaluate the 
convergent g, for M; #~ M, and then perform 


im (0), 


My—~>My, M;—M, 
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Abstract: It is proved that the Pais-Epstein formula which shows the close relation 
between self-stress and self-energy holds true even for bound states. This formula is 
used to show that the self-stress of the composite particle vanishes in the rest frame, 
i.e. that the binding energy transforms like a mass. This makes it possible for the 
composite particle models proposed by many authors in connection with strange 
particles to join company with the relativistic particles. 


1. Introduction 


The interesting question has been raised whether the particles so far 
observed are of an elementary or composite nature. The words elementary 
and composite, however, have not been given unambiguous meaning by the 
present quantum field theory and are used in a casual sense only. It was, as 
far as we know, Taketani who first suggested a possible experimental distinc- 
tion between the two kinds of particles *). 

The mass of a composite particle, calculated on field theory, should be 
given as the algebraic sum of the binding energy and the constituent 
elementary masses. It is therefore important to ensure that the binding 
energy so calculated behaves like a mass under Lorentz transformations. 
In other words it must be shown that the self-stress of the composite particle 
vanishes in the rest frame 2). This consideration, which was raised by Sakata 
a few years ago *) becomes quite important in view of the number of com- 
posite models proposed in connection with the strange particles *). 

In this paper we shall discuss the self-stress of composite particles. 
In order to treat this problem we must, of course, assume the existence of a 
bound state solution to the eigenvalue problem. In section 2 we shall prove, 
in a formal manner, that the self-stress indeed vanishes. This proof employs 
a generalized Pais-Epstein formula which is derived in section 3. Further, it 
is shown that the formal proof is contradicted by an actual calculation using 
the Fermi-Yang model (made covariant by Maki')). 

Previous derivations of the Pais-Epstein formula are open to certain 
objections. On one hand, a number of these derivations make use of pertur- 
batica methods and so leave unanswered the question as to the formula’s 
exact validity ®). The others neglect the :mplicit dependence of the observ- 
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ables on the parameters of the system — a procedure which, though un- 
justified, leads to the correct result in this case 7). This point will be clarified 
in section 3. We emphasize that for the treatment of bound states these 
considerations are of essential importance because the state vector cannot be 
expressed either independently of the coupling constant or by means of a 
perturbation expansion. This formula must be proved without any recourse 
to approximation. 

In the last section we shall discuss briefly the physical significance of the 
Pais-Epstein formula. Here also we indicate, formally, how a theory which 
lacks divergences would also be free of the self-stress difficulty. 


2. The Self-Stress of a Composite Particle 


For this discussion we make use of the Pais-Epstein formula for the case of 
two particles bound together by some interaction. (This formula will be 
derived in section 3.) If S(0) and E(0) are the self-stress and energy respec- 
tively (measured in the rest frame) and x, m are the component particle 
masses and g the coupling constant (of dimension L” in natural units), then 


0 0 7] 
S(0) = 3 («= —_—— ~ ~1) E(0). 2.1 
(0) = 3 («5 +m 5, ngs —1) £00) (2.1) 
It follows from dimensional considerations that F£(0) is of the form 
E(0) = > inn’ m’ g*, (2.2) 
i,4, k 


where the a,,, are dimensionless numbers and the sum is restricted by 
1 = i1+7—nk. (2.3) 
The substitution of (2.2) into (2.1), on the other hand, yields 
S(0) = 4 > (¢+j—nk—1)a,;, x‘ mi g* 


i, i,k 
so that, by (2.3), 
S(0) = 0. (2.4) 


It can be seen, however, that just as for elementary particles, the relation 
(2.2) does not always hold true. This effect is an immediate consequence of 
the divergences inherent in the present field theory. To illustrate this we cite 
the example of the composite nucleon-antinucleon model of the pion. The 
The pion mass E(0), as calculated by Maki *), is given by 


E (0)? = (Jo) “(412° +19) x? — (4g) 7}, (2.5) 


where Jy, J,° and J’, are diverging quantities which, on introducing a cut-off 
momentum A and putting « = A/x, can be written in the form 
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I, = Ina—2, 
T,° = ¢(1+a—2 In ax) (2.6) 
= tos (97— 54 In a). 


In (2.6) the terms S O(1/«) have been omitted. 

It is evident now that the dimensional justification of (2.2) is no longer 
valid: the new parameter 4 has dimension L~! and should be entered also. 
In fact a straightforward substitution of (2.5) into (2.1) yields 


1 
$0) = 4 py U4 |- oe — 


Thus the self-stress of the composite particle fails to vanish because the 
energy diverges. This situation is exactly the same as for the elementary 
particle. In other words, the self-stress difficulty is again absorbed in the 
self-energy difficulty and would not arise in a divergence-free theory. 





roz%t 5 ~ In a+ $ In o— $3]. (2.7) 


3. The Generalized Pais-Epstein Formula 


The primary task in this section is the derivation of an expression for the 
derivative of an energy eigenvalue with respect to one of the parameters 
contained in the ae ws density, viz. 


faa (a (),,9) 


where # (zx) is the Bo density, ®, isan eigenstate of the Hamiltonian, 
and A, is some parameter appearing in the Lagrangian. It must be born in 
mind that the field operators also depend on the 4,’s; hence the suffices ¢, 
p,, On (0H/0A,. $6, which mean that the deriv ative is explicit. 

Our purpose might be clarified by a short digression on the matter of 
derivatives. Consider a system with one degree of freedom characterized by a 
Hamiltonian H and suppose that only one parameter appears in H (e.g. the 
harmonic oscillator: H = }(p?+?g*), w is the parameter). Evidently 
0H /dw is not well-defined whereas (0H /dm),, is. And, in general (@H/dw),, A 
(0H/dw),,,, where gp and q’f’ are two different sets of canonical variables. 
It is possible, however, to define a total derivative 


H 
dH _ (=) —1[H, Poy], 
dw Ow / ap 





which is independent of the chosen set gp. The diagonal elements of 
(0H /dw),, in the energy representation are then seen to be independent of 
the set gp. In fact 

(E'|\dH/dw|E’> = <E'|\0H/dw|E’>. 
(For the simple harmonic oscillator I°,,, = (t/2w)qp.) 
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It can then be shown that 
dE’/dw = <E'|\0H/dw|E'> 

and 
(E"| (d/da|E">) = ¢£’|(dH/da)|E">/(E'—E”) 

= (E"|(0H/0w)|E">/(E'—E")—1c E'|P\|E"> (E # E”). 
This last term, <E’|I"|E’’), seems to have been overlooked in the past 8). 
It will concern us no more in this paper as we are interested only in diagonal 
elements. 


For the remainder of this section the Heisenberg picture is used and the 
states are specified on space-like hyperplanes a(t) defined by 


i= — 
nN, % T 


where m# is a time-like future directed (w® > 0) unit vector. The metric 
(—1, +1, +1, +1) is used (2° = #). Natural units (A = c = 1) are used. 
The abbreviations 

0 

apa? (*) = 0,9" (x) = ,'(2) 

and 


0 
n* 9,0" (@) == $"(@) = 2,0" (@) = $,"(2) 


will prove convenient. 
The system to be considered comprises a number of interacting boson 
and fermion fields @’(x) characterized by the Lagrangian density 


L(x) = L(x) + ¥ 9, H (2), (3.1) 


where # is the sum of the free field densities and the #" are interaction 
terms. The latter need not be specified in detail except for restrictions on 
terms of the type (@,)*, $,,, etc. which must not appear. The particle 
masses are assumed to appear in # only. 

The canonical momentum and Hamiltonian density operators are 


u(x) = —n,(0L/09,") = 02/09," 


(3.2) 
H (x)= 1" (x),"(x)—-L 
and the total Hamiltonian is 
H(r) = [ogy 1 (2) IE (ee) (3.3) 
which must satisfy 
0,H(r) = 0. (3.4) 


(The eigenvalues of H are energies in a coordinate system with 
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n* = (1, 0, 0, 0).) 
The commutation rules are 


do(x')[@"(x), Ol, = do(w’)[m"(x), m*(e’)], = 0, — wea(r) 
Jocn 20 


The equations of motion are 


o(r) 


g 
ame 
> 

Ss 
hI 

4 

aw 

g 
re 
He 

I 

S 
| 
a 

& 

m 

Q 
Ee 

“a 
_ 
Fa’ 

ww 
A 


together with 0,¥% = 0 
where ¥Y is the state vector. 

Let A represent one of the parameters in the Lagrangian so that 
H = H(A) and 6’ =-@'(A; x), am" =am"(A; x). If A were replaced by A+-6A 
the Hamiltonian would change and the evolution in time of the system 
would be altered. The commutation rules (3.5), however, would be unchang- 
ed. The latter fact implies the existence of a unitary operator A(r) such that 


@' (A+6A; x) = A*(r)O' (A; x)A(r), reo (T) (3.7) 
and similarly for 7’, where A(t) satisfies 
10, A(t) = K(0dA, A, tr) A(t) (3.8) 


with K a functional of the @"(A; x), 2”(A; x) to be determined. 
We cannot in general find a ty, such that A(t,) = 1 (as evidenced by the 
discussion at the beginning of the section) so we put 
A(t )) = 1—76AP'+-O(6A?). (3.9) 


The equations of motion for the $’(A+6A; x) must be examined now. 
From (3.6), (3.7) and (3.8) 
10, @' (A+ 6A; x) = A *(r)10, " (A; x) + A(t) 

4+A*(x)[G" (A; x), K(6A, A, t)JA(r) = [@"(A+64; x), M(x)] (3.10) 


where 
M(t) = A-1(r) (H(A) +K(0A, A, t)) A(z) (3.11) 
and, similarly, 
10,70" (A+-0A; x) = [70"(A+-6A; 2), M(r)]. (3.12) 
It follows also from (3.8) that 
0,M(r) = 0. (3.13) 


From (3.10), (3.12), (3.13) we deduce that M(t) can differ by no more than 
a c-number from H(A+6A). Thus we put 


H(A+6a) = A-1(r) (H(A) +K (dd, A, t)) A(z). (3.14) 








118 J. STRATHDEE AND Y. TAKAHASHI 


If we write K(dA, A, r) = dAK(A, r)+O0(6A?), it isa simple matter to deduce 
that 


OK (A; 
K (A, T) =| do(x)(~*?) ; (3.15) 
o(7) OA ¢,7 
In general, if F = F(@(A; x), a(A; x), A), then 


dA Pak 
= lim 7 [A-1 (x) F(O(A; x), 1 (A; x), A4+64)A(t) —F(@(A; x), 2 (A; x), A)] 
éA—0 


= lim — [A-1(z)F (A; 2) A(t) —F (A; 2) +64A-1(z) (OF /0A) 4, ° A(z)) 


sao OA 
i.e. 
d oF (a) 
qq FM: 2) = (5). HF x), [+ fr dr’ K(A, tr’) | (3.16) 
where we have used 


A(t) = 1—ida (I+ J" dr’ K (4,r’)) i see (3.17) 
which follows from (3.8) and (3.9). 
An immediate consequence of (3.16) is 


(®,, dH/d4®,) = [ do(x)(®, , (H/AA) 4, P,), (3.18) 


where ®, is an eigenstate of H. (We have used the symbol d/dA somewhat 
unconventionally in the above work. It implies that the dependence on 4 of 
observables through the @’, 7” is taken into account. If / is one of several 
parameters then these are regarded, together with 2, as fixed in the evaluation 
of dF/da.) 

We are now in a position to calculate the derivatives of the energy 
eigenvalues. Since the Hamiltonians H(A) and H(A-+-6A) are t-independent 
we can introduce the two sets (complete) of their respective eigenvectors 
{M,(A)} and {®,(A+-d4)}. The index «, standing for the eigenvalues of a 
complete commuting set of observables, runs over both the discrete and the 
continuous spectra. These vectors are chosen such that 


D(A+0A) = 20, (A) = (14+ 6A2,+ (6A)? 2,+ ... )@, (A). (3.19) 
Consider now 
(®, (A), (H(A+-64) —H(A))®,(4+-62)) = (E,(4+64)—E, (A))(®,(A), QD,(A)) 
dE 2 (A) 


=6A 
dA 





(D(A), Pg (A))+0A( Eg (A) —E, (A)) (P(A), 21 Pe(A)) +0 (62?), 
(3.20) 
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so that 
(®, (2), dH(2)/42®, (2)) 
_ dé aA) ‘ : i‘ 
a2 a (®, (A), D,(4)) + (E,(A)—E,(A))(®, (A), Q, ®,(A))+0(6A?). 
It is easily shown that an appropriate choice of phases for the ®,(A) will 
make the diagonal elements of 2, vanish. Thus, using (3.18), 


——2\"" = (,(4), dH(A)/da®, (A)) 


= | do(x)( (0.0 (A)/0A) o, P.(A)), (3.21) 


where it is understood that the normalizing factor (®,, ®,) has been removed 
from the right hand side. 

We shall next make use of the following two formulae which are derived in 
the appendix: 


(0.47 (A; x)/0A) gg = —(OFX (A; #)/04) gp,» (3.22) 
and 
T,4 = 2 N,£,(OF/0g1) 4 —2 m,(0#L/dm, $6, : (3.23) 


where T,,, is the energy-momentum tensor, the m, are the different particle 
masses and the g, are coupling constants. The dimension of g, is given by n, 
(In natural units if {[~}] = L, then [g,} = L".) 

Assuming that the m, and g, are the only parameters appearing in #, then 
E, will be a function of just these variables and (reverting to the usage 


a 


0/04 for d/dd) we have 
[> m,0/Om,— > n,g,0/0g,)E,(m, g) = | do(x)(@,, T,“(x)®,), (3.24) 
8 l 


where we have used (3.21), (3.22) and (3.23). Choosing a coordinate system 
in which n4 = (1, 0, 0, 0), so that E,, becomes an energy then, for a state ®, 
with zero momentum in this system, 


(S m,/9m,— > n,g,0/Ag,—1]E,= 3 | d?x(H,, T1,(x)P,) rest» (3-25) 
8 l 7 


which is the generalized Pais-Epstein formula used in section 2. 


4. Discussion 


This section is devoted to a few remarks which, it is hoped, may help to 
clarify the present theoretical situation with regard to self-stress. 

It was pointed out in the introduction that the use of a cut-off parameter 
in evaluating ambiguous integrals lies at the root of the difficulty. This can 
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now be illustrated very simply. Suppose that the self-energy £(0) is made 
finite by the use of some sort of cut-off radius a (with the dimensions of 
length) so that E(0) can be regarded as a function of the m, and g, and of a. 
Then, from dimensional considerations, 


—E(0) = [ad/da— > m,0/Om,+ > 1,g,0/0¢,)E (0). (4.1) 


All of these parameters except a appear in the Hamiltonian so that equations 
(3.21), (3.22) and (3.23) can be applied, i.e., 


—E(0) = adE (0)/da+(, [— ¥ m,0/Om,+ > 2,8, 0/0g,)H® rest 


= adE(0)/aa— (0, | d?x[— > m,0/Am,+ > m, 8, 0/Ag,] L(x) ®) 


rest 


= adE(0)/da+ (#, { dxT ," (x) ®) 


, 


rest 


where @ is a state of zero momentum. Thus 
S(0) = —4adE (0)/da. (4.3) 


It might be thought that @ could be regarded as a function of the other 
parameters (e.g. a = «/m,, with « dimensionless). Then the term adE (0)/da 
would not appear in (4.1) and we should conclude that S(0) = 0. This 
conclusion, however, would be incorrect simply because 


OE (0)/Om, ~ (D, 0H /Om, ®) rest 


if a = a/m,. So the difficulty remains f. 

The physical meaning of self-stress can be made more clear by qualitative 
considerations. Let us regard a as the radius of a particle and V = $na® 
as its volume. Then (4.3) reads 


S(0) = —V(@E(0)/aV). (4.3’) 


We can picture V (0E/0V) as the work done in compressing the energy into a 
volume V so that —dE/0V corresponds to the outward pressure at the surface 
of the particle. A non-vanishing self-stress then implies that the particle is 
unstable. 

One should not conclude from this that a particle of finite size cannot be 
stable. Eq. (4.3’) was arrived at under the assumption that E(0) contained a 
while the Hamiltonian did not. If the theory is constructed from the start 
with a view to obtaining a finite self- energy, i.e. if a is built into the Lagran- 
gian then the argument must be altered. Proceeding again from (4.1) we 
have 


— E(0) “ae (®, [ad/da— > mM, 0/Om,+ 4 M81 0/0g,|H®) rest; 


t See, for instance, S. Borowitz and W. Kohn, ref.*); E. Arnous and W. Heitler, ref. 7) 
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i.e. 
—E(0) = (9, [ d%a[ad/da— ¥ m,d/Am,+ > m,g,0/Ag)L(x)®) 
. 8 l Ss 
= (0, [d2T,"(x)) | = —E(0)+35(0) 
whence 
S(0) = 0. (4.4) 


This argument shows that the self-stress problem would disappear if the 
cut-off could be introduced consistently from the beginning in the Lagran- 
gian f. It also explains the success of the mixed field and regulator theories in 
giving a zero self-stress. 


Appendix 


In order to verify equation (3.22) we need to know the operations 
(0,,/0A) gg. These are easily discovered by introducing the derivatives normal 
and parallel to o(r), respectively, 


0,=n*d, and 0,, = 0,—n,0,. (A.1) 


Then any function of @, can be considered a function of $,,+-”, @, and the 
problem becomes one of examining (0@,,,/0A)4, and (0@,/04)4,. Now 


(0951/4) bn = lim (6A)-1[A (r)0,,, 6 (A+0A; x) - A(t) —@,,, 6"(d; x) ] 
= 0,, lim (64)“*[A(t) @"(A+-6A; a) A(t) — "A; w)] —(A..2) 


éA—>0 


= 0,,(00"(A; x)/0A) 4 = 9. 
But because [A, 0,| #0 it is seen that, in general, 
(2,"(A; 2)/2) ge F 0. (A.3) 
Using the definition (3.2) of #(A; x). 
H (A; x) = Sm'(A; x) O,"(A; x) — L(A; x) 


we have 


(FA) = E (S5) — (Fea 257 (ee 


eee 2 
5 OA explicit rt OA O', 


Formula (3.23) can be arrived at by simple dimensional considerations. 
In natural units the dimensions are 








(A.4) 





t This point was emphasized by F. Rohrlich in his application of the regulator method to the 
electron self-stress. See Jauch and Rohrlich (ref.*)), section 16—4. 
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[2*] = L, [%] = [c] = L® 
[mJ=L", [eg] =L” (A.5) 
[S) = L-~, [o"]=L*, and [¢,"]) = Lr". 


We regard # as a function of ’, @,", m, and g,. Applying Euler’s formula 
we get 


Of OF 
—4f7 = -— Sm A: ~) + Sn (=) 
2 Om.) $6, 2 BIN Gg, $¢,, 


Of Of 
+3 [hg OHVs 


"ag" a,” 
The equations of motion can be used to write 
Of 0f Of Of 
wr ‘= = @ (<9 = is 0 ake : ‘ — ? ,’. (A.7) 
og 0%, a," 09," 


Substituting (A.7) into (A.6) we get 


Of 0f 
—4fH = — > m, (] n (=) 
2 Nan 0, F Bl ae, | 44, 
Of 
~ 7 
r ft 


where F“ is some function of the @” which can be dropped by a suitable 
choice of Lagrangian. The canonical energy-momentum tensor T“, is defined 





@,'—H.C.—a,F*,  (A.8) 





Of 
T4, = =— $,/+H.C.—6*, (x) 
0g," 
so that 
T* (x) = al d ,"(%)+H.C.—4.F (x) (A.9) 
0g,” 
Combining (A.8) and (A.9) 
0 
T+ = — (=) ( | : A.10 
se) = — Fm (F) + Smal), (A.10) 
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BOOK REVIEWS 


A. D. GALANIN, The Theory of Thermal-Neutron Nuclear Reactors (Consultants Bureau Inc. 
1958. 291 pages, in two parts. 60 $). 


The publication of a new source book on Reactor Theory is an event of some importance and 
the fact this one is also the first to come out of the U.S.S.R. makes it of even greater interest. 

It is divided into two parts of which the first contains an account of the more elementary 
aspects of the subject. Such basic topics as Diffusion theory, Fermi-age theory, Criticality of 
heterogeneous reactors, Perturbation theory, Poisoning and Reactor kinetics are all discussed 
in detail. The second part deals with Transport theory, Thermal spectra and the more refined 
calculations of neutron behaviour in lattices. No striking advances in theory or technique are 
made but the general presentation is very thorough and the notation is sufficiently close to that 
used in the West to give no difficulties of interpretation. Careful attention has been paid to the 
limits of validity of the various approximations which are introduced and many useful hints on 
the best choice of methods are given. In fact it is pleasing to find that the general emphasis 
throughout is placed on practical application without any sacrifice of rigorous analysis when 
required. 

Main criticisms are the absence of mention of modern developments in the use of high speed 
digital computers and a tendency to restrict consideration to conventional reactors with rod 
type fuel elements and D,O or graphite moderators. Minor drawbacks include the lack of an 
index and the use of the term ‘ilux’ instead of the more conventional ‘current’. The latter fault 
is presumably due to the translators who must otherwise be congratulated on getting out the 
English version so quickly, although not without such absurdities as referring to several 
Western publications by their corresponding translations in the U.S.S.R. 

This book will be of the very greatest value to all those engaged in reactor calculations and 
should become a standard text book on the subject in spite of the ridiculously high price which 


is asked for it. 
K. T. Spinney 


D. MAssIGNoN, Mécanique statistique des fluides. (Dunod, Paris. 1958. XIV-264 pages. 
3900 fr.) 

This book is devoted to setting up the general machinery of statistical hydrodynamics 
both for the classical case and also, in the last chapter of 60 pages, for the quantal case. 
It is very much a research book in that the author generalizes earlier expositions, and makes 
some use of the distribution theory associated with the name of Laurent Schwartz. It is not 
the author’s aim to exhibit in detailed applications the power of the methods he has developed 
— a matter much regretted by the present reviewer. For these reasons it is likely that the 
book will be read really carefully only by a small group of specialists, but these should find 


a great deal to interest them. 
P. T. Landsberg 
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Abstract: The nuclear moment of inertia may be calculated as the sum of individual-nucleon 
contributions by treating the dynamics of one sample nucleon in the ellipsoidal harmonic- 
oscillator potential representing its interaction with the others, on the plausible assump- 
tion that the moment of inertia due to all the other nucleons is simply associated with 
the orientation of the axes of the distortion ellipsoid. The ellipsoid is allowed to rotate 
freely (in two dimensions) with conservation of angular momentum, but the treatment 
is rather similar to that given earlier on the basis of a constant angular velocity of the 
ellipsoid (‘‘cranked model’’), and the result is the same. The moment of inertia has the 
rigid value when the magnitude of the distortion of an open-shell nucleus is obtained 
in the most simple manner, by minimizing the sum of the oscillator energies with constant 
nuclear volume. The analogous problem of linear translation may be similarly treated. 

The moments of inertia of highly distorted nuclei are observed to be about half of the 
rigid value. One might hope to understand this discrepancy in terms of the nucleonic 
“effective mass’’ M, » $M which appears in some problems involving nucleons passing 
through nuclear matter, and is required in the shell model to reconcile excitation with 
binding energies. The shell-model-type assumption considered most plausible is that 
the effective mass arises from simple dependence of the potential not on the canonical 
momentum but on the nucleon velocity relative to the axes of the rotating ellipsoid, 
and this is the assumption whose analogue gives a sensible result in the linear problem. 
The velocity dependence is taken to be a quadratic one, giving a simple expression for 
M,. It is shown that, with these assumptions, M, is not effective for the moment-of- 
inertia problem and one still obtains the rigid value. 


1. Introduction 


The phenomenon of collective nuclear rotation manifested by the well- 
known sequences of rotational states raises the question why the magnitude 
of the spacings of these states should be what they are, that is, why the 
observed nuclear moment of inertia should be something like five times 
larger than the irrotational-hydrodynamic value of the droplet model and 
about two to five times smaller than the rigid rotation value 1»?). Of the 
many interesting attempts to solve this challenging problem %), one of the 
simplest 4) employs the “‘cranked model’’, the zero-order wave functions of a 
perturbation theory being given by an ellipsoidal harmonic fictitious 
potential cranked at constant angular speed about a fixed axis. The single- 


t Permanent address, Argonne National Laboratory, Lemont, Illinois. 
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nucleon behaviour in such a potential is described by normal coordinates 
corresponding to elliptical orbits, and the lower-energy states of each shell 
have orbits circulating in such a direction as to add appreciably to the angu- 
lar momentum of the system. In this model, this is the source of the moment 
of inertia, and if the magnitude of the distortion from spherical shape is 
given by minimizing the zeroth-order harmonic-oscillator energies of the 
nucleons in a nucleus of constant volume, the moment of inertia thus 
calculated is the rigid-body value, considerably too large. Judged by a 
simple example *), pairwise interactions of nucleons tend to suppress these 
individual-nucleon contributions and thus act in a direction to improve the 
agreement with experiment. 

The cranked model is made to seem rather plausible by the success of the 
shell model in explaining many detailed nuclear features, including large 
ellipsoidal distortions, and by the thought that the rotational levels prove 
that the distorted nuclei rotate in a fairly regular manner, making it reason- 
able to assume a steadily rotating, collectively distorted, shell within 
which to work out the details of individual-nucleon behaviour, just as it is 
reasonable to assume a non-rotating shell within which to work out the shell- 
model stability of the ellipsoidal distortion as Nilsson and others have done. 

Some of the more ambitious calculations, which are concerned mainly 
with the separation into collective and internal coordinates and do not make 
use of the shell model until perhaps the very end, have the advantage that 
they do not require the introduction of external machinery to turn the crank 
steadily. As soon as one eliminates this constraint, the rotational coordinate 
becomes a degree of freedom and we cannot consistently retain all the inter- 
nal degrees of freedom as independent. The need to resolve this situation 
complicates some of the calculations. It is very similar to a difficulty con- 
cerning translation that is usually ignored in practical applications of the 
shell model, which treat the centre of the fictitious potential rather than the 
centre of mass as fixed in space. When it is treated properly, with the correct 
number of coordinates, a very few of the (fairly high) states of the shell 
model disappear *), a modification not seriously affecting the usual applica- 
tions to the few lowest states. Failure to eliminate an extra coordinate in the 
rotation problem may similarly be expected to give little trouble. 


2. The Freely Rotating Model 


We here treat the problem in such a way as not to need an external 
“crank’’, and at the same time to take advantage of the simplicity of shell- 
model methods from the beginning. In the spheroidal shell model it is 
usually assumed not only that the fictitious oscillator potential has its 
centre fixed in space, but also that the direction of the major axis is fixed, 
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which implies fixing two superfluous angle coordinates in addition to the 
translation coordinates. In order to study rotations in a simple manner, we 
relax this condition by permitting the azimuthal coordinate ® to vary 
freely, still keeping the polar angle fixed at 6 = 4a because it seems clear 
that the determination of the moment of inertia must be essentially a 
two-dimensional phenomenon. That is, we permit the major axis of the 
spheroid to rotate freely in the plane normal to a fixed axis. 

As usual in the shell model, we let each nucleon interact with the others 
only through its individual potential energy in the common average potential 
(“‘strong coupling’ approximation) 


Viy, 2) = 3(Kyy?+Kg 2?) = $M (w,? y?+a,"2?). (1) 


We concentrate our attention t on one nucleon in a state a=/1, m, n 
(oscillator quantum numbers in the three dimensions 2, y, z). The x-axis is 
fixed in space, so this component is unaffected by the rotation and the 
corresponding potential term, 4K, a, isomitted from eq. (1). The z-axis is the 
major axis of the spheroid with orientation given by the angle ®. The total 
moment of inertia 4%, is taken to be the sum of the contribution /, of this 
nucleon and the combined contribution / of all the other nucleons, and we 
assume that 4% may be treated as constant and associated with the orienta- 
tion of the spheroidal average potential. Here we neglect fluctuations, 
there being many other nucleons tt. This assumption has some similarity to 


t The Hamiltonian must of course be symmetric and the wave function antisymmetric 
in permutation of particles and our concentration on the nucleon in one state must be 
understood in this context. With the wave equation (H— E,)y, = 0, our model consists in 
assuming separability, that is, assuming that each term of the antisymmetric wave function 
is separable into a rotational and internal part, thus: 


Ya(l,°°*,A) = : (—)?Qvrot (1,*>**A—1)y,(A), 


and that the Hamiltonian operating on any one such term is well approximated by 


H (1, +++, A) rot (1. ++, A—1)ye(A) 
= {F(l, +++, A—1)+H(A)}yrot (1 ++) A—Lyal4), 


where F = P?/2% = F(®) with ® = M(1,-++, A—1) and we proceed to evaluate H(A) = 
= h(A)+h)(A). As usual in the shell model, (A) contains the effective potential V(A) 
and we assume that this is also effective for the other nucleons, leading to orthogonality 
between terms differing by a permutation Q exchanging the nucleon in yw, with one of the 
others. The internal antisymmetry of y;,_ is not visible in this collective treatment. 

tt The sudden appearance of stable spheroidal nuclei and distinct rotational spectra on 
passing neutron number N = 88, for example, is associated with populating the nucleon 
states of distorted nuclei in such a way as to open the “closed shell’”’ of the next lower magic- 
number group. Although the closed shells contribute very little to the moment of inertia, 
there are thus two open shells and many open-shell nucleons contributing to the moment 
of inertia in just those nuclei in which the rotation is clearly evident. The number of nucleons 
contributing to ¥ is particularly large in the nuclei in which we are most directly interested 
those having the largest distortions and with 4oy, ~ 44 ngiq (Which one might hope to 
associate with Mery ~ $M). 
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the assumption of constant angular velocity which it replaces, but it is not 

the same and has the conceptual advantage that it is an internal assumption 

within the self-contained system and does not require external machinery. 
The kinetic energy is then 


T = 498244 M[P?24+7(6+49)") 
= }(F4+Mr)@2+M (yi—zy)®+ 4M (y?+24). (2) 
The three momenta conjugate to the coordinates @, y, z obtained as deriv- 
atives of the Lagrangian, are 
b, = a /dy = aT /ay = M(y—2) 
p,=M(i+yo) — (3) 
P = 0L/00 = JD+-h 
with p = yp,—zp, = p,. The Hamiltonian, expressed as a function of 
coordinates and momenta, is thus 
KH = T4+U = P?2/2K%—(P/F%)pt+h, 
h= (b,2-+p,)/2M+Uly, 2) +P2/2F. (4) 
The term in #? may either be neglected on the grounds that it does not 
depend on P and that we have made a rough approximation to the average 
potential, or we may more explicitly include it in the oscillator potential by 


putting U(y, z)+9?/24% = V(y, z). It is then convenient to use the usual 
oscillator coordinates 7 = (Ma,/h)ty, p, = (h/i)0/0n = (h/Ma,.)* p, in 


h = $h[a.(4?—0/On*) +~5(o°—0?/dn")], 
p = (h/t) [(cg/eg)# 0/02 — (cog/eg)* 00/An). (5) 


The wave equation put directly in a form for separation and a perturbation 
treatment is then 


[— (1?/2.F)0?/OD?-+-h+-h') — Ext — E,—ea— €q)¥rot Ya = 0. (6) 

Here yo, = exp (uM) and thus P = Mh and 
Exo = (Mh)?/2F (7) 
because ® does not appear explicitly; h"’ = —(Mh/#)p is the perturbation 


term and the energies F,, e, and E£, are of successively smaller orders in the 
perturbation, with (h—E,)u, = 0 for the oscillator part. We expand 
Ya = Waly, 6) = UatDdp Cpa Ug and obtain, just as in the previous treatment *) 
&, = 0, Cea _— —(Ah|F )<B\pla>/(E,—E,), and 

Eg = ~ [aA |B>|?/(Ea— Eg) = —(Mh/F)? fa, 


i= ~ |<a|p|B>|?/(Eg—Ea). (8) 


Thus both the rotational energy E,,;(0) of 4 and the additional energy of the 
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nucleon due to rotation, ¢,, are proportional to the square of the angular 
momentum, (.#h)?, and the total moment of inertia 4, is defined by the 
total rotational energy 


Exot = (Mh)'/2I7 = ES 


rot t &q = [(Mh*/2F |(1—2/,/F). (9) 
As long as the moment of inertia 4, contributed by the nucleon in state a is 
small compared with the sum of all the others, 4, < 4%, we may expand the 
reciprocal 

IPI 4 = I 7 = I/ (1-2 I/F) I+ 2fa (10) 
and obtain 


I,= %4,= 22 |<a|p\B>|?/(E,—E,). (11) 


This is the same formula that has been derived *) from the “cranked model’, 
most simply by putting the calculated angular momentum equal to 
(%+.%,)®, and has been shown **-4”) to give the rigid-rotation result when 
summed over a. 


3. The Linear Analogue 


Let us compare this derivation in detail with the corresponding problem of 
linear translation, for which one knows that the mass of the system must be 
the sum of the masses of its parts. In one dimension, we have a mass M@ 
(the rest of the nucleus) at position X to which another mass m (the 
selected nucleon) at position X +2 isattached bya spring represented by the 
potential V(x). Thus we have 


T = 4MX*2+4m(X+2)?, 
p = OT /d% = m(X+2), P = dT/dX = MX-++4; 
H = T+V = (P—p)?/2M+p2/2m+V 
— P?/2M—(P/M)p+h, (13) 
h= p?/2u+V, gw=mM/(m+M), (h—E,)u, = 0. 


(12) 


The coordinate X does not appear in the potential and P is a constant of the 
motion. Of course we know a better way to solve this problem by use of the 
coordinate of the centre of mass, as is discussed below, but here we preserve 
the strict analogy with the preceding rotational treatment, and obtain 


&, = —(P/M)? f, 1 = & PopP pal (Ep—E.), 
Evans = P?/2M+E, = P!/2M;, | My = M?/(M—2)). 


The evaluation of / may be carried out by a method used in connection with 
intensity sum rules in atomic spectroscopy f, so long as the potential V (x) 


(14) 


t As was pointed out by Professor V. F. Weisskopf (personal communication). 
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is independent of the momentum. From the commutation relation 
xrp—px = ih 
one has by multiplying by # first from the left, then from the right, and 
adding, 
appa = 2ihp = 2u(wh—he), Pay = (u/ih)(E,—E,)&q- (15) 
We have here assumed that V commutes with 2, which implies that it does 


not contain # or @. 
By using (15) first for one factor # of (14), then for the other, and adding, 


one has 


2/ — (u/th) > (Tap Ppa—PapXpa) — (u/th) (tp—P2X) aa = F#-, 
P M, = M2/(M—p) = M-+uyu. (16) 


The procedure thus leads simply to the expected result with any momentum- 
independent potential V (x). 

The question immediately arises why one cannot obtain a similarly simple 
and universal result for the rotational case. The reason is that there is an 
additional coordinate, 7, which does not commute with the angular momen- 
tum, #. This additional degree of freedom makes possible the elliptical 
orbits of the normal motions in the cranked model, for example, which have 
no analogue in the linear problem. If in the rotational problem one retains 
in (2) and (4) the coordinates 7, g and their momenta ~, = m?, p = mr? 
(6+-¢), in place of y, z, p,, p,, one has in (4) 


h = p,2/2m+p%/2mP-+U (1, y) +P2/2F (4’) 


which differs from the corresponding part of (13) in that the simple constant 
factor 1/m of ? has been replaced by the variable factor 1/mr?. Thus in 
place of (15) one obtains 


(b/7?) an = (mth) (E,—E a) Par (15°) 


whereas we would need a simple expression for the matrix element #,, alone 
in terms of ,, in order to obtain py—gp from f. 

A similar difficulty prevents one from constructing a simple rotational 
analogue of the standard simple treatment of the linear problem involving 
the rest mass « = mM/(M-+-m) and the coordinate of the centre of mass, 
# = X+(m/(M+m))«. In terms of these the kinetic energy (12) is 


T = }(M+m)2?+-4 ua? (17) 


and with an internal potential dependent only on 2 the problem separates in 
x and 2. The angular centre of inertia 


O = O+-[mr?/ (4+ mr?) |p (18) 
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depends on 7 as well as the angles and the separation cannot be made 
exactly fT. 


4. Velocity-Dependent Potential in the Linear Problem 


The perturbation procedure in the linear problem thus leads to the ex- 
pected mass if the potential commutes with the coordinate. A momentum- 
dependent or velocity-dependent potential with its associated effective 
nucleon mass is, however, expected on the basis of the theory of nuclear 
matter ®) and it is needed to make the shell model consistent, in particular to 
give total energies corresponding to bound nuclei *). It is therefore of interest 
to study such potentials both in the linear and in the rotation problem. We 
consider first the linear problem. 

In the Lagrangian 


L = 4MX*+-4m(X+2)?—V (a, 2) (19) 
and the subsequent Hamiltonian 
H = P*/2M+[p*— (AV /2#)*]/2u—(P/M)p+V (20) 


it is important that the potential be a function of # rather than # because the 
effective mass is associated with the motion of a nucleon relative to the 
nuclear matter surrounding it, whereas 


p = 0L/0% = m(X+a)—dV /dz (21) 


is the momentum relative to the laboratory. If simply # and hence X, the 
velocity of the nuclear matter, were to appear in the potential, this would 
couple the potential to the collective motion and one would of course get 
strange effects equivalent to an unfamiliar total mass. One needs also 


P= 0L¢/0X = MX+p—AV /dz (22) 
to eliminate the velocities and obtain (20) in terms of the momenta. The 
derivative 0V/0% can also be expressed in terms of # and P, though not 
always simply. 

A simple choice of V, as an example, is 
V (a, &) = V(a)+ dca? (23) 
and if we consider c small, neglecting terms in c?, in the interest of further 
simplicity, we have 
H = (1+c/M) P?/2M—(1+c/u)(P/M)p+aA, 
h = (1l+c/u)p/2u+V (x), (24) 


t The problem of optimizing the separability of the internal and collective coordinates 
along these lines is discussed in an interesting recent paper of A. Bohr and B. R. Mottelson 
(recent preprint). Their first steps parallel in other language those associated with our eqs. 
(2) to (4). 
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in place of (13), and again (h—E,)u, = 0 but with £, altered from its 
former values in keeping with a change of effective mass, for the internal 
motion, 1/u— (1+c/u)/u. In place of (15) we have 


xp?— pre = [2u/(1+c/u)](wh—he), Pay = [n/i(1+c/u)](Ey—Eq)® ap, (25) 
which leads immediately to 

2 = w/(1+c/n). (26) 
Because the perturbation term also contains the factor (1+c/u) we now 
have 


€g = —(1+c¢/u)*(P/M)?f (27) 
in place of (14), and thus 
1/M ery = (1 +c¢/M)/M— (1+c/u)u/M? = 1/M—p/M? = 1/(M+m). (28) 


That a correct treatment must obtain this result is shown by the simple 
separability, eq. (17), with a potential dependent on # and not on X, but 
it is of interest to see thus how it works out for a special case by a method 
quite similar to that used in the following discussion of rotation. The differ- 
ence of method is that in the rotation problem we do not consider c small but 
instead introduce the simplification of an oscillator potential. 


5. Velocity-Dependent Potential in Rotation 


Pending extension of a more fundamental treatment *) to include the 
effects not only of boundaries but of moving boundaries, we may reasonably 
investigate the question, whether the small “effective’’ nucleon mass is 
effective in the moment-of-inertia problem, by modifying the shell-model 
approach to include some sort of velocity-dependent potential. One might do 
this by assuming a simple momentum dependence in the Hamiltonian, but, 
as we have seen in the linear problem, to be consistent one should instead 
introduce a velocity dependence in the Lagrangian, since this affects the 
definition of the momenta entering the Hamiltonian. 

In the rotating problem we have the nucleon coordinates 2, y, z, in the 
rotating coordinate system of the collective distortion. Among possible 
simple assumptions it seems most plausible to take this coordinate system as 
representative of the nuclear matter through which any one nucleon must 
“swim’’. This seems particularly reasonable if the calculated nuclear moment 
of inertia turns out to have nearly the rigid-body value, as it does, indicating 
that nuclear matter rotates approximately as rapidly as the coordinate axes 
on the average (the closed-shell nucleons less and the open-shell nucleons 
more), as is discussed further below. Let us therefore see the consequences of 
assuming that the effective potential in which one nucleon moves is depend- 
ent on its velocity relative to this coordinate system. 
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We start with the Lagrangian # = T7—V with T as in eq. (2) and 


V =V(y, 2, 9, 2) = Uy, z)+$c(9?+22). (29) 
Thus, with the “effective mass’ M, = M—c, we have 
L = 4(S+MP)@2+14M, (y?+22)+M (yi—zy)® —U, (30) 
p, =M.y—Mz@, y= (f, + M,)/M,, , 
p, = M,i+My®, = (p,—-M,®/M,, (31) 


P =0L£/00 = J,0+(M/M,)p, &®=[P—(M/M,)p]/4p. 

Here we have defined 

S$, = I—(Mc/M,)*, —p = yp,—2, = AL Ap (32) 
and have used 

yi—zy = p/M,—(M/M,)r?®. (33) 

We need further 

1M,(y?+22) = (p,2+,2-+M?r? 622M) /2M, (34) 
to put the Lagrangian in a form preparatory to forming the Hamiltonian, 
but still retaining ® for brevity: 


L =4F, 0+ (p,2+6,2)/2M,—U. (35) 
Similarly, and again with cancellation of two terms (M |M,)p®, 
Lhids = PO+D,V+b,2 = FoP*+ (b,°+,2)/Me. (36) 


Taking the difference of these two, with ® from eq. (31), we obtain the 
Hamiltonian 

H = |P—(M/M,)p}*/24%o+ (b,?+P,")/2Me+U. (37) 
Thus, the effective mass appears with the internal momenta and, in spite of 
the factor (4+ Mr?) in the first term of eq. (30), the only moment of inertia 
appearing directly in the Hamiltonian is 4,. This is not strictly a constant; 
it depends on 7, eq. (32), but the term in 7 is small compared to the leading 
term ¥ (arising from many nucleons) and the reciprocal may be expanded, 
giving us a new perturbation term /,") in the Hamiltonian: 


AD = hV+h,, 
hy) = —(M/M,4)PP, (38) 
hy = (he/2.9?M,.)Mr?d?/d@?. 

The distinction between ¥ and %_ is immaterial in 4)" because this term is 


itself small. With V (y, z) again representing a distorted harmonic-oscillator 
potential, as above, we then have 


KH = P*/2F+h+h, 
h = (y?+P,?)/2Me+3(Kay?+Ky2?) (39) 
= gh{os(n?—/0y*) +3 (o?—0?/06*) j, 
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as in eq. (5), but now with M, playing the role of M in determining the 
relation between the strength of the potential (hence the energy denomi- 
nators) and the size of the nucleus: 


7 = (h/M,@,)* n, Ws” = K,/M,. (40) 


With h™ thus modified, eq. (6) still applies, the separation proceeds as 
before and E™ is again given by eq. (7). The new term /," has a diagonal 


rot 


matrix element and contributes to the energy the first-order term 
Cg = (M*h? c/2.F7? M,)<a|Mr’|a>. 
The second-order contribution of this term is smaller by a factor of the order 


(P/%w,)?(c/M)* and the only change in the second-order energy, eq. (8), is 
that f, becomes 


Te ons (M/Mo)* & |<a|p|B>|?/(E,—E,) 


= (M/M,)*(h/4e. 03) {(m-+-n-+ 1) (@,—@g)?/(@y+a3) (41) 
+ (n—m) (@2+@3)?/(@2—s)}, 
the latter according to the development of eq. (8) of ref. #”), wherein the only 
modification required is in the definition of the ’s. 
As in eq. (10), we assume the moments of inertia 4 and 4, to be additive, 


and have 


Evy = (Mh)?/2(F+Fq) = Extteat &a 
[(Mh)*/2F ][1-+ (c/ ¥M,)<a|Mr*|a>—2f,/F%] (42) 


~ (Mh)?/2,F — (c/M,)<a|Mr?|a)+2f,]. 


| 


Thus the contribution of the nucleon in state a to the moment of inertia is 
a = 2f,—(c/M.)<a|Mr*|a). (43) 


The quantity “% which was used in the calculation and attributed to the 
other nucleons does not appear in this result, and the total nuclear moment of 
inertia 4%, may now be obtained by summing the contributions of all the 
individual nucleons: 


It = 24% a= d Aa—(C/Me) d <a|Mr|a> = J 2fa—(c/Me)F rigia- (44) 


The determination of the magnitude of the deformation is not affected by 
the consideration of effective mass. As long as we retain the simplification of 
calculating the nuclear energy as the sum of the oscillator energies of the 
nucleons in the three dimensions, the equilibrium deformation is the result of 
a competition between oscillator energies in different directions. In this 
competition such considerations as the reduced mass, the virial theorem, 
and the question of counting interactions twice (the famous factor #) 
introduce factors common to both sides of the competition and do not affect 
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the outcome. (Future more general consideration of the effect of boundaries 
on nuclear matter may of course give a different result.) The oscillator 
frequencies or stiffness constants in the two directions thus differ because of 
the different degree to which the populated states involve their oscillator 
excitations, according to eq. (11) of ref. 4”): 


> (m+4) = (@,/m5) ¥ (n+), (45) 
and with this, as in eq. (13) of ref. 4”), one obtains from (41) 
2 fy = h(M/M,)*(E (m+})/or+ ¥ (n+4)/0]. (46) 


In these calculations we use as a convenient unit, for comparison, the 
rigid moment of inertia 


S igia = MD (vy? +27) 4, = (M/M,)ALD (0?) ay/@ot+ Dd (0?) v/s] 
= (M/M,)&[S (m+})/o,+(n+4)/o5] = (Mo/M) 5 2f,. 47) 
This in eq. (44) now gives the rigid-rotation result 
I = (MIM,)F aga (6/Me) Figs = I 


just as without any velocity-dependence of the potential. With c set equal to 
zero, the derivation of course reduces to the previous one. 


rigid — rigid (4 8 ) 


6. Discussion of the Assumed Velocity Dependence 


In selecting a velocity dependence of the shell-model potential to simulate 
what one might expect from a treatment of the scattering of one nucleon on 
others, as inhibited by the Pauli principle, a dependence on the relative 
velocities of the nucleons seems most reasonable. Thus one might assume a 
term in the potential proportional to 


32 [(Yi— 5) ®+ (2-25)? x > (y?+2,?) — Di > Vi— > 4 > 4; (49) 


and in order to have the simple quadratic form we have used, that coordinate 
system should be selected in which 


2 ¥,= 9, (50) 


etc., the sum extending over all 7. More properly, the summations over 
t and 7 should not be independent but related by the condition that the two 
nucleons should not be further apart than the range of nuclear interactions. 
Still, a condition similar to (50) but complicated by a weighting factor that 
must be averaged, should provide a selection of the proper coordinate system, 
and we have assumed that this is the system of the rotating distortion. 

Because the result of the calculation is 4% = 4,,,,,, the average velocity 
of nucleons passing a representative point is zero in just this coordinate 
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system and the assumption seems from the simplest considerations to have 
been the most reasonable one. The assumption is thus compatible with the 
result but it is of interest to see how sensitive the result is to changes in the 
assumption. 

Let us modify the above calculation by assuming that the velocity- 
dependent term in the potential is quadratic in a slightly different coordinate 
system y’, 2’ whose z’-axis makes an angle (1-++-y)® with the laboratory axis 
and whose angular speed thus differs from that of the y, z system by y@, 
y being a (fairly small) constant. Thus in place of eq. (29) we start with 


V = Uy, 2)+3e[(9')?+ (2’)?) 


51 
y’ = y cos yO+z sin y@, z’ = —y sin y®+z cos y® a 


and follow through the subsequent analysis exactly as before. In place of 
eq. (48), we arrive at the modified result 


Ip = Frigia( 1+ (¢/M,)[y/2—(1—3c/4M )y*}}. (52) 


Thus, if the average angular velocity of the nucleons encountered by a 
representative nucleon is increased by a factor (1+-y) the moment of inertia 
is increased by a factor differing from unity somewhat less than half as 
much. That is, the result is not very sensitive to the altered assumption. 

In a more detailed consideration one might study separately different 
sorts of representative nucleons, those in open shells near the top of the 
Fermi sea (which classically move preponderantly in forward-rotating 
orbits *”»°) as do the most easily scattered nucleons they encounter), and 
those in closed shells, both those moving forward and those in retrogressive 
orbits. Even without trying to go into detail about how the weighting factor 
entering a formula like eq. (50) should depend on such quantities as the ease 
of scattering of the nucleons encountered, it seems inevitable that there will 
be a great deal of cancellation between the effects of opposite sign in the 
various categories of representative nucleons. The result should then tend to 
satisfy, but only approximately, a consistency criterion which may be stated 
as follows: The relevant average velocity of the other nucleons encountered 
by one nucleon is that of a rigid rotation with an angular velocity such that 
when multiplied by 4,;;4 it gives the angular momentum which is also 
obtained as the product of ® and the calculated moment of inertia 4,. 
We have seen that this criterion is satisfied exactly by our calculated result 
for y = 0. For it to be satisfied approximately requires that the bracket 
of eq. (52) be approximately equal to (1+y), that is, that y be small. 

Though this argument is far from rigorous, it does depict some of the 
effects that must come into play and suggests that the y = 0 assumption of 
eq. (29) is the most plausible simple basis for trying to relate moment of 
inertia to effective nucleon mass. The resulting moment of inertia is thus 
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fairly insensitive both to this introduction of an effective mass and to the 
manner of introducing it. 

This simple result and its derivation show, first, that it is not at all obvious 
that one can obtain 8) the desired factor one-half in the moments of inertia of 
highly deformed nuclei from M,, in fact, that one probably cannot, and 
second, that in more refined consideration of the problem one must be very 
careful about handling the canonical momenta which involve both collective 
and particle velocities. 

Other possible sources of the discrepancy, not closely associated with 
M,, are pairwise interactions *) of nucleons and deviations *”) from the 
simple harmonic-oscillator potentials here assumed. Whatever the explana- 
tion it will be desirable to understand at the same time why the observed 
moments of inertia are so well-behaved in their dependence on deformation. 


Relevant conversations have been enjoyed with F. Coester, V. F. Weiss- 
kopf, A. de Shalit, T. H. R. Skyrme, R. J. Blin-Stoyle and J. H. D. Jensen. 


Appendix 


Our treatment has been based on defining the moment of inertia in terms 
of the energy, Fy, = P?/24%,, as in eq. (9), because this is the definition 
most closely associated with the observation of nuclear rotational energy 
levels. If this is to be the consequence of a Hamiltonian of the form 

KH = P®/29,+h, (53) 
then the relation 
(h/i)® = HO—-OH (54) 
gives the other relation commonly used as a definition of moment of inertia, 
P= J, ®. In the case we have discussed, in which P is a constant of the 
motion but @ is not, this is, more explicitly, 

P = Mh = <a\F_\a><M, a\®|M, a> (55) 
and we have used 4, = <a|.%,|a> as the expectation value common to the 
states of a rotational band. It is this alternative definition that justifies the 
assumption that nucleon contributions to the moment of inertia are additive, 
P being a sum of single-particle operators. 

The derivations given above, either with or without the velocity depend- 
ence of the potential, may be carried out consistently and as simply in this 
form. From eq. (54) with the Hamiltonian of eq. (39), we have 


<M, a|®|\M, a>= Cwa* + Depa ¥e*|[(P—MP/Me)/Fo]lvat > “pa ¥e> 
= Mal (F—(c/M.)Mr*)~\a>— (2/4) (M/Me) > cpaXBip|a> (56) 
= Mh||F — (c/M.)<a|Mr*|a>+2f,). 
We define 4, by equating this to P/.4%, = P/(4%+4%,) and thus obtain 4, 
as in eq. (43), whence we proceed as before to eq. (48). 
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CROSS-SECTIONS FOR (n, p) AND (n, a) REACTIONS OF 
MAGNESIUM WITH 14.8 MeV NEUTRONS; 
A NEW ISOTOPE Na” 


M. J. NURMIATt and R. W. FINK 


Departments of Physics and Chemistry, University of Arkansas, Fayetteville, Arkansas ** 
Received 16 June 1958 


Abstract: Irradiation of natural magnesium metal or highly enriched Mg**O with 14.8 MeV 
neutrons gives rise to a new activity with a half-life of 1.04+.0.03 s which is assigned to 
Na®* from the Mg**(n, p) reaction. The decay appears to proceed mainly by high energy 
(> 5 MeV) f-particles. The reaction cross-section is 50-+-5 mb, based on a value of 89 mb 
for the O!*(n, p)N!* reaction at 14.8 MeV. Simultaneously, the Mg**(n, «) reaction produces 
well-known Ne*®* with a cross-section of 894-5 mb, based on the O'*(n, p) yield. A new 
measurement of the Ne** half-life gives a value of 38.0-+-0.3 s. The cross-section for the 
Mg*5(n, p)Na*®®* reaction is 604-10 mb based on the O'*(n, p) reaction. 


As part of a systematic investigation on the reactions in light nuclei 
caused by fast neutrons, natural magnesium metal was irradiated with 
approximately 10!° DT(14.8 MeV) neutrons/cm?- sec from the 400 kV 
Cockcroft-Walton accelerator at the University of Arkansas ') fff. 

The samples were machined circular discs with a diameter of 1.6 cm and 
2 to 3 mm thick, mounted in holes in polyethylene plate 2.8 cm square to 
facilitate the use of a rapid transfer and recording system *. As detector 
a 44cm plastic scintillator mounted in a lead shield was used, a typical 
blank sample one second after a 7-second bombardment exhibiting 20 
counts/sec (mostly due to N’® arising from frost on the target) and decaying 
to about 2 counts/sec during the first 300 s. 

In addition to 15.0-hour Na**, a composite activity from a mixture of 
38-second Ne?’ from the Mg?® (n, «) reaction *) and 60-second Na** from the 
Mg*5(n, p) reaction *), and an activity with half-life of 1.04+-0.03 s were 
observed (see fig. 1). The last activity, consisting mainly of high energy 
(> 5 MeV) beta-particles, has not been reported previously, and it is 
assigned to a new isotope of sodium, Na”. 

To verify this assignment, samples of natural and enriched MgO (con- 
taining 99 % Mg*®O) were prepared by pressing the oxide with paraffin to 


t Present address: University of Helsinki, Helsinki, Finland. 
tt Supported in part by the U.S. Atomic Energy Commission. 
ttt For a detailed report on this accelerator see ref.*). 

* To be described in detail elsewhere. 
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form thin discs 1.6 cm in diameter for mounting in the polyethylene plates. 
Upon irradiation of these, the 1.04-second activity was found to be present 
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in the expected amount (see fig. 2). From results obtained with the enriched 
Mg**O sample, a new value of 38.0--0.3 s was obtained for the half-life of 
Ne”, 

In determining the cross-sections of these reactions at 14.8 MeV, a series 
of bombardments was performed with the bias setting of the plastic scintilla- 
tion counter being varied from 0.5 to 5 MeV. In the region from 1 to 2.5 
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MeV, the ratio of the observed activities changed very little, and by assu- 
ming equal detection efficiencies for all observed activities, the results 
shown in table 1 were obtained. From the results on natural MgO and 
natural Mg metal, we obtained an independent value for the yield of Na* 
relative to that of N!*: 


o[Mg**(n, p)]/o[O"*(n, p)] = 0.60 


leading to a mean value of 0.56-+-0.05 for this ratio (table 2). Similarly, 
from the ratio S(C)/S(O), upon subtracting the known contribution of 
Ne®3, we obtain o[Mg*5(n, p)]/o[O'*(n, p)] = 0.65. Also, the ratio of 60 
second Na* to 38 second Ne” required to produce the observed composite 
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TABLE 1 
Relative yields at saturation for irradiations with 14.8 MeV neutrons 
Substance irradiated Radioactive product Cross-section ratio t 
Mg**O Na* S/S(Q) = 0.53 
Mg**O Ne* S/S(Q) = 1.00 
Natural MgO Ne*s + Na* S(C)/S(QO) = 0.175 
Natural Mg Na* S/S(C) = 0.382 

















t S(O) stands for the O'*(n, p)N!* cross-section which is being used as a standard, and S(C) 
signifies the apparent cross-section for the Ne®**-+-Na*®® composite activity, not corrected for 
isotopic abundances. 


half-life was found to be 0.645, which gives an independent value of 0.70 
for the above ratio. Because of the relatively large uncertainties in both 
methods, the final result is given as 
o{Mg**(n, p) |/o[O'*(n, p)] = 0.67+-0.10. 
By assuming a value of 89 mb for the O!*(n, p) reaction ®) at 14.8 MeV, 
our results can be expressed in terms of absolute cross-sections as summarized 
in table 2. 


TABLE 2 











Summary of experimental results 

en Measured Reaction 
Reaction ; half-life S/S(Q) cross-section t 

nucleide 

(sec) (mb) 

Mg**(n, p) Na*é 1.04 +0.03 0.56 +.0.05 50+5 
Mg**(n, p) Na* 60 0.67 +0.10 60 +10 
Mg**(n, «) Ne*s 38.0 +0.3 1.00 +0.05 89 +5 




















t These do not include the uncertainty in the value of the O'*(n, p) cross-section, 89 +30 mb 
(ref.®). 

Of the cross-sections given in table 2, only the Mg**(n, p) value has been 
reported previously. Paul and Clarke *) obtained a value of 44.9-+-18 mb 
for this cross-section but it is not clear whether they took into account the 
contribution of Ne**, so a direct comparison with our result is not possible. 

An investigation into the decay scheme of Na” is in progress. 


We are indebted to Mr. J. E. Wray of the Accelerator Laboratory for 
assistance in carrying out the bombardments. 
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NEUTRON-DEFICIENT IRIDIUM ISOTOPES 
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Abstract: A study has been made of the isotopes of iridium which are produced from natural 
rhenium by irradiations with alpha particles in the energy range 25 to 45 MeV. The known 
iridium isotopes of masses 190, 189, and 188 were observed, and in addition Ir'§’, Ir!8¢, 
and Ir'*> were identified by means of the threshold energy for their production. Analyses 
are based upon scintillation spectra and conversion electron spectra taken with high- 


resolution permanent-magnet spectrographs. 

The interesting situation is encountered in which the three isotopes Ir!§’, Ir!8*, and 
Ir!85 all have very similar half-lives; that of Ir!*? is 13 hours, Ir’®* 16 hours and Ir' 
15 hours. A preliminary study of the radiations from the odd mass isotopes has been made, 
and also some new transitions in Ir'®*, Ir'8§, and Ir!® are reported. 


1. Introduction 


In the region of atomic number between 74 and 78 significant changes in 
the order and the nature of nuclear energy levels may be expected. The 
preceding elements, 64 < Z < 74, have been characterized by their rota- 
tional structure !), and in elements as heavy as tungsten, Z = 74, well- 
defined rotational bands appear and have been extensively studied ). 
At Z =} 78 the behaviour of nuclear levels has been described best in terms of 
the single-particle shell model. It is of interest, therefore, to obtain experi- 
mental information about the levels of nuclei in the intermediate region, for 
which there is at present little theoretical description. The isotopes of osmium, 
Z = 76, would be good examples, and their levels can be populated by the 
electron-capture decay of light iridium nuclei or by the beta decay of heavy 
rhenium nuclei. We here report on the synthesis of two new neutron- 
deficient isotopes of iridium, Ir’ and Ir'8’, and on the results of our pre- 
liminary study of the radiations from these isotopes and from Ir!®®. Some 
additional data are given concerning transitions in Os!8¢, Os!88, and Os! 
following electron capture decay of the corresponding iridium nuclei. 


2. Experimental Procedure 


The light iridium isotopes were produced by («, an) reactions from 
irradiation in the Crocker 60-inch cyclotron of ‘“‘thick’’ targets of rhenium 

t On leave from Cornell University, Department of Chemistry, Ithaca, N. Y. 

ttWork done under the auspices of the U.S. Atomic Energy Commission. 
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metal foil of natural isotopic abundance (37 % Re'®, 63 % Re 387). Alpha 
particles of 25 to 27, 33 to 34, and 45 MeV energy were used. Targets were 
either 5-mil foils bombarded singly or 1-mil foils bombarded in stack form. 
In this way the relative yields of the various isotopes could be varied and, in 
particular, the production of Ir by Re!® («, 4n) and of Ir!8* by Re™® («, 3n) 
could be selectively eliminated. 

After irradiation, carrier-free iridium fractions were obtained from the 
target foils by one of the two following procedures: 

1. The rhenium foils were dissolved in concentrated nitric acid and the 
solution boiled to near-dryness to volatilize osmium as OsQ,. The small 
volume of residue was made about 4 M in HNO, and 1 M in HCl and ab- 
sorbed onto a Dowex-1 anion exchange column which had been pretreated 
with a solution 4 M in HNO, and 1 M in HCI. The column was then rinsed 
with more of this acid mixture in order to remove rhenium. Afterwards, the 
iridium was stripped from the column with a solution 4 M in HCl and 1 M 
in NH,OH. Concentrated nitric acid was added and the mixture was boiled in 
order to destroy the hydroxylamine and to reduce the volume. 

2. Same initial treatment to remove the osmium. After evaporation to a 
small volume, the solution was diluted to about 0.5 N HNO, and passed 
through a Dowex-50 cation exchange column; under these conditions iridium 
is absorbed on the resin but rhenium can be washed through with several 
column volumes of 0.15 M HNO. The iridium was then eluted from the 
column with 8 M HNO, and boiled down to a small volume. 

The following techniques were used to observe the radiations of the iridium 
fractions. Gross decay curves of the samples were obtained with proportional 
counters. Gamma-ray spectra were studied with a scintillation spectro- 
meter employing a sodium iodide crystal, 14 in. in diameter by 1 in. high, 
coupled to a Penco 100-channel pulse-height analyzer. With this crystal the 
energy resolution of the 662 keV gamma ray of Cs!8’7 was & 10 %. Electron 
spectra, upon which much of the analysis is based, were obtained primarily 
with the high-resolution (@& 0.1 %) permanent-magnet spectrographs of the 
type described by Smith and Hollander *). Use was made of six different 
spectrographs, with field strengths 50, 100, 125, 150, 200, and 340 gauss, 
respectively. Spectrograph sources were prepared by electrolytic deposition 
of iridium from dilute NH,HSO, solutions onto 10-mil platinum wires. 
Some electron spectra in the higher energy region were also obtained with a 
lower resolution (~ 1 %) lens spectrometer. 


3. Experimental Results 


3.1. IRIDIUM-190 AND IRIDIUM-189 


Two isomers of Ir!®° are known, the 11 day ground state discovered by 
Goodman and Pool *), and the 3 hour isomer found by Chu ®). On the basis of 
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studies of the gamma radiation, Aten, deFeyfer, Sterk and Wapstra °), 
have given a decay scheme for these isomers; that of Ir!™, which decays 
to the 10 minute Os!®°™ isomer, has been elaborated further by Scharff- 
Goldhaber, Alburger, Harbottle and McKeown 7-8), 

[r!8°, which has an 11-day half-life similar to that of Ir’, was discovered 
by Smith and Hollander °) as the daughter of 11-hour Pt'®®. They observed 
from scintillation spectroscopy that its principal electromagnetic radiation 
is a 245-keV photon; higher energy photons are less intense by at least a 
factor ten. Recently, Scharff-Goldhaber et a/.?) have shown that a 5.7 hour 
isomer of Os!®* is produced by the decay of 11-day Ir'®®, 

In this work, we have attempted to distinguish the photons of 11-day 
Ir'® from those of 11-day Ir'8® by comparisons of the relative photon inten- 
sities in the scintillation spectrum as a function of bombarding energy. At 
the lowest energy (25 to 27 MeV) the yield ratio Ir'°/Ir!8® is expected to be 
higher by a factor of six or seven than at 33 to 34 MeV although the total 
cross sections will be lower for both products. We find, in fact, that the 
intensity ratio of the prominent 187 keV photon of Ir to that of the 
prominent 245 keV photon of Ir'8® does increase by a factor of ~ 7 in the 
above bombarding energy interval. 

The low-energy transitions (30 to 90 keV) cannot be assigned in the above 
manner because they are not resolved in the scintillation spectrum. In the 
conversion electron spectrum the lines of the low energy transitions are 
much more intense than those of the 245-keV transition, hence they are 
assigned to Ir'8*; the decay of Ir’ is fairly well understood and it is not 
expected that intense low-energy transitions other than the 39 keV isomeric 
transition of Os!®™ will be found in its decay. 

In table 1 we present a brief summary of the information we have obtained 
about the transitions of 11-day Ir! and 11-day Ir™®. Transition energies are 
given, and multipolarity assignments are made from K/L ratios and L and M 
subshell conversion ratios. Fig. 1 shows the levels of Os!® presently known. 
The main level order is from the work of Aten e¢ a/.*) and the isomeric state is 
from that of Scharff-Goldhaber e¢ al.8); the second 2+ state and the energies 
of the lower levels are from this work. The energy of the transition from the 
4+- to the 2+ state in Os! has been given as 356 keV by Aten e¢ a/.*) and as 
359 by Scharff-Goldhaber et al.8). We observe this transition at 361.2 keV, and 
in addition a transition of 371.4 keV is seen in the electron spectrum. We 
suggest that the latter transition be assigned as the 2+ -—> 2+ transition 
and that the 558 keV transition is the crossover to the ground state. The sum 
371.4+4-186.7 = 558.1 is in agreement with the energy of the crossover 
transition. Also, the energy of this second 2-+ state agrees well with the value 
obtained by extrapolation from the Os!** and Os!*§ energies (see fig. 3) and 
with the value of 0.57 MeV found from the Coulomb excitation 1°) of Os*®, 
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Transitions of 407, ~525, 568, and «610 keV are assigned to Ir!® decay, 
but their positions in the level scheme remain unknown. 
We have assigned most of the low-energy transitions to the decay of Ir!®°. 








TABLE | 
Transitions from decay of Ir'®® and Ir 
Transition r Photon Multipole — 
energy Electron lines seen f observed , 
; order assignment 
(keV) (scint spect) 
30.8 Lin (22) M,; My, (6) N M3 189 
33.3? L, Li, M E2 
36.2 L, (35) Ly M,(13) N, Ml 189 
56.4 
or L, M, or K Ly Lin 
117.3 
59.0 L,(55) L,,(5) M, Ml 189 
69.5 L, (2100) Ly, (2100) Ly (2100) M1-E2 189 
ve M, My, (35) My,;(35) N(25) O 
95.2 K L,(3) Ly Lia, M N Ml 189 
135.8 K L,(2) Ly Ml 
147.1 K 
149.9 K 
164.0 K 
185.9 K 
186.7 K Ly Lia, Mn Ma N yes E2 190 
188.6 K 
206.2 K 
216.6 K L, Lu 
219.3 K L, 
233.6 K L, Ly 
reo gl Ly Ly (6) Lin(6) My ns - a 
275.8 K L, 
361.2 K 190 
371.4 K | yes 190 
407 K 190 
520— 530 190 
558 Kk yes 190 
568 K 190 
600 — 620 yes 190 
ew 700 yes 
760 K 
fw 800 yes 
ew 1000 yes 
| 


























t Approximate intensity values of the stronger electron lines, given in parentheses following 
the shell designations, are for identification only and not for purposes of analysis. 


Because of the preliminary character of the data, we have not attempted to 
construct a level scheme for Os'®®. However, certain sum relationships are 
suggestive and are given in table 2. The 30.8 keV transition seen here from 
Ir8® decay is assigned on the basis of its high L,,; and M,,,; conversion as an 
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M3; this is without doubt the same transition as that observed by Scharff- 
Goldhaber et al.8) in the decay of the 5.7 hour Os!®* isomer. The transition 
is relatively weak in the Ir® spectrum, so that it appears that the isomeric 
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(10-) - Om) | 710 
( 8+) 1670 
(6+) 1048 
2+ —_—— 558.1 
(44— =4x10""'s 547.9 
2+ 3.5105 gg. 7 
190 
0 + Os 
Fig. 1. Os!®° level scheme. 
TABLE 2 
Ir'8® transition sums 
(a) 30.8+- 188.6 = 219.4 
69.5+ 149.9 = 219.4 
Crossover = 219.3 
(b) 95.24-149.9 = 245.1 


59.0+ 185.9 = 244.9 
Crossover = 245.0 


(c) 36.2+- 149.9 = 186.1 
Crossover = 185.9 
(d) 69.5+ 206.2 = 275.7 
Crossover = 275.8 
(e) 56.4+ 149.9 = 206.3 
Crossover = 206.2 
(f) 36.2+ 59.0 = 95.2 
Crossover = 95.2 
(g) 245.0+ 69.5 = 314.5 


219.3+ 95.2 = 314.5 














state is not heavily populated in Ir®® decay. The most intense transition is 
the one at 69.5 keV, assigned as a mixed M1-E2; this probably proceeds to 
the ground state and hence defines the second excited state of Os'®*® to be 
69.5 keV. From the sum relationships other states may be postulated to lie 
at 219.3, 255.5, 275.8, and 314.5 keV; however the transition orders must be 
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verified by intensity and coincidence studies before these states can be 
considered as definite. 


3.2. IRIDIUM-188 

A 41 hour activity in iridium was assigned to mass 188 by Chu ®) on the 
basis of its production by an (a, 3n) reaction on-enriched Re’, Smith and 
Hollander confirmed this assignment ®) and observed gamma rays from 
Ir'88 at approximately 150, 475, and 625 keV; these transitions appear to be 
the same as the lowest energy transitions found !") in the beta-decay of 
Re™, 











TABLE 3 
Transition energy | : Photon observed 
(keV) | Electron lines seent feclat epect) 
155.0 K(a@& 350) L,(70) L,,(320) yes 
| Ly (250) My My, N O 
323.0 K(w 12) L yes 
478.5 |  K(w 30) LM yes 
633.5 K L yes 
25 K 
830 K —_ 
1212 K yes 
1330 yes 
1450 yes (complex) 
1600 yes 
1710 yes( complex) 
1940 yes 
2050 yes 
2180 yes 

















t See footnote of table 1. 


The 41 hour half-life of Ir'** is sufficiently different from that of the other 
iridium isotopes produced in this work to allow its prominent gamma 
transitions to be identified from spectra taken at timed intervals on the 
scintillation spectrometer and with the electron spectrographs. These are 
listed in table 3. The principal transitions observed at 155.0, 478.5, and 
633.5 keV are those mentioned above. The 825- (or 830-) keV gamma ray is 
possibly the 828 keV transition observed from the f- decay of Re™®. 

The 323.0 and 1212 keV transitions, observed here in both the scintillation 
and electron spectra, have not been reported from Re™ decay. It is tempting 
to postulate that the 323.0 keV transition is the one between the 4+ and 2+ 
states of the ground-state rotational band because the energy so obtained for 
the 4+ state lies reasonably between the corresponding 4+ states of Os!* 
and Os!®. The plausibility of this assignment seems to be marred by the fact 
that the postulated 478-keV level has not been seen from Re? decay. It is 
possible, however, that the spin of Re? is low while that of Ir1** is high. Note 
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that the higher energy gamma rays observed in this study of Ir'** do not 
correspond to those observed from Re! decay, which is an indication that 
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Fig. 3. Correlation diagram of energy levels of even-mass osmium nuclei. 


there are other significant differences in the final states populated by the 
decay of these two nucleides. 
Fig. 2 shows the lower levels of Os®, and fig. 3 gives a correlation diagram of 
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the energies of the low-lying states in the even osmium isotopes. (We 
have listed the 691-keV state of Os! as 4-+- even though there is some 
experimental evidence against this assignment *). Asshown in the correlation 
diagram the energies of the rotational states (2+, 4+, and 6-+-) are increas- 
ing with mass number because these nuclei lie just beyond the “rotational”’ 
region and the moments of inertia are decreasing rapidly as the next closed 
shell is approached. But at the same time the energy of the vibrational 
(Goldhaber-Weneser) 2+ state is dropping as the nucleus becomes ‘“‘softer”’ 
toward this type of excitation. 


3.3. IRI DIUM-187 


In irradiations of rhenium foils at an initial alpha particle energy of 
25 to 27 MeV, i.e., below the threshold for the production of Ir! and Ir!8°, 
several short-lived conversion electron lines and gamma rays were observed 
in the separated iridium fraction. By comparing the intensities of the more 
prominent of these electron lines in a series of timed exposures in the electron 
spectrographs with lines of known intensities in a group of standard plates, 
we obtained a value of 13-+3 hours for the half-life of this new activity. 
Actually, the magnitude of the half-life relative to those of Ir’® and [r'®® 
determined in the same manner can be measured more accurately than the 
absolute value, and the half-life is definitely shorter by 2 to 3 hours than those 
of Ir and I[r'8®, 

The new activity might possibly be due to an isomer in [r'88, [r!89, [r19, 
or even in Os}88, Os!89, Os!®°, but has been assigned to Ir'8? for the following 
reasons. It cannot be assigned to an osmium isomer because the half-life is 
shorter than that of the parent iridium isotope and yet no growth and 
subsequent decay with the parent half-life was observed. It is unlikely to be 
an isomer in Ir'8§ or Ir! because the resulting even Os! or Os!” 
nuclei formed would not be expected to have many low-lying levels (and no 
such levels have been seen in Ir!’ or Ir!®° decay, see above), whereas the 
most intense transitions of the decay under consideration are of low energy. 
Furthermore, no known transitions in Os!88 or Os!® are observed as would be 
expected, and as are observed in the decay of the 3 hour [r!®™, The number 
of intense low energy transitions strongly suggest an odd mass iridium 
isotope, but an isomer of Ir!®® is unlikely since its decay into excited levels in 
Os'®® would almost surely cascade into at least one of the several low-lying 
levels observed from the decay of 11-day Ir'®®, and such transitions are not 
observed. Thus Ir'8’? is the only remaining assignment for this 13-hour 
activity. Consistent also with this assignment were the variations in the 
relative yields of prominent transitions of Ir'8*, Ir88, and the 13-hour activity 
as a function of bombarding alpha-particle energy, as compared with the 
results obtained by John?) on («,an) cross-sections of lead (Z = 82). 





TABLE 4 


Transitions from decays of Ir'®5, Ir!8*, and Ir?8? 





Transition 
energy (keV) 





Electron lines seen 


Photon 
observed 





Multipole 
order 








97.3 
100.8 
104.4 
113.1 

(115.6) 
137.2 
149.9 or 

89.0 

153.6 or 
92.7 
(162.9) 
(163.6) 
177.6 
187.5 
252.6 
254.4 
296.9 
299.9 
303.1 
306.1 
309.7 
314.0 


351.8 


401.0 
421.6 
427.2 
434.8 
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The transitions assigned to Ir’ decay, as well as those of Ir'8¢ and I[r'®®, 
are listed in table 4, as are also some weak and some higher energy transitions 
which it was not possible to assign any more definitely than to these shorter 
lived isotopes. 


3.4. IRIDIUM-186 
Chu 5), in 1950, synthesized an 11.8 hour iridium activity which he 
assigned to Ir'8? on the basis of excitation function experiments. A 14-hour 
iridium activity, obtained by Smith and Hollander *) as the daughter of a 
2.5 hour platinum activity, was assigned to either mass 186 or 187, with 187 
preferred. The principal radiations were reported to be transitions of 135, 
300, and 435 keV. Scharff-Goldhaber e¢ al.8) have made a definite assignment 
of this 14-hour iridium activity to mass 186 on the basis of the systematics of 
levels of the even-mass osmium isotopes and have observed transitions at 
137, 297, 434, 625, and 773 keV, as well as several at higher energies. From 
K to L conversion ratios the multipolarities of the three lowest energy transi- 
tions were assigned as E2 and were interpreted as the cascade from the third 
rotational level (6+ -—> 4+ — 2+ — 0+); the energy ratios are close to 
those calculated from the rotational formula, 
h2 
E,= og! (7+-1). 
In this work we have established the transitions that belong to mass 186 
by an observation of the particular electron lines and photons that disappear 
from the complex spectrum when the alpha particle bombarding energy is 
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Fig. 4. Os!8* level scheme. 


lowered from 33-34 MeV (threshold for production of Ir'®*) to 25—27 MeV 
(threshold fo1 production of Ir!8*); such transitions are assigned to Ir!8*, The 
assignment in this manner of the 137.2, 296.9, and 434.8 keV gamma rays 
to Ir8* is in agreement with the work of Scharff-Goldhaber et al. These, 
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together with the 631 and 769 keV transitions in Os'** previously known 14) 
from the f~ decay of Re™® and also observed in this work, allow the scheme 
shown in fig. 4 to be constructed for the lower levels of Os'®*. Again, by 
comparing the intensities of the most prominent of these conversion lines 
in a series of timed spectrograph exposures with lines of known intensity on 
standard plates, we have obtained a value for the half-life of Ir'8* of 16+3 
hours. The conversion lines and gamma rays definitely assigned to Ir!®® are 
listed in table 4. Some of the higher-energy unassigned transitions given 
there may also belong to Ir’*®, 


3.5. IRIDIUM-185 


With alpha particles of 45 MeV initial energy Ir’ is produced from 
rhenium by the reaction Re!®(«, 4n) Ir!®®; there are simultaneously produced 
the heavier isotopes of iridium from lower order reactions. The Ir!®* radiations 
can be distinguished, and the mass assignment made, by repeating the 
bombardment with alpha particles of initial energy lower than the threshold 
for the («, 4n) reaction, i.e., 33—34 MeV, and observing which conversion 
lines and photons are eliminated at the lower energy irradiations. The con- 
version lines and photons so found and assigned to Ir are listed in table 4. 

As for Ir'86 and Ir'8’? we have determined the half-life of Ir’ by visual 
comparisons of electron line intensities with those on standard plates; the 
value of the half-life so obtained is 15+-3 hours, about 1 hour less than that 
of Ir'8* and 2 hours greater than that of Ir'8’, All the lines assigned to Ir! 
show a half-life of this magnitude. 

Confirmation of the production of Ir’ in the 45 MeV alpha particle 
bombardments was obtained by volatilizing the 95 day Os! daughter at 
timed intervals from a target foil dissolved in concentrated nitric acid. The 
value of the parent half-life obtained in this way, 14 to 20 hours, is quite 
rough but is consistent with the value obtained directly from decay of the 
conversion lines. The ‘‘milked’’ osmium fractions were examined with the 
scintillation spectrometer and it was verified that they had the characteristic 
half-life and gamma ray spectrum of Os'®°. The prominent gamma rays of 
Os!® also appeared in the iridium fractions from all the 45 MeV bombard- 
ments but were not in evidence in the bombardments done at 33 MeV or 
lower energy. 


We are indebted to Mr. Keith McNab, Mr. Henry Cline, and Mrs. Virginia 
Shirley for their extensive help during these experiments, and to Mr. W. B. 
Jones and the crew of the 60-inch cyclotron for their cooperation in providing 
the irradiations. One of the authors (RMD) would like to express his gratitude 
to Professor G. T. Seaborg for the opportunity of spending the summer (1957) 
with the Chemistry Division of the Radiation Laboratory, and to all the 
members of the group who made his stay so enjoyable. 
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Disregarding resonance scattering, three different processes are respon- 
sible for the elastic scattering of gamma rays. These are the Thomson, the 
Rayleigh and the Delbriick scattering. Unfortunately, it is not possible to 
determine accurately the angular distributions of the last two processes }+?), 
Many experiments were performed to the elastic scattering but the results 
obtained were fairly ambiguous **°), The existence of the Delbriick 
scattering is an unsolved problem. In the following we should like to suggest 
a possible way to obtain some definite information about the Delbriick 
scattering. There is a difference between the angular dependence of the 
polarization of the Delbriick scattering and that of the two other processes. 
Thus by measuring the polarization of elastically scattered gamma rays it 
is very probable that a conclusive knowledge as to the existence of Delbriick 
scattering may be obtained. 

The amplitudes of Thomson, Rayleigh and Delbriick scattering are of the 
form ®& 7-8) a,(#)e, + ey, Ap(P)e,-e,, and ap(#)e, - e,+5(#) (e, - m) (e, « n,) 
respectively, where # is the angle of scattering, e, and e, unit vectors of 
polarization for the incident and for the scattered gamma rays, and na unit 
vector in the direction of the change in momentum. The differential cross 
section is therefore 


do 
qo oc |a(P)|?(e, + €,)?+ [a* (P)b (8) +-a(P)b* (A) | (e, + €y) (@, « M) (yg * M) 


+ |6(8)|?[(e, - m) (ez + m)]*, 
a(3) = az(0)+ ap (8)+ap(¥). 
The coefficients ay(#), a)(#) and 6(#) are not yet exactly known; it is 
certain ®), however, that 6(#) is a real function and appreciably smaller than 
ap(#). Therefore, the term |b(#)|?[(e, - m)(e, + m) |? can be neglected and one 
may write 
do 2b(#) Re [a(#)] 


do oc (@; * @y)?+ 
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Since at present no high intensity sources emitting polarized gamma rays 
are available, our considerations will be restricted to the case of unpolarized 
gamma rays. Consequently, it is necessary to average over the incident 
polarization: 

do b(#) Re [a(#)] 


79 % 1— cos? n (sin? #+-/(#) (cos 8+-cos? #)}, f(#) = a(d)/? 


where 7 is the azimuthal angle of the vector e, measured from tie plane of 


scattering. 
The degree of polarization for a beam scattered at an angle # is given by 


N,—N, ___ sin? 8+/(#) (cos d+cos? #) 

N,+N, 2—[sin? 0+f(0) (cos 0-+-cos? #)]’ 

where N, and N , represent the number of gamma quanta polarized parallel 
and perpendicular to the plane of scattering. The measurement of the 
polarization of an elastically scattered beam by a detector which is sensitive 
to linear polarization may therefore lead to a definite proof of the existence 
of Delbriick scattering. 
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Abstract: The integral density distribution of Cosmic Ray Air Showers has been found to be 
N(> p) = 7.9p~(1-34+0.018 Inp) min—1 


at densities ~ I1m~* in agreement with the results of most other workers at somewhat 
higher densities. It is shown that the hodoscope method is not valid for determination of 
the distribution over a range of density and that the deduction by Broadbent ef al.') of a 
constant exponent over a wide range of density is erroneous. Good agreement for the 
absolute rate is obtained from the results of many workers when these are suitably 
reduced to a common basis as regards range of density, altitude and counter tray separa- 
tion, the rate quoted being for sea-level and 5 metres separation between trays. 


1. Introduction 


The density distribution of cosmic ray air showers has been studied by 
many workers. Experiments covering a limited range of particle density 
have been found to be consistent with a power law integral density distri- 
bution of the form 

N(> p) =Kp~? (1) 
where K and y are constants. It may readily be shown ?) that a density 
distribution of this form results from a power law shower size distribution 
with the same exponent (provided the lateral structure function is independ- 
ent of shower size). Experiments conducted over a wide range of particle 
density by Cocconi and Tongiorgi *), Zatsepin e¢ al.*) tf and Milone ®) have 
shown a departure from the strict power law distribution. Greisen ®) gives a 
useful summary of previous work and shows that the experiments of Cocconi 
and Zatsepin are consistent with an increase of y with density of the form 


y = 1.33+-0.039 In p (2) 


where y is now defined more precisely as —d log N/d log p. The data 
assembled by Greisen cover densities from 2 to 1000 particles per square 
metre. The results of Milone are also consistent with this expression. The 


t Also supported by the Nuclear Research Foundation within the University of Sydney. 
tt This work is known to the author only through reference to it by Greisen 5). 
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results of other workers are consistent when interpreted as giving the value of 
y at the appropriate density. On the other hand, Broadbent e¢ al.) find that 
their results are better explained by a constant y in the range 5 to 500 m~. 

Three methods have been used in Geiger counter experiments on density 
distribution. It is customary to assume in the analysis that for each shower 
recorded, the particle density is constant over the whole area covered by the 
counter trays. This ideal condition is never fulfilled in practice and it is 
important to consider whether the assumption of constant density introduces 
any bias into the results. 

(1) Variation of areas method. In this method the rate of three-fold coin- 
cidences between counter trays is measured as a function of tray size. It is 
well known 2) that for a power-law distribution and for a shower structure 
function which is independent of shower size, this method introduces no bias. 
Experimental evidence supports these assumptions to a fairly good approxi- 
mation. 

(2) Multiple coincidence method. In this method the rates of three-fold and 
four-fold coincidences between tiays of a given size are compared. It is 
known to yield too high a value of y unless the fourth tray is placed symme- 
trically to the other three. Cocconi and Tongiorgi*) obtained consistent 
results by placing the fourth tray at the centre of an equilateral triangle with 
the other three trays at its apices. 

(3) Hodoscope method. In this method the firing of individual counters in 
the trays is recorded. It has been used by Broadbent e/ a/.') and as it gives 
better density resolution, should in principle be more suitable for detecting 
any variation of y with p. They claim that their result is not significantly 
affected by differences in density between their two trays of counters 
5 metres apart. 


2. Experimental Arrangement 


The present experiment was carried out in order to determine the density 
distribution at low densities and hence throw further light on the question 
whether y is a constant over a wide range of density or varies slowly with 
density. The experiment was carried out on the roof of the School of Physics 
at the University of Sydney at an altitude of 40 m above sea level. Three 
counter trays were arranged in an approximately equilateral triangle. Part 
of the experiment was performed with average distance between tray 
centres of 5.5 m and the remainder with a distance of 4.8m. Each tray 
consisted of 24 counter-pairs of area 0.04 sq.m. giving a tray area of 0.96 
sq. m. Each counter-pair consisted of two Geiger counters placed side by side 
and connected in parallel. The separation between counter-pairs was equal 
to the diameter of one single counter hence ensuring that only particles of 
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zenith angle greater than 60° could pass directly through two adjacent 
counter-pairs. Henceforth counter-pairs will be referred to simply as counters. 
Each counter tray together with quenching and storage circuits was pro- 
tected from the weather by a light wooden framework covered on top by an 
aluminium roof of 0.2 g-cm-?. 

The recording apparatus was triggered by a master pulse produced when 
one or more counters fired in each of the three trays. This master pulse was 
also used to gate the recording of individual counters. Each three-fold 
coincidence was recorded on a punched card, 12 positions in each of two 
adjacent columns corresponding to the 24 counters of a tray, and a hole 
being punched to indicate that the counter corresponding to the appropriate 
position on the card had fired. Hourly tests were made to detect any 
malfunction of the counters and recording equipment. Details of the system 
of recording and testing will be published separately ’). 

The counting rate was about 180/hour, being determined to a large extent 
by the dead-time of the punched card recording. The absolute rate of three- 
fold coincidences between the trays was determined by a separate run 
without the punched card recorder. The total number of events recorded 
n detail was 10051 with a tray separation of 5.5m and 10026 with a separation 
of 4.8 m. 


3. Analysis of Results 
Method I 


3.1. THEORY OF THE METHOD 


Assuming a uniform density p at all trays, the rate of events C and the 
rate at which & out of counters fire are given respectively by 


= [> de) f(p)dp (3a) 
and 
Cy = Fpl, (1—e-ra)he-H 8 j(p)dp (3b) 


where /(p)dp is the differential density distribution, a and A represent 
respectively the areas of a counter and of a tray, and F, is the number of 
ways in which & out of ” counters may fire subject to the condition that at 
least one must fire in each of the 3 sets of 4m counters. 

The form of f/(p)dp adopted is 


f(p)dp = —Bg p-%***4?) dp, (4) 


The special case of a constant y is represented by g = 0. For any other 
case, it is necessary to relate the differential spectrum (4) to y as defined in 
(2). If the integral spectrum is written as 


























9 
> 
160 H. S. MURDOCH * 


N(> p) = K, p 720) é 


» 


then 
Y= ¥1+2p In p 
and the differential spectrum becomes 
f(p)dp = —By(y, +26 In p)p-*” dp. 
For (f/y,) In p < 1, a condition which holds for values fo. | i 


except at very high densities, the latter expression may be e S & 
form (4) with : 


Bo = 117, 
2 
s beet’ s eek 
v1 
and 
2p 
q=pt ——* 
v1 


These expressions allow ready conversion between the integr. & 
and the differential spectrum (4), and expression (6) gives ti *& 
defined in (2). 


3.2. CORRECTIONS TO EXPERIMENTAL DATA ; 


—_ 


As only relative values of the various C, are significant a ®t 
determined simultaneously, no pressure correction of the resu “3 
Any second order effects such as possible variation of barom ‘a 
with shower size should be negligible. 

Certain small corrections to the experimental data are, how t 

(i) Due to the large counting rates, chance coincidences a x 
negligible. The chance rate amounts to 3.70.5 % of the *& 
includes a contribution from genuine two-fold coincidences a “i 
an accidental count in the third tray. The rate measured =! 
artificial delays is consistent with that calculated from ; Mi 
measurement of the input pulses to the coincidence circuit. T ~ 
includes an allowance for possible systematic errors. Most Be 
contribute to k = 3 but some of those arising from genuine’ ~ 
will contribute to higher values of k. For technical reasons mos x 
show at least one tray with no holes punched. Delay in the coi *%y 
the master pulse reduces the effective resolving time for reco y 
of individual counters to less than that for coincidences betv ® 
assumed that all remaining chance events are k = 3. 

(ii) A sample batch of events in which exactly two coun § 
tray was analysed in order to ascertain any significant ex: § 


which two adjacent counters fire. Such an excess could be 4 * 


» 


\ 
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N(> p) = Kyp-t?80) (5) 
then 
Y = 71+26 In p (6) 
and the differential spectrum becomes 


f(p)dp = —By(y, +26 In p)p-*” dp. 
For (f/y,) In p < 1, a condition which holds for values found in practice 
except at very high densities, the latter expression may be expressed in the 
form (4) with 





Bo = 171, 
2 
ree re 
v1 (7) 
and 
2p 
q == p -+- ; . 
V1 


These expressions allow ready conversion between the integral spectrum (5) 
and the differential spectrum (4), and expression (6) gives the value of y as 
defined in (2). 


3.2. CORRECTIONS TO EXPERIMENTAL DATA 


As only relative values of the various C, are significant and as these are 
determuicd simultaneously, no pressure correction of the results is necessary. 
Any second order effects such as possible variation of barometer coefficient 
with shower size should be negligible. 

Certain small corrections to the experimental data are, however, necessary. 

(i) Due to the large counting rates, chance coincidences are by no means 
negligible. The chance rate amounts to 3.7+0.5 % of the total rate and 
includes a contribution from genuine two-fold coincidences accompanied by 
an accidental count in the third tray. The rate measured by introducing 
artificial delays is consistent with that calculated from an oscillograph 
measurement of the input pulses to the coincidence circuit. The error quoted 
includes an allowance for possible systematic errors. Most chance events 
contribute to k = 3 but some of those arising from genuine two-fold events 
will contribute to higher values of k. For technical reasons most chance events 
show at least one tray with no holes punched. Delay in the commencement of 
the master pulse reduces the effective resolving time for recording the firing 
of individual counters to less than that for coincidences between trays. It is 
assumed that all remaining chance events are k = 3. 

(ii) A sample batch of events in which exactly two counters fire in one 
tray was analysed in order to ascertain any significant excess of cases in 
which two adjacent counters fire. Such an excess could be due to a genuine 
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close association of particles or to a single particle either entering at a zenith 
angle > 60° or entering one counter and producing a secondary in the adja- 
cent counter. It could also be due to associated pairs produced in the roof. A 
small excess was found which could be interpreted as due toa 1 % probability 
for a single particle to fire two adjacent counters, and a correction was 
applied on this basis. 

(iii) There is a probability 0.7 % per event of one spurious counter firing 
due to a chance overiap with a master pulse. This is reduced somewhat for 
high & values. 

(iv) There is a probability of 0.6 °% that any one counter will fail to record 
due to counter dead-time. If this is the only counter ina tray through which 
a particle passes, the event will not be recorded. Otherwise & is reduced by 
one. This latter effect is most important for high k values. 

The various effects cancel to a large extent and a significant net correction 
is only necessary for very low and very high & values. 


3.3. TREATMENT OF RESULTS 


No difference was detected between the experimental results for the two 
tray separations and the results have been combined. The C,, were calculated 
for various values of y, and g by numerical integration on SILLIAC. C was 
also calculated in each case and the necessary condition C = }3 C, was 
used as a check on the correctness of the calculations. Denoting the relative 
expected values by k; and the observed values by /; (}k; = >/; = L) then 

we ih)? 
m= 2 eam 
and a minimum value of y?(y,, 7) was sought. As there is some uncertainty 
in the corrections for k = 3 and toa lesser extent for k = 4, and as this is the 
region where y might be expected to vary most, separate fits to the experi- 
metal data have been made (i) accepting all results (ii) rejecting k = 3 and 
(ili) rejecting k = 3 and 4. 

The optimum parameters for the differential distribution for the case where 

k = 3 and 4 are rejected, are 


Yo = 1.29 and g = 0.039. 
These values lead to 
y = 1.35+-0.074 In p. (8) 
The value of x? is 55.9 with 38 degrees of freedom ft. The probability of a 
value greater than this is 3 % and whilst this is not a particularly good fit, 


the best fit for constant y gives y? = 80.1, the probability of a value this 
large being 0.003 %. Table 1 shows the experimental results together with 


t A certain amount of grouping of the data was necessary for high & values. 
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the best fits for constant y, and for y as given by (8). Greater grouping has 
been used in table 1 than was used in analysing the results. The result is 
much the same if the low density groups k = 3 and 4 are included but the fit 
is worse. 














TABLE | 

k Experimental Constant y Variable y 
5 2744 2799 2704 
6 1927 2001 1988 
7 1489 1456 1466 
8 1069 1081 1104 
9—10 1546 1459 1503 
11—15 1826 1748 1812 
16—25 1204 1144 1172 
26—48 560 621 607 
49—72 169 225 178 
12534 12534 12534 





























3.4 FACTORS AFFECTING THE VALIDITY OF THE RESULT 


The significant feature of expression (8) is that the coefficient of the 
logarithmic term is almost twice as great as in the Greisen expression (2). 
Although the present experiment is sensitive to lower densities than previous 
work (approximately 0.3 to 30 m~?), the overlap in density range is con- 
siderable and such a large discrepancy is not expected. In fact the probability 
of the present results being fitted by the Greisen expression is vanishingly 
small. Discarding further results from the low density end does not effect 
any improvement. This means that the discrepancy is not due to a sharp 
decrease in y at low density. 

The uncorrected experimental results yield 


y = 1.34+-0.080 In p. 


This is not substantially different from (8) and the discrepancy cannot be 
attributed to inadequacy of the corrections made. 

As the present result differs from that of Cocconi *) and as the latter was 
obtained by the “variation of areas’’ method which is not affected by 
density gradient, one is strongly suspicious that the variation of y found by 
the present experiment is excessive due to its sensitivity to the density 
gradient. 

There is some evidence from the data for such a density gradient. In 
table 2, sample data for k = 5 and 6 are shown subdivided according to the 
number of counters which fire in each of the three trays. 

In each case there are more events than expected in the asymmetric cate- 
gories. This certainly could be caused by an average density gradient between 
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trays. The effect of such a density gradient is to reduce the number of ob- 
served events for both low and high & values with a relative increase at 
intermediate values. This is just the effect required to simulate an increase in 




















TABLE 2 
Rk | observed | expected 
5 | 3-1-1 | 169 | 134 
2—2-—2 174 209 
6 4—1-—1 51 38 
3—2-—1 155 160 
2—2-—2 35 43 











y with p, and the conclusion seems inescapable that the present result is 
contaminated in this way. If this interpretation is correct, a similar effect 
should be present in the experiment of Broadbent e¢ al. 


3.5. RE-ANALYSIS OF BROADBENT RESULTS 


The data of Broadbent e¢ al.1) are shown in table 3 together with the 
expected values for y = 1.425, which they find fits their results best. 

















TABLE 3 
ted 

k repay a8) observed new analysis 
3 896 885 866 
4 691 682 727 
5 471 511 504 
6 317 340 335 
7 218 235 224 
8 157 164 154 
9 124 112 112 
10 165 110 117 
3039 3039 3039 











Inspection shows at once that the fit is very poor at high densities. A y? test 
shows that the probability of a constant y is vanishingly small. Broadbent 
et al. fitted their data by minimising the quantity > (k,—/,)?. This unweighted 
least squares fit biasses heavily towards the k values with most events. This 
means that they determine y at p » 10 m~? but their conclusion that y is 
constant in the range 5—500 m~? is invalid. Their data have been re- 
analysed by the same method as the data of the present experiment and the 


best fit is obtained for 


y = 1.11+0.146 In p. 


The expected frequencies have been entered in the final column of table 3. 
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The value of y? is 4.9 and for 5 degrees of freedom, the probability of this 
value being exceeded is about 40 %. 

By contrast, y? for the Greisen expression is 14.6 with 1 % probability of 
being exceeded, and for the Broadbent value of y = 1.425, y? = 26.5. 
The probability of this value of x? being exceeded is < 0.001 %. 

Here too it must be assumed that there is a spurious effect due to the 
density gradient over the experimental array. Broadbent ef al. find evidence 
for the existence of this density gradient but conclude that it does not signifi- 
cantly affect their determination of y. This is no doubt approximately true as 
regards the best fit to a constant y but once a more realistic two-parameter 
fit is sought, density gradient can no longer be ignored. 


4. Analysis of Results 
Method II 


In an attempt to reduce the effect of density gradient, a modified method 
of analysis has been used which takes note of the number of counters which 
fire in one tray only, the other two trays merely ensuring a three-fold 
coincidence between trays t. This method should be less sensitive to the 
effects of density gradient particularly at high density. The rate at which k 
counters fire out of min any one tray is given by 


C= (jg) J —erreytenmnee(1—eret)t/(p)dp. 
0 
The data have been analysed for each tray separately and as they were 
self-consistent, they have been combined ff. 

The maximum likelihood method of fitting has been used in this analysis. 
This method leads more directly to an estimation of error in the final result, 
on the assumption that the expression used for y is the correct one. A x? test 
is still necessary to test whether this is a good fit. Further details of the 
method are given in an appendix. The k = 1 events have been eliminated in 
fitting the data as this category is most likely to be affected by density 
gradient. In fact it was found impossible to obtain a good fit with k = 1 
included, there being an excess of events in this category over that expected. 

The values obtained for y, and # are 


y, = 1.341-0.010 
2p = 0.055+0.010. 


t This method has been used independently by Zawadzki *), but his method of evaluating 
C, does not adequately allow for the variation of y with p. A similar technique has been used by 
Norman *) in an experiment with proportional counters. 

tt The data from the three trays have been treated as statistically independent. As this is not 
strictly true, the errors quoted may be slightly underestimated. 
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It is important to note that there is a strong negative correlation between 
these parameters when attempting to draw comparisons with other expres- 
sions. It may be shown, however, (see appendix) that the probability of the 
present results being fitted by the Greisen expression is effectively zero. 

The value of y, obtained by this method is essentially the same as that 
found by method I but the variation coefficient 2f is considerably reduced, 
thus confirming the expectation of a reduced effect of density gradient. 
Nevertheless 2 is still considerably in excess of that given by Greisen and 
the two results are incompatible. As in method I, removal of further low 
k values does not effect any improvement and it must be assumed that this 
method also gives a result which is affected by density gradient. It is to be 
expected that both methods would give the same value for y, as the experi- 
ment is most sensitive to densities of about 1 m~*. 

The data of Broadbent e¢ al.!) have also been analysed by method II 
yielding the result 

y = 1.06+0,128 In p. 


This is only a slight improvement on the result of method I and in fact is 
only significantly different at large p. Once again it was necessary to reject 
the k = 1 class of events, showing that this is a feature of the method of 
analysis and further indicating that it is in fact affected by density gradient. 
Some idea of the statistical accuracy of the above result can be obtained 
from the following: 


y(at p = 10m~-2) = 1.360-+0.027 
p = 0.6440.23. 


The probability of this result being fitted by either the Greisen expression 
or the result of the present experiment is very small. The discrepancy between 
the Broadbent data and those of the present experiment when both are 
analysed by the same method is further confirmation of the inadequacy of an 
analysis which neglects density gradient in this type of experiment. 


5. The Value of y 


Although the hodoscope method is not suitable for obtaining an expression 
for y valid over a wide range of density, it seems reasonable to assume that 
the correct value of y should be obtained at the density to which the ex- 
periment is most sensitive, i.e. close to 1/A *). This value is approximately 
1 m~? for the present experiment and 15 m~? for the Broadbent experiment. 
The present experiment gives y = 1.34+0.01 at p= 1 m~ against 1.33 
from the Greisen expression. The Broadbent experiment gives y = 1.41-L 0.03 
at p = 15 m~“ against 1.43 for the Greisen expression. With this interpreta- 
tion, both experiments are consistent with the Greisen expression. 
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This argument is reinforced by the value which has been obtained for y 
by comparing the respective counting rates for trays of area 0.96 m? and for 
half-size trays of area 0.48 m? (see table 4). This value is not affected by 
density gradient. A comparison of the rates for full and half-size trays gives a 
ratio of 2.55+0.04 and from this the value of y at p = 1 m~? may be 
calculated as 1.34-+0.02 in excellent agreement with the Greisen value of 
1.33 and the value of 1.34+-0.01 found in the two-parameter fit of method II 
for the present experiment. Combining this value with the data assembled by 
Greisen the best estimate of y seems to be 


y = 1.34+0.036 In p. 


This expression should be valid at least down to p = 0.5 m7?, 
Zawadzki on the other hand finds §) 


l 
y = 1.323+-0.06 In (1+0.065 = 


which gives too low a value of y at all densities to which his experiment is 
sensitive (3 to 200 m-?). Although his result is based on large statistics and 
very precisely stated, he used an inadequate method of analysis which does 
not give a correct expression for y as a function of p, and further, his experi- 
ment is probably also subject to density gradient in the same manner as the 
present experiment. 


6. The Absolute Rate of Showers 


The three-fold coincidence rate has been measured without the punched 
card recorder for both tray separations used in the main experiment and 
also at a separation of 2.5 metres. At the larger tray separation, a separate 
rate has been determined for half-size trays. The results are summarised in 
table 4. The errors quoted include a contribution from the error in the chance 
rate. All readings have been corrected to the rate expected at 760 mm 
pressure assuming a barometric coefficient of —10°% per cm of Hg. 








TABLE 4 
Tray A T S ti 

y . on oe Number of counts Rate (min-') 
(m?) (m) 

0.96 5.5 28 761 6.89 +0.06 
0.96 4.8 23 900 6.88 +0.07 
0.96 2.5 47 656 7.59 +0.04 
0.48 5.5 10 477 2.71 +0.03 




















By combining expressions (3) and (4), the coincidence rate may be written as 
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C=y,B,A'l, 
where (9) 


xz 


I, = in (1 _e-#)3g (retZ) da. 


I, is a slowly varying function of yp, g and A. In calculating B, from ex- 
pression (9) due allowance must be made for any uncertainty in the estima- 
tion of the sensitive area of the counters. The value obtained is B, = 7.9+-0.2 
min7}, 

In order to compare the absolute rate with values obtained by other wor- 
kers it is necessary to reduce all results to a common basis as regards (i) 
density (ii) tray separation (iii) altitude. Various results have been assembled 
in table 5 and the reduction to a common basis has been dealt with as 
follows: 

(i) The first order approximation to the density distribution in the vicinity 
of a density pp, is given by 


N(> p) = Kp) = Bypgo p10). (10) 


In the case of a three-fold coincidence experiment, a suitable value of py is 
1/A *)t. Expression (10) has been used in deducing B, for the experiment of 
Broadbent et al.'). Combining (3) and (1) and writing py = 1/A gives 


1 co 
C= yB, Ar 4) I (1—e-*) 3a) da, (11) 


This expression has been used to evaluate B, from C in the remaining ex- 
periments considered. 
































TABLE 5 
Tra | 
Author Alitude an Po ¢ 7 my. 
(m) (m~?) (min-") (min-*) 
(m) 
Babecki ef al.'*) 230 3.4 | 2 3.51 +0.03 7.9 
Broadbent e? al.) 50 5 | 14 8.0 
Greisen 5) t 260 4 various 7.3 
Millar !*) — 4 13 0.234 +0.003 8.2 
Milone *) 40 4 3 1.68 +0.02 7.7 
Murdoch 40 5 | l 6.89 +0.05 7.9-+0.2 
Singer ') —- 2 14 | 0.216 +0.003 8.1 
L 











t Based on the results of Cocconi 8). 


(ii) The present data are insufficient to give a decoherence curve over a 
wide range of tray separation, and the decoherence curve of Cocconi e¢ al.'°) 
has been used to correct all results to the value expected at 5 metres separation. 
The rise in counting rate observed at 2.5 metres separation is 10% in 


t The mean value of p is considerably greater than this but because of the asymmetric nature 
of the distribution is not a suitable value in this context. 
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comparison with about 8 % expected from the Cocconi curve. This difference 
is probably due, at least in part, to the size of a tray being comparable to the 
separation between tray centres in the present experiment. 

(iii) All data have been reduced where necessary to the rate expected at 
sea level. 

The agreement is remarkably good except for the Greisen value which 
appears to be slightly low. 

The rate at negligible separation is somewhat uncertain. An extrapolation 
of the decoherence curve of Cocconi e¢ al.®) indicates an increase of 35 % in 
the rate at negligible separation compared with that at 5 metres separation. 
This is in line with Singer’s !*) prediction of a rise of less than 50 %. The 
precise factor which should be allowed remains, however, uncertain. 


7. Conclusion 


It has been shown that the hodoscope method is not suitable for the precise 
evaluation of the density distribution over an appreciable range of density, 
and further that the conclusion of Broadbent e¢ al. that y is constant over a 
wide range of density is erroneous. The diverse values given by various 
authors for the absolute rate of the density distribution have been shown to 
be consistent when density variation and other relevant factors are taken 
into account. The density distribution obtained with three trays of counters 
at 5 metres separation is given by 


N(> p) —_, 7.9-+0.2 p~ 1-3440.01+0.018 In p) min~!. 


The error in the logarithmic term is uncertain but is probably not greater 
than 0.003. 
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Appendix 


Further details are given here of the analysis by method II. 
Denoting C,/C by #,, the probability of a given set of experimental results 
may be expressed as 


P(y¥9,9) = Cy. II 2% 
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where Cy is the number of ways the experimental results may be arranged 
out of a total L events. For a given set of experimental results, Cy. is constant 
and | [#,'*whichisa function of y, and g, gives the relative likelihood of any 
associated pair of values of the parameters y, and g. 

As the time tocalculate] [#,'*and y? on SILLIAC is insignificant compared 
to the time to perform the integrations C,, both expressions have been 
calculated for each set of parameters. The results are tf 


y = 1.341+-0.055 In p by maximum likelihood 
and 

y = 1.342+-0.053 In p by ,? fit. (8) 
The value of x? is 30.4 with an 8 % probability of being exceeded. 

The maximum likelihood analysis gives the relative likelihood of any 
associated pair of values of the parameters y, and g. These two parameters 
are strongly correlated. It is possible by treating the likelihood function 
(suitably normalised) as a probability distribution ff in the true value 
of y) and q, to obtain a conditional probability distribution in say yp» at a 
specified value of g, or the marginal distribution by integrating over all 
possible values of g. These distributions are found to be approximately 
gaussian and we can therefore assign standard errors to y, and @: 


Yo = 1.300+0.017 when no restriction is placed on gq, 
Yo = 1.300+0.008 for the optimum value g = 0.028; 

g = 0.028+0.005 when no restriction is placed on yg, 
g = 0.028+0.002 for the optimum value of yp. 


A similar treatment can be given for y, and # yielding the values given in 
section 4. 

Alternately we may plot probability contours of y, and qg for various values 
of the likelihood /. Denoting the area within the contours (a series of ellipses 
in the yy—g plane) by «(/), the probability (on an arbitrary scale) of a pair 
of parameters we wish to test by /), and the corresponding « by a», then the 
probability /’ of obtaining a less likely parameter-pair than the one under 
test is 





In the one-parameter case, one would normally take $p’ as representing the 


t Fisher !4) has shown that as the sample size tends towards infinity, the parameter values 
giving a minimum of x? tend towards the maximum likelihood estimate, the latter being at all 


times the best estimate. 
tf Fisher refers to this as a fiducial probability distribution. It may also be regarded as the 
posterior probability distribution in y, and qg on the assumption that the prior distribution is 


constant !5). 
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probability of a deviation from the optimum value by a greater amount 
than the value under test, and in the same direction. Denoting the results of 
the present experiment by MII and the analysis of the Broadbent results by 
BII the values of ~’ obtained are as follows: 


Comparison p’ 
Greisen expression with MII effectively zero 
Greisen expression with BII 3% 
MII with BII effectively zero 


As the variances for MII are an order of magnitude smaller than for BII, 
statistical fluctuations in MII have been ignored in making comparison 
with BII. 
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Abstract: A semi-empirical formulation of the independent particle model for nuclear matter 
is given. Apart from the energy-dependence of the single-particle potential (effective 
mass), the rearrangement energy is also taken into account. An extension of this theory for 
real nuclei is shown to be related to the Weizsacker-Bethe-formula and to the optical 
model for nuclear reactions. The undetermined parameters of the theory are adjusted to 
fit the corresponding experimental material. The single-particle potentials, the rear- 
rangement energies and the optical potentials for protons and neutrons can then be calcu- 
lated as functions of the neutron excess. The corresponding data for nuclear matter are 
obtained by taking equal numbers of protons and neutrons. 


1. Einleitung 


Die von Brueckner u.a.!~*) angegebene Begriindung des independent 
particle Modells im Rahmen eines selbstkonsistenten Stérungsverfahrens 
hat gezeigt, daB man die Energieabhangigkeit der Einteilchenpotentiale in 
guter Naherung durch eine effektive Masse beschreiben kann. Fiir den 
Grenzfall der Kernmaterie hat Weisskopf 7) darauf hingewiesen, daB durch 
eine quadratische Impulsabhangigkeit des _ Einteilchenpotentials zwei 
wichtige experimentelle Daten, die mittlere Bindungsenergie eines Nukleons 
und die Abtrennarbeit miteinander in Einklang gebracht werden kénnen. 
Eine Berechnung des Einteilchenpotentials ist dann, ohne Verwendung der 
Stérungstheorie auf rein halbempirischem Wege méglich. Es wurde jedoch 
bereits von Weisskopf darauf hingewiesen, daB bei der Berechnung der 
Abtrennarbeit Vielkérpereffekte eine wesentliche Rolle spielen kénnen, was 
durch die zusatzliche Beriicksichtigung einer Rearrangementenergie in der 
erwahnten Theorie ausgedriickt werden kann. Weiterhin hat Brueckner 
bemerkt 8), daB sich im Rahmen seines Stérungsverfahrens eine Rearrange- 
mentenergie von etwa 16 MeV ergibt, also keinesfalls vernachliassigt werden 
dari. 

Will man, wie es in der vorliegenden Arbeit geschieht, auch die Re- 
arrangementenergie im Rahmen einer halbempirischen Theorie, also ohne 
Verwendung der Stérungstheorie beriicksichtigen, so ergibt sich zunachst die 
Schwierigkeit, daB aus Abtrennarbeit und Bindungsenergie allein nicht 
sowohl das Einteilchenpotential als auch die Rearrangementenergie bestimmt 
werden kénnen. Dadurch, daB jetzt der ProzeB der Abtrennung eines 
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Nukleons aus dem Kern weitgehend richtig erfaBt wird, ergibt sich jedoch 
die Méglichkeit die optischen Potentiale fiir Kernreaktionen mit in die 
Theorie einzubeziehen. Hatte man eine direkte experimentelle Information 
liber das optische Potential ®, der Kernmaterie (etwa bei der Energie 
E = 0), so lieBe sich, wie in Kap. 2 gezeigt ist, eine halbempirische Theorie 
vollstandig durchfiihren, in der neben dem energieabhangigen Einteilchen- 
potential auch die Rearrangementenergie beriicksichtigt ist. 

Da jedoch experimentelle Ergebnisse tiber optische Streupotentiale nur an 
wirklichen Kernen und nicht an Kernmaterie gewonnen werden kénnen, 
soll das erwahnte halbempirische Verfahren in Kap. 3 in analoger Weise auf 
die wirklichen Kerne tibertragen werden. Das bedeutet insbesondere, das 
Effekte, die vom NeutroneniiberschuB g = (N—Z)/(N+-Z) ®), sowie von 
der Coulombenergie herriihren, beriicksichtigt werden miissen. Oberflachen- 
effekte, deren Berechnung verschiedene prinzipielle Schwierigkeiten bereitet, 
sollen in der vorliegenden Arbeit nicht diskuttiert werden 1-1), 

Eine solche halbempirische Behandlung macht es mdglich, die in der 
Weizsacker-Bethe Formel ausgedriickten experimentellen Fakten, sowie die 
experimentell bestimmten optischen Potentiale fiir Protonen und Neutronen 
einiger Kerne in die Theorie einzubeziehen. Damit lassen sich die Einteilchen- 
potentiale, die Rearrangementenergien und die optischen Potentiale fiir 
Protonen und Neutronen als Funktionen von g berechnen. 

Die entsprechenden Daten fiir Kernmaterie lassen sich dann ohne weitere 
Schwierigkeiten berechnen, da der Formalismus im Specialfall g = 0 in den 
der Kernmaterie tibergeht. 


2. Die Kernmaterie 


2.1. ALLGEMEINES 

Die Kernmaterie ist ein idealisierter Grenzfall der wirklichen Kerne, der 
dadurch entsteht, daB man sowohl von der Coulombenergie als auch von der 
Symmetrieenergie absieht, also gleiche Protonen- und Neutronenzahlen 
annimmt. Weiterhin sei die Zahl der Nukleonen geniigend groB, sodaB auch 
die Oberflacheneffekte vernachlassigt werden diirfen. Der innere Teil der 
mittleren und schweren Kerne diirfte dann weitgehend die Eigenschaften der 
Kernmaterie besitzen. Im Rahmen einer halbempirischen Formulierung 
kommt der Kernmaterie insofern eine besondere Bedeutung zu, als bei der 
Entwicklung der verschiedenen Potentiale und Energien nach A und g jeweils 
die ersten, von diesen Variabeln unabhangigen Terme die entsprechenden 
Gr6Ben der Kernmaterie darstellen. (Vgl. Kap. 3). 

Da die strukturellen Eigenschaften der einzelnen Kerne im Begriff der 
Kernmaterie nicht enthalten sind, lassen sich hier die Methoden der statisti- 
schen Theorie anwenden !%), Ist E = fe(r)dr die Gesamtenergie eines 
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Systems von A Teilchen, mit der Teilchendichte p, die die Nebenbedingung 
A = fp(r)dr erfiillt, so mu8 die Variation der Gesamtenergie nach der 
Dichte unter dieser Nebenbedingung verschwinden. Daraus folgt, wenn das 
System, wie vorausgesetzt, geniigend groB ist, sodaB man von der Orts- 
abhangigkeit von p und ¢ absehen kann, 





d 
ep (2.1) 
dp 
wobei S = —d£/dA die Abtrennarbeit bedeutet, die notwendig ist, um ein 


Nukleon aus dem System herauszunehmen. Ist weiterhin E/A die mittlere 
Energie pro Teilchen, so folgt aus der Minimalbedingung fiir die Gesamt- 
energie, daB E/A = dE/dA gilt, und somit 


S = —E/A (2.2) 


ist. Im Rahmen des statistischen Modells ist weiter ¢ = &y4,+-€po¢ Wobei 





P ‘32? 5 pls . oa) 
€xin = 5 ( > yer und déxin/dp = vi 
2/ 2m 
die kinetische Grenzenergie ist. 
Aus (2.1) folgt damit 


S=-T-—* (2.3) 


wobei tiber deé,o¢/dp allgemein nichts ausgesagt werden kann. Die Dichte der 
Kernmaterie entspricht weitgehend der Kerndichte im Mittelpunkt der 
schweren Kerne, und ist nach Messungen von Hofstadter ™) p = 1.72 x 108 
cm~* und somit 7 = 38MeV. 


2.2. EIGENSCHAFTEN DER KERNMATERIE t 

Die dynamischen Eigenschaften der Kernmaterie lassen sich, in be- 
friedigender Naherung mit einem Modell beschreiben, bei dem die Wirkung 
der Kernkrafte auf ein Nukleon durch ein mittleres Einteilchenpotential V, 
ausgedriickt wird, welches unabhangig von den Koordinaten der iibrigen 
Nukleonen nur auf das eine Nukleon wirkt. Bei der unendlich ausgedehnten 
Kernmaterie ist das Potential V, nicht vom Ort abhangig, wird aber im 
Allgemeinen noch vom Impuls des betrachteten Teilchens abhangen. 

Eine selbstkonsistente Berechnung des Potentials V, aus den Kernkraften 
ist in verschiedenen Arbeiten nach dem Bruecknerschen Stérungsverfahren 
durchgefiihrt worden !~*), Dabei hat sich gezeigt, daB man die Impuls- 
abhangigkeit des Einteilchenpotentials in guter Naherung durch eine 
quadratische Abhangigkeit 


t Die Ergebnisse des folgenden Paragraphen wurden kiirzlich auch von F. Beck gewonnen 
(private Mitteilung). 
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V (A) —_ Voot V 19 (h?/Rp*) (2.4) 


ausdriicken kann. Ein impulsabhangiges Potential, das in einem gewissen 
Energiebereich durch eine quadratische Abhangigkeit angenahert werden 
kann, ergibt sich bereits in der Hartree-Fock-Naherung. Die Impuls- 
abhangigkeit riihrt dann von den Austauschkraften und von der Anti- 
symmetrisierung der Wellenfuncktion her f. Wir wollen daher im Folgenden 
fiir V, in dem betrachteten Energiebereich stets eine quadratische Impuls- 
abhangigkeit annehmen ff. 

Die Gesamtenergie eines Systems von A Nukleonen berechnet sich dann 
im Einteilchenmodell zu 


5 Re a 3 Rp sy 3 
E= 2 om +3V (k;) = B 2m +3 ot zo" 10 A 
Aus (2.2) folgt dann 
S = —8T-1V,,— 47: (2.5) 


Die Glg. (2.3) nimmt im Einteilchenmodell eine besonders einfache Form an. 
Die Abtrennarbeit S ist dort diejenige Energie, die man aufwenden muB, 
um ein Teilchen aus dem héchsten besetzten Niveau aus dem Kern zu ent- 
fernen, also dépo./dp = Vo(ky) und 


ey a en (2.6) 


Die Abtrennarbeit S ist experimentell aus der Weizsacker-Bethe-Formel 
bekannt. Daraus folgt 7), da8B man mit Hilfe der Glg. (2.5) und (2.6) die 
GréBe der Potentiale V5, und V,) unabhangig von einem selbstkonsistenten 
Stérungsverfahren allein aus den experimentellen Daten berechnen kann, 
Andererseits ersieht man aus (2.5) und (2.6), daB diese Glgn. nicht mit 
einem energieunabhangigen Potential, wie es friiher oft verwendet wurde, 
befriedigt werden kénnen. Die Glgn. (2.5) und (2.6) gelten jedoch nur in der 
strengen Einteilchenndherung. Beriicksichtigt man in einer weiteren 
Naherung Mehrteilcheneffekte, so tritt, worauf Weisskopf’) und Brueckner®) 
hingewiesen haben, in Glg. (2.6) noch ein Zusatzterm auf tit. Leistet man am 
Kern namlich die Arbeit —(7+V(k,)), so wird einerseits ein Nukleon aus 
dem Kern abgetrennt, anderseits befindet sich der Restkern nach dieser 
Abtrennung in einem angeregten Zustand mit der Anregungsenergie Ay. 


t) Am speziellen Beispiel des Van-Vleck-Potentials ist diese Tatsache von Weisskopf ”) 
genauer diskutiert worden. 

tt Es ist von Weisskopf 7) bereits bei der Diskussion des Van-Vleck-Potentials und weiter- 
hin von Brueckner und Gammel *) darauf hingewiesen worden, dass eine quadratische Ab- 
hangigkeit von Vy, vermutlich nicht fiir alle Energien eine gute Naherung ist. 

ttt Im Rahmen des Einteilchenmodells tritt ein 4), wie Weisskopf gezeigt hat’), deshalb 
nicht auf, weil ein angeregter Zustand R’ sich vom Grundzustand nur in der Dichte unter- 
scheiden kénnte, die Gesamtenergie aber in bezug auf p minimal ist, also im Gleichgewichts- 
zustand in erster Ordnung nicht von p abhangt. 
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Man muB8 daher diese Energie 4,, die sogenannte Rearrangementenergie, 
noch zu S hinzufiigen und erhalt an Stelle von (2.6) f 
S = —T—Vy—V y—Ap. (2.7) 

Aus den Glgn. (2.5) und (2.7) ist es jedoch nicht mehr mdglich, Vo9, Vio 
und A, zu bestimmen. Es ist daher notwendig, weitere experimentelle Daten 
heranzuziehen, die im Zusammenhang mit Vo), Vig und A, stehen. Wir 
wollen hier als weitere Parameter das optische Potential ®, eines Teilchens 
einfiihren, das auBerhalb des Kernes die Energie EF = 0 besitzt. Dieses 
Potential ist aus Streumessungen experimentell bekannt tf; anderseits 
hangt es eng mit Vo,, V9 und A, zusammen. DaB hier das optische Potential 
bei E = 0 gewahlt wurde, hat den Grund, daB es vorteilhaft ist, die Energie 
so klein wie méglich zu wahlen, da die quadratische Naherung fiir V, mit 
wachsender Energie schlechter wird **). 

Um @, zu bestimmen, gehen wir aus von der Abtrennarbeit S(k), die 
notwendig ist, um ein Nukleon der Energie 


k? : 
E(k) = +Vo(h) 
aus dem Kern zu entfernen. Ist k = ky, so folgt aus (2.7) 
k 2 
S (hep) = —5— —Vo(hp)—Ap. 


2m 
Nehmer wir an, daB A, nicht wesentlich davon abhangt, wie groB der 
Impuls des herausgegriffenen Teilchens ist, wenn kp Sk Shyistttt, so ist 


k2 
S(k) = —— —V,(k)—Ap. 
(*) a, 1 ol®)—4o 
Ein Teilchen, das auBerhalb des Kernes die Energie E, = 0 hat, geniigt im 


Kern der Beziehung 
2 


ko 
= +W (hy) = 0 (2.8) 


wobei &, der Impuls des Teilchens im Kern ist, und W(k,) das optische 
Potential bei dem Impuls ky. Den Impuls ky erhalt man aus der Bedingung, 
daB die Abtrennarbeit fiir ein Teilchen mit dem Impuls ky verschwinden 
muB, also S(k,y) = 0 ist. Daraus folgt 


k,2 
s +Vo(hy) +4y = 0. (2.9) 


t Dies wird weiter unten bei Verwendung der /-Matrix zur Berechnung von V, besonders 
deutlich werden. 

tf Das optische Potential ®, der Kernmaterie ist zwar nicht unmittelbar experimentell 
zugdnglich, laBt sich jedoch durch geeignete Extrapolation der wirklichen Kerne gewinnen 
(Vgl. Kap. 3). 

ttt Wegen der Definition von fy, vgl. (2.8). 
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Der Vergleich der Glgn. (2.8) und (2.9) zeigt, daB das gesuchte Potential 


®, durch 
Dy = W (ho) = Volko) +Ao 


gegeben ist. Eine einfache Rechnung zeigt weiter, daB 

T (Vo9+A4 

4 oot o) (2.10) 
T+V 4 

ist. Die Tatsache, daB ®, das optische Potential bei E = 0 ist, kann man 

auch anhand des umgekehrten Prozesses deutlich machen, bei dem man ein 


80; 


o, = 
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Abb. 1. Potentialbild. 


Teilchen mit dem Impuls &, in den Kern hineinbringt. Die Gesamtenergie ist 
dann (Q2 ist das Kernvolumen von A Nukleonen) f 


t Der Strich bei £’ soll andeuten, daB es sich nicht um die Energie des Grundzustandes 


handelt. 
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me | ee : 
E'(A +1) = eTA+ ° +([} 0 (Ro) —I o (Ap) |+-2.441(€pot) aaa 


2m 





wobei (V (k 9) —V (ky) ) die Energie ist, die das Teilchen mehr hat als auf der 
Fermi-Oberflache. Ist 24,, ~ 24, so ist 


l ‘depot i. 
(Epot) 4441 = (Epot)a + St dp =(€pot)at O (I o (Rp) +o) 
und damit 
| a 
E'(A+1) = E(A)+ 5~ + (Volo) +40]; (2.11) 


daraus folgt, daB V9(k)) +4) = W(k,) das optische Potential an der Stelle 
ky ist. Der Wert von k, folgt dann aus der Tatsache, daB wegen E* = 0 
auch k,?/2M+W(k,) = 0 sein muB. 

Um die diskutierten Zusammenhange zu erléutern, sind in Abb. 1 in 
Abhangigkeit von x = k/k, die Funktionen V,(x), E(x) und T(x) aufge- 
tragen. Der Stelle x) entspricht dabei der Wert k,, bei dem die Abtrenn- 
arbeit verschwindet. Fiir die Konstanten V9), Vi), 4g und ®, wurden dabei 
diejenigen Werte gewahlt, die nach den in Kap. 3 durchgefiihrten Rech- 
nungen die beste Ubereinstimmung mit dem Experiment ergeben. 


2.3. BESTIMMUNG DER POTENTIALE 


Da ohne eine genaue Untersuchung der wirklichen Kerne, wie sie in 
Kap. 3 durchgefiihrt werden soll, eine experimentelle Aussage tiber ®, nicht 
gemacht werden kann, soll hier zunachst untersucht werden, was iiber die 
Konstanten Vo), Vj. und 4p auch ohne genaue Kenntnis von ®, bereits 
bekannt ist. Mit Hilfe der Glgn. (2.5), (2.7) und (2.10) kénnen die Konstanten 
Voo, Vip und A, in Abhangigkeit von ®, bestimmt werden. Aus physikali- 
schen Griinden ist die Rearrangementenergie immer positiv, also A, = 0. 
Daraus folgt, wenn man nur den physikalisch sinnvollen Teil der Funktion 
A,(®,) betrachtet, daB ®, < 44.2 MeV sein muB ft, wodurch auch die Werte 
von Vo, und V,, stark eingeschrankt werden. Das Verhalten von V(Q®,), 
V 19(®o) und A,(®,) ist in Abb. 2 dargestellt. Weiterhin nehmen die GrédBen 
Voo, Vig und A, fiir ® —- — o endliche Grenzwerte an, so daB der zur 
Verfiigung stehende Wertebereich ziemlich klein ist. In Tab. 1 sind ftir 
einige Werte von ®, die entsprechenden Werte von Vo, Vi) und A, ange- 
geben. Erganzend ist in einer weiteren Spalte die effektive Masse angegeben 
worden. In Tab. 1 ebenso wie in Abb. 2 ist der stark eingerahmte Bezirk der 
physikalisch wichtige Wertebereich der untersuchten Funktionen. Bei 
dieser Abgrenzung ist von der weiteren Einschrankung 


+ Fiir S wurde dabei der aus der Weizsacker-Bethe-Formel folgende Wert von S = 15.74 
MeV gewahlt }5). 
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or) ee (2.12) 


Gebrauch gemacht worden, die im Folgenden noch genauer begriindet 
werden soll. 


MeV 


Viol 5014) } $0 
4 40 








-60 -50 -40 -30 | 


4.100 
4-110 
\ 1420 

















Abb. 2. Zusammenhang der Potentiale. 


Aus der Untersuchung der wirklichen Kerne wird sich spater (Kap. 4) 
ergeben, daB ®, = —50 MeV ist, (4.6) also innerhalb der angegebenen 
Schranken liegt. Der nach Tab. 1 daraus folgende Wert von 4) = 18.6 MeV 
stimmt angenadhert mit dem von Brueckner ®) berechneten Wert 4, = 16 
MeV iiberein. Die entsprechenden Potentialwerte (Vo, = —84.185 MeV, 
Vio = +11.83 MeV) weichen demgem&8B von den friiher’) mit 4) = 0 
bestimmten Werten stark ab. 

Verwendet man zur Berechnung von V, ein Hartree-Fock-Verfahren, so 
erhalt man bei Verwendung von solchen Austauschkraften, die gleichzeitig 
Absattigung der Energie gewahrleisten 7), in erster Naherung einen positiven 
Wert fiir V,,. Da jedoch das Hartree-Fock-Verfahren in der Kernphysik 
durch die Anwesenheit von hard-core Kraften nicht anwendbar ist, soll hier 
die Glg. (2.12) etwas allgemeiner begriindet werden. Im Rahmen der 
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m* 
P, V 00 Ax Vo = Tews T/T+V yo 
m 
38 — + 0 — oO 0 
40 — 233.61 + 261.0 —81.08 + 0.127 
42 — 144.0 + 111.5 — 21.27 + 0.254 
44.207 —112.1 + 58.34 0 + 0.394 
46 — 99.03 + 36.75 + 8.62 +-0.508 
48 — 90.17 + 21.8 + 14.54 + 0.635 
50 — 84.185 + 11.83 +18.6 + 0.762 
52 — 79.91 + 4,71 +21.5 + 0.889 
53.74 — 77.08 + 0 + 23.33 + 1.0000 
55 — 15.36 = we + 24.46 +1.08 
60 — 70.55 — 10.81 + 27.66 + 1.397 
ee) — §4.28 — 38.0 -+-38.54 + 0 











Bruecknerschen Stérungstheorie, bei der auch hard-core Krafte beriick- 
sichtigt werden kénnen, berechnet sich das Einteilchenpotential V)(k,) aus 
den Matrixelementen der ¢-Matrix !~) 
V(k;) = > (tas, is — bas, 51) 
j 

Nehmen wir an, daB die effektive Wechselwirkung eines Paares (k,, k,) 
in der unendlich ausgedehnten Kernmaterie naherungsweise nur vom 
Relativimpuls abhangt, so gilt (Q ist das Normierungsvolumen) 


Vo(k;) = 27 > t(k,—k,). (2.13) 
j 


Im Anschlu8 an Skyrme ") wollen wir annehmen, daB sich ¢(k,—k,) in dem 
betrachteten Energiebereich durch einen quadratischen Ansatz 
‘= to +t, (k;—k;)? 


approximieren l48t. Nimmt man weiter an, daB bei der Summation in 
(2.13) die gemischten Terme naherungsweise verschwinden, so folgt, wenn 
man die Summation durch Integration ersetzt, 


(2.14) 


2 


3n?\% . 
Volk) = top-+t3 (=) pth-+t, ph (2.15) 


wobei p = (2/37?)k,* die Dichte der Kernmaterie ist. 
Die Energie pro Teilchen unter EinschluB der kinetischen Energie lautet 


$3 (3n?\3 a*\t . 
E/A —- Saxe (=) +5top +2 (=) t, pis. 


pes 2.16 
2m 5\ 2 2 ( 


Aus (2.2) und der Sattigungsbedingung £/A = dE/dA folgt dann, daB 
E/A in bezug auf p ein Minimum haben muB. Im Rahmen eines selbst- 
konsistenten Verfahrens wird die ¢-Matrix stets von der Dichte abhangig 
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sein. Diese Abhangigkeit riihrt in erster Naherung vom Normierungsvolumen 
her, da die Matrixelemente einen Faktor 2-! enthalten. In héheren Nahe- 
rungen hangt ¢ noch iiber &, von der Dichte ab, und tiber Verschiebungen des 
Energiespektrums bei Veranderungen der Dichte. In der ersten Naherung sind 
also ¢, und ¢, nicht von der Dichte abhangig. Nimmt man an, daB die erste 
Naherung bereits eine gute Naherung ist, also ¢, und ¢, nicht stark von p 
abhangen, so sieht man sofort aus (2.16), daB &/A nur dann ein Minimum 
hat, wenn ¢ =< 0 und ¢, = 0 ist. Wegen (2.5) und (2.15) heiBt das, daB 
Vio = O sein muB Tf. 
Wir wollen hier noch (2.1) im Zusammenhang mit dem Ansatz (2.14) 
fiir die ¢-Matrix diskutieren. Aus (2.1) und (2.16) folgt, daB 
6 =" _ Tavs E ,dty 3 a ed 2.17 
—S =—=T+V o(ke)+ | sp ~~’ s — * i (2.17) 
ist. Vergleicht man dies mit (2.7), so folgt, daB die Rearrangementenergie 


A, durch 


(2.18) 





2 
A, = 1,200 + bd foo ro 
dp 5 dp 
gegeben ist. Die Naherung (2.6), die dem Fall 4) = 0 entspricht, erhalt man 
also, wenn man annimmt, daB ¢, und ¢, nicht von p abhangen, die ¢-Matrix- 
elemente also nur durch den Normierungsfaktor von p abhangen. Um ein 
A, ~ 0 zu erhalten, ist es daher notwendig, auch die hédheren Naherungen 
des selbstkonsistenten Verfahrens zu beriicksichtigen, in denen ¢, und ¢, 


nicht mehr von p unabhangig sind. 


2 


3. Die wirklichen Kerne 


3.1. ANSATZ UND RECHENMETHODE 


In Kap. 2 hat sich gezeigt, daB zur Bestimmung von Vo), Vy) und 4p 
die Kenntnis des optischen Potentials ®, der Kernmatiere notwendig ist. 
Experimentell sind nur die optischen Potentiale ©” und @% fiir Protonen 
und Neutronen an wirklichen Kernen bekannt. Um daraus ®, bestimmen zu 
kénnen, soll im folgenden Kapitel die oben fiir Kernmaterie entwickelte 
Methode analog auf die wirklichen Kerne iibertragen werden. Das bedeutet, 
daB insbesondere die Symmetrie- und Coulombenergien beriicksichtigt 
werden miissen. Oberflachenenergien sollen wegen der groBen rechnerischen 
Schwierigkeiten ™!?-15) nicht behandelt werden, jedoch diirfte der dadurch 
entstehende Fehler sehr klein sein, weil auch in der Weizsacker-Bethe-Formel 
die Oberflachenenergie von den iibrigen Anteilen getrennt werden kann. 


t Die Behauptung, daB aus der Absattigung V,, > 0 folgt, gilt keineswegs allgemein, 
sondern nur, wenn ”, p3(v, ist der hard-core-Radius) so klein ist, dass hbhere Naherungen nicht 
wesentlich sind, wie die Rechnungen von Brueckner und Gammel an He?® zeigen. 
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Zur Berechnung der Einteilchenpotentiale verwenden wir als Ansatz fiir 
die Kernkrafte wegen der Ladungssymmetrie analog zu (2.14) zwei ver- 
schiedene effektive Wechselwirkungen: 
zwischen gleichen Teilchen te = 2o+8,h’, (3.1) 
zwischen verschiedenen Teilchen #4, = vg+v,h?. 
Ist Z die Protonenzahl eines Kerns, N die Neutronenzahl, so wollen wir 
annehmen, daB Protonen und Neutronen sich im gleichen Kernvolumen 


befinden, so daB die Dichte der Protonen bzw. Neutronen durch 
_ Z es N i A a 
Pp=D> Pu=D P=F (3.2) 


gegeben ist f. 

Fiir die Einteilchenpotentiale erhalt man jetzt verschiedene Potentiale fiir 
Protonen und Neutronen. Im Unterschied zu (2.15) mu8 man jetzt nur 
Protonen und Neutronen bei der Summation unterscheiden. Es ist 


VP (kh) = VeP+VyP AYRE, hg? = (82%) 8ppf (3.3) 
V(b) = VoN+V{NAYAN, ep = (822)8 py (3.4) 
wobei V ,” und V,‘ analog zu (2.15) von pp und py abhangen. Zur Berechnung 


der Rearrangementenergien A” und A® fiir Protonen und Neutronen gehen 
wir analog zu (2.4) ' on der potentiellen Energiedichte aus 


Epot Enot + Epot ain 5(Vo° ppt+Vor py) +355 (Vi1" ppt+Vi1" py). (3.5) 


Durch Differentiation nach pp bezw. py erhalt man nach einigen Umfor- 
mungen zwei zu (2.17) analoge Beziehungen: 


— = V"(k,”)+4?, (3.6) 
Opp 
de 
— =VN(kp*)+/4%, (3.7) 
OPN 


wobei A’ und AN die Rearrangementenergien sind und analog zu (2.18) von 
Pp, Py SOWle Og,/Opp u.s.w. abhangen. 

Um spater einen Vergleich mit der Weizsacker-Bethe-Formel durchfiihren 
zu kénnen, entwickeln wir V,", V,", V,’, V,;‘, 4? und 4% nach Potenzen von 
gq = (N—Z)/(N+Z) (bis zu g?), wobei wir annehmen wollen, daB gy, g,, vo 
und v, selbst nicht mehr von g abhangen. Die Entwicklung der Potentiale 
ergibt 


t Da die Tatsachen, daB sich die Protonen in einem kleineren Volumen als die Neutronen 
befinden, hauptsachlich auf einen Oberflacheneffekt zuriickzufiihren ist, ist est nicht sinnvoll 
diesen Effekt hier zu berucksichtigen. Vgl. dazu z. B. Ref.'®) 
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ViP=Val-a V=Var (oi) 88 
mit 
Voo = a+y+2(B+6) Vio = B+6 
Von = e—yt+B—4 Vn = : —¥3é (3.9) 
Voz _ 5(B+8) Vip = ; —$o 
und 
= 580 P 7 = 5Ugp 


p= ex(aneyi (2) ° wes oy(aneye (2) * (3.10) 


-~ ~ 


Bei der Entwicklung von A* und AN nach g ergibt sich, wenn man hier auch 
die g-Abhangigkeit von d0g,/dp", u.s.w. vernachlassigt, 
AN = A® = A,+4, q. (3.11) 


Damit lassen sich die Potentiale V’, V‘ und die Rearrangementenergien 
A’ und AN durch die sechs GréBen «, B, y, 6, 4g und A, ausdriicken. 


3.2. AUFSTELLUNG DES GLEICHUNGSSYSTEMS 

Um die Koeffizienten «, 8, y, 6, 4g und A, durch Vergleich mit den experi- 
mentell bekannten Koeffizienten der Weizsacker-Bethe-Formel bestimmen 
zu kénnen, berechnen wir zunachst die Gesamtenergie eines Kernes mit Z 
Protonen und N Neutronen. Ist E, die Coulombenergie des Kernes, so folgt 


E = 3(ZTp+NTy)+£o+ (Vor +o) Z+ (VN t+eaVi")N (3.12) 


wobei 7, und 7\y die kinetische Grenzenergie der Protonen bzw. Neutronen 
ist. Die Entwicklung dieser GréBen nach q lautet 


Ty = T (1+39—$9") 
Tp = T(1—$q—39"). 
Weiterhin berechnen wir analog zu (2.1) die Abtrennarbeiten S, und Sy, 
die notwendig sind, um ein Proton bzw. Neutron aus dem Kern zu entfernen. 
Bezeichnet man mit V, das iiber das Kernvolumen gemittelte Coulomb- 


potential einer homogenen Ladungsverteilung tf, so ist, wenn E die Ge- 
samtenergie des Kerns ist, 


(3.13) 


t Bei der Beriicksichtigung des Einflusses der Coulombenergie auf die Abtrennarbeit 
entsteht folgende Schwierigkeit; In der strengen Glg. (2.2) in der alle GroBen ortsabhangig sind, 
wird dieser Einflu8 durch das Coulombpotential der Ladungsverteilung ausgedriickt. Eine 
ortsunabhangige Dichte pp, wie sie hier stets angenommen wurde, ist insofern nicht vertraglich 
mit (2.1), als dadurch zwar T, und das Kernkraftpotential V? weitgehend unabhangig vom Ort 
werden, das Coulombpotential jedoch weiterhin stark vom Ort abhangig ist. In einer orts- 
unabhangigen Formulierung hat man daher V,(x) durch einen geeigneten Mittelwert zu er- 
setzen). Wir wahlen hier das iiber das Kernvolumen gemittelte Coulombpotential einer 
homogenen Ladungsverteilung, 7, = (6/5) Ze®/R, weil dieses mit der entsprechenden Coulomb- 
energie durch die einfache Relation E, = 47, Z verbunden ist. 
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OE | 
OZ 
oa 
—Sy =a = Ty tVN (kpX) +2. (3.15) 


Die Glgn. (3.12), (3.14) und (3.15) sollen nun mit dem entsprechenden 
Ausdruck der Weizsaicker-Bethe-Formel verglichen werden: 





E = —aA+bAq?+cAi+dZ?/At (3.16) 
OE %Z 2 1 dZ? 
— = —q—2bq—bg? wow BAPE Re See nee 3.17 
a ew Sa ee 3 A‘ls (3.17) 
os + 2bq—bq?+2cA-t 4 a" 3.18 
= = — a+20g— —cA~t— ——— . 


wobei die Koeffizienten a, 6, c und d aus den Experimenten bestimmt werden 
kénnen }5) f. 

Entwickeln wir nun die Glgn. (3.12), (3.14) und (3.15) mit Hilfe von (3.8) 
und (3.9) nach Potenzen von qg, so kénnen wir an den dabei entstehenden 
Ausdriicken einen Koeffizientenvergleich in bezug auf die Potenzen von ¢ 
mit den entsprechenden Ausdriicken der Glgn. (3.16), (3.17) und (3.18) 
durchfiihren. 

Vergleicht man die Potenzen von q®, g! und g? in den drei Gleichungen, so 
erhalt man 9 Beziehungen fiir die 6 Unbekannten «, f, y, 6, 4) und 4g. 
Auf Grund der Ansatze (3.8), (3.9) und (3.11) sind jedoch nur 4 dieser 
Beziehungen voneinander unabhangig: die Glgn. I—IV in (3.23). Es miissen 
daher noch zwei weitere Gleichungen aufgestellt werden, um die 6 Un- 
bekannten berechnen zu kénnen. 

Dazu bestimmen wir analog zu der in Kap. 2 angewandten Methode die 
optischen Potentiale 6” und @®% fiir Protonen bzw. Neutronen bei der Energie 
E = 0. Entsprechend zu (2.10) miissen dabei die Ausdriicke 


@? = VP(k,?) +A 
DN = VN(RN) +A 


berechnet werden, wobei k,* bzw. k,‘ durch die Glgn. 


t Da in (3.12), (3.14) und (3.15) Oberflachenterme nicht beriicksichtigt worden sind, so 
sollen auch die in den Glgn. (3.16), (3.17) und (3.18) auftretenden Oberflachenterme cA? und 
#cA-t bei dem nachfolgenden Vergleich nicht in Betracht gezogen werden. Der Vergleich der 
entsprechenden Coulombanteile in (3.14) und (3.17) macht insofern gewisse Schwierigkeiten als 
das in (3.14) verwendete mittlere Potential 7, nur mit 2¢ZA~-% in (3.17) verglichen werden 
kann, weshalb wir im Folgenden das Glied — 4dZ?/A‘/s gegeniiber 24dZ/A%4 in (3.17) vernach- 
lassigen wollen. Der Fehler der dadurch in V, entsteht, betragt etwa 6 %, hebt sich jedoch in 
den folgenden Endresultaten weitgehend heraus. (Vgl. Seite 184.) 
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pr? 

—S? (kg?) = +V? (kg?) +4+V, = 0 
=m 
p®2 

—SN(kpN) = — +V%(k,%)+4 = 0 


2m 


(3.19) 


gegeben sind ft. Daraus erhalt man fT 
. Txy(VoX+4 T 
ox Tat) Ty y 
Ty +Viy L+Vi0 
Tp(Vo' +4) ms V,"V, sai T (Vo +4) a VioV 
Tpt+V," LptV," 1+V 49 T+V iq 
Entwickelt man ® und @” nach g bzw. Z/A}4, so folgt wegen (3.8) und (3.11) 
DX = D+, 9+, 9’, 


(3.20) 








» (3.21) 
PD = D,—9,9+9,7—®, Z/A}, 
wobei 
o= . (V 99 +Ao) o, = a (V 5. +4.) 
MH RG gy OM (FF 1) gage ober wre (3.22) 
. T Vv.) rg 2dV 16 m 


ist und die V;, nach (3.9) von «, f, y, 6 abhangen. 

Die optischen Potentiale ®% und @” sind fiir verschiedene Kerne K (N, Z) 
experimentell bekannt (Kap. 4), so daB die theoretischen Ausdriicke 
(3.21) und (3.22) unmittelbar mit den Experimenten verglichen werden 
kénnen. Zur Adjustierung von ®* werden wir daher in Kap. 4 auch einen 
besonders gut untersuchten Kern heranziehen. Bei dem Vergleich von ®% 
mit einem entsprechenden Experiment empfiehlt es sich jedoch aus prak- 
tischen Griinden, etwas anders vorzugehen. Wegen der Ungenauigkeit der 
Messungen von Neutronenpotentialen wollen wir nicht einen speziellen Kern 
zum Vergleich heranziehen, sondern stattdessen verschiedene Werte fiir 
®, vorgeben, um dann erst anhand der jeweils berechneten gesamten Funk- 
tion ®%(q) zu entscheiden, welches ®, bzw. welches ©‘ (7) am besten mit den 
experimentellen Daten bei mehreren Kernen iibereinstimmt. 

Mit den oben diskutierten vier Gleichungen aus dem Koeffizienten- 


t Es sei bemerkt, da®B das Weglassen der Oberflachenenergie in (3.19) zur Bestimmung von 
k,? und &,§ eine — allerdings nur unwesentlich ins Gewicht fallende — Naherung ist und nicht 
wie in (3.12), (3.14) und (3.15) durch die nachfolgend angewandte Methode des Koeffizienten- 
vergleiches legitimiert werden kann. 

tt Die Naherung 7y/(T+V,%) » T/(T+Vj4,)) hat, wie sich aus den in Kap. 4 berechneten 
numerischen Werten zeigt, einen Fehler von 2 %, was im Rahmen dieser Theorie nicht wesent- 
lich ist. Die Naherung V,?/(Tp+V,?) © Vyo/(T+V 9) liefert einen um 6 % zu kleinen Wert. 
Da dieser Ausdruck jedoch mit V, multipliziert wird, was (nach Seite 183) um etwa 6 % zu 
groB ist, betragt der Fehler des Produktes nur noch 0.4 %. 
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vergleich von (3.12, 14, 15) mit (3. 15, 17, 18) erhalt man die sechs 
Gleichungen 





(I) —a = 1+ 5V 9+ 5" 10 
(II) +6 = pel t+§(VortV oe) +355(Vir +V ie) 
(IIT) —&@ = T+VytVi9tAo 
(IV) —b = —§T4V o2tVigt Ay (3.23) 
, e 

(V) D, = TLV... (Vo9 +A) 

~* 10 

T VioV 
(VI) o? = —___ (VP. 4)— _* * 

T+V 4 T+V 49 


fiir die 6 Unbekannten «, f, y, 6, M9, 4, (Die GréBen V;, kénnen nach (3.9) 
durch «, f, y, 6 ausgedriickt werden). Wie man unmittelbar sieht, sind die 
Glgn. (I), (III) und (V) identisch mit den Gleichungen (2.5), (2.7) und (2.10) 
so daB Vo, Vy und A, die in Kap. 2 gesuchten GréBen der Kernmaterie 
sind f. 


4. Vergleich mit dem Experiment 


4.1 DIE EXPERIMENTELLEN DATEN 


Zur Lésung von (3.23) werden verschiedene experimentelle Werte be- 
notigt. Die Koeffizienten der Weizsacker-Bethe-Formel (3.16) entnehmen 
wir einer Untersuchung von Green ?!’). Danach ist 


a= 15.74MeV, b= 23.685 MeV, d= 0.709. (4.1) 


In (3.23 VI) wird das optische Potential eines bestimmten Kernes fiir 
Protonenstreuung bei E = 0 bendtigt. Experimentelle Streudaten fiir 
verschiedene Kerne liegen vor bei E = 5.25; 7.5; 17.5 und 31.5 MeV 1% 18-19), 
Eine Analyse dieser Experimente mit dem Ziel, die optischen Potentiale zu 
bestimmen, ist an einigen dieser Daten durchgefiihrt worden ?® #122), Fiir 
alle angegebenen Energiewerte liegt eine solche Analyse jedoch nur fiir den 
Kern Ni vor. Wir wollen daher im Folgenden bei der Lésung von (3.23) die 
Daten dieses Kernes verwenden. Um das optische Potential zu erhalten, 
extrapolieren wir die bei Saxon u.a.”® 1.22) bestimmten Potentiale graphisch 
auf E = 0 (Abb. 3). Die Extrapolation ergibt 


t Zur Vermeidung des Ansatzes (3.1) kénnte man etwa auch von (3.8) und (3.11) ausgehen, 
hatte also 6 Unbekannte V ;, sowie A, und A, zu bestimmen. Der Koeffizientenvergleich zwischen 
(3, 12, 14, 15) und (3.16, 17, 18) liefert dann 5 unabhangige Gleichungen, so da8B man _ ins- 
gesamt mit (3.23 V) und (3.23 VI) 7 Bestimmungsgleichungen hat. Man mu8 daher noch 
einen weiteren experimentellen Wert hinzuziehen, z.B. das optische Potential ®%(q)) eines 
bestimmten Kernes mit g = gy. Da die aus dem Ansatz (3.1) mit (3.23) berechnete Funktion 
@N(q) jedoch bereits mit allen gemessenen Werten ®%(7),.,,) gut iibereinstimmt, wie Abb. 4 
zeigt, 4ndert ein solches Vorgehen an den Ergebnissen nichts. 
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@* (Ni) = —53.6 MeV. (4.2) 


exp 
Fiir die Lésung von (3.23) wird auBerdem noch das Coulombpotential V, 
bendtigt. Mit (4.1) ist 

V.(Ni) = 10.128 MeV. (4.3) 


Experimentelle Daten fiir Neutronenstreuung sind fiir eine groBe Anzahl 
von Kernen bei verschiedenen Energien bis hinab zu 0.5 MeV bestimmt 








Mev 4 
60 
p 
50} $e xp(E) 
40 5 
30 a 
10 20 30 40 gr 


Abb. 3. Experimentelles optisches Potential fiir Ni. 


worden 73), Eine theoretische Analyse dieser Experimente zur Bestimmung 
der entsprechenden optischen Potentiale wurde bei den Kernen Fe, Zr, Sn 
und Bi durchgefiihrt. Da die Energieabhangigkeit der optischen Modell- 
Parameter dabei nur in wenigen Fallen beriicksichtigt wurde, ist eine Extra- 
polation dieser Werte auf E = 0 nicht méglich. Wir wollen daher im Folgen- 
den diejenigen Werte der optischen Potentiale verwenden, die durch Ad- 
justierung an die experimentellen Daten bei E = 0.5 MeV gewonnen wurden. 
Im Hinblick auf die Ungenauigkeit der Experimente mit Neutronen diirfte 
dadurch kein wesentlicher Fehler verursacht werden. Die so bestimmten 
Werte der optischen Potentiale sind in Abb. 4 fiir die Kerne Zr, Sn und Bi in 


Abhangigkeit von gq eingezeichnet f. 


4.2. LOSUNG DES GLEICHUNGSSYSTEMS (3.23) 
Das System (3.23) wurde unter Verwendung von (4.1), (4.2) und (4.3) fiir 
die drei Werte 
@D, = — 49 MeV, —50 MeV, —51 MeV (4.4) 


t Die experimentellen Daten fiir Fe sind — vermutlich durch einen systematischen Fehler 
der Messungen — bereits qualitativ mit den iibrigen Messungen nicht zu vereinbaren und sollen 
daher in den folgenden Rechnungen nicht beriicksichtigt werden. 
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gelést. Mit (3.21) und (3.22) lassen sich dann aus den jeweils berechneten 
Werten «, f, y, 6, 4g und A, die drei Funktionen ®j(¢), ®%(¢), ®3(¢) 
bestimmen. 
In Abb. 4 sind diese Funktionen in Abhangigkeit von g graphisch darge- 
stellt. Der Vergleich der eingezeichneten Kurven mit den experimentellen 
Punkten zeigt eindeutig, daB man die beste Ubereinstimmung mit den 
Experimenten bei ®, = —50 MeV erhalt. Wir wollen daher —50 MeV als 
den experimentellen Wert von ®, ansehen. 

Fiir die Unbekannten des Systems (3.23) erhalt man dann die folgenden 


Werte: 


a = —30.46 MeV y = —60.84 MeV (4.5) 
B= -+ 1.85 MeV d= + 9.98 MeV 
und fiir die Potentialparameter (in MeV) 
Voo = —84.2 Vo. = +21.89 Voo = +3.943 
Vio = +11.83 Vy, = —0.245 V,, = —6.734 (4.6) 
D, = —50 %®, = +1669 O, = —9.689 ; 
A, = +18.6 A, = —16.65 
wobei 
m* 
Py = —50; Vop = —84.2; Vip = 11.83; dy = 18.6 — = 0.762 (4.7) 


die entsprechenden Daten fiir die in Kap. 2 behandelte Kernmaterie sind f. 
Diese Daten wurden bereits bei der Berechnung der Kurven in Abb. 1 
verwendet (Vgl. auch Tab. 1). 


4.3. DISKUSSION DER ERGEBNISSE 

Aus (4.5) ersieht man, daB die effektive Wechselwirkung — wenn man 
von sehr hohen Relativimpulsen absieht — zwischen verschiedenen Teilchen 
wesentlich gréBer ist als zwischen gleichen. Dieses Ergebnis macht sich 
qualitativ sehr deutlich bemerkbar, wenn man die Potentiale V? und VN 
oder die optischen Potentiale ©” und ®% bei Kernen mit verschiedenen 
g-Werten betrachtet. 

Bei dem optischen Potential eines Neutrons wird sich mit wachsendem q 
der Beitrag der Wechselwirkungen zwischen gleichen Teilchen vermehren, 
der zwischen verschiedenen dagegen verringern. Es ist also zu erwarten, 
daB —@%(q) eine mit g abnehmende Funktion ist. Die in Abb. 4 dargestellte 
Funktion ®%(g) (®, = —50 MeV) zeigt in der Tat ebenso wie die experimen- 
tellen Daten dieses Verhalten. Dariiber hinaus sieht man am Vergleich mit 


t Mit Hilfe der Stérungstheorie wurde kiirzlich von Medina *) fiir die effektive Masse des 
optischen Potentials bei E = 0 der Wert m*/m = 0.765 gewonnen, was mit dem hier berech- 
neten Wert sehr gut ibereinstimmt. 
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den Experimenten, daB die Neigung der Kurve, also im wesentlichen ®, 
(das quadratische Glied spielt wegen der Kleinheit von g keine merkliche 
Rolle) nicht nur qualitativ dem Verhalten der experimentellen Daten ent- 
spricht, sondern auch quantitativ den Verlauf der experimentellen Werte 
gut wicdergibt. 

MeV i 


60} 
gp $,=-49 
(q) 








46 | N ee ad 


45| “2 q) Hila rn 1 
44| 








0 0.02 0.04 0.06 008 O01 O12 O14 O68 O18 O2 022 q 
Abb. 4. Verlauf von ®%(qg) und @®?(q). 


Fiir das optische Potential eines Protons wird man das umgekehrte 
Verhalten erwarten, d.h., daB ®"(g) mit g zunimmt. Die in Abb. 4 gezeichne- 
ten drei theoretischen Kurven zeigen zwar dieses Verhalten, jedoch ist ein 
Vergleich mit dem Verlauf der experimentellen Werte Dip (7) dadurch 
erschwert, daB nur bei Ni Messungen bei so niedriger Energie vorliegen, daB 
eine sinnvolle Extrapolation auf E = 0 méglich ist. Der experimentelle 
Wert von ®” bei Ni (4.2) war deshalb auch zur Lésung von (3.23) verwendet 
worden. 

Bei den Kernen Ag und Au liegen Experimente nur bei 17.5 und 31.5 MeV 
vor, weshalb eine Extrapolation von ®. (FE) auf E = 0 nicht sinnvoll ist. 


exp 
Dagegen zeigt sich, daB eine Extrapolation der Differenz 


f(£) = Dig—Pru (4.8) 
auf E = 0 mit keiner besonders groBen Willkiir behaftet ist. Wahlt man 
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fiir /(0) versuchsweise die Werte, die sich theoretisch bei ®, = —49, —50, 
—51 MeV ergeben (das entspricht den drei Kurven in Abb. 4) und verbindet 
sie mit den experimentellen Werten bei 17.5 und 31.5 MeV, so ergeben sich 
die drei in Abb. 5 gezeichneten Kurven. Nimmt man nun an, daB /(£) einen 
ahnlichen Verlauf hat wie der in Abb. 3 aufgezeichnete Absolutbetrag 
@*(E) bei Ni, so entspricht von den drei Kurven in Abb. 5 am besten der 
Kurve in Abb. 3 diejenige, die mit dem Wert ®, = 50 MeV berechnet wurde. 

Unabhiangig von dieser vermutlich zufallig genauen Ubereinstimmung 
geht jedoch aus Abb. 5 mit ziemlicher Sicherheit hervor, daB (0) positiv ist. 


MeV | HE) = Bag - Bay 
*T I: §, =-49 
I: $,=-50 
M: $ =-51 

















10 20 30 40 E 

Abb. 5. Verlauf von /(£). 

Das bedeutet, daB — Dexp(q) mit wachsendem qg zunimmt, was genau dem 
oben diskutierten qualitativen Verhalten der berechneten Funktion (Abb. 4) 
entspricht. 

Es zeigt sich somit, daB die theoretisch berechneten Werte von ®% und ®? 
mit allen zur Zeit vorliegenden Experimenten in guter Ubereinstimmung 
stehen. Da jedoch bisher nur wenige Experimente vorliegen, die wirklich 
sinnvoll mit der Theorie verglichen werden kénnen, kann die gefundene 
Ubereinstimmung noch kein endgiiltiger Beweis fiir die Giite der Theorie sein. 


5. Zusammenfassung 


Mit Hilfe der in Kap. 3 entwickelten halbempirischen Formulierung des 
Einteilchenmodells der wirklichen Kerne, wurde unter Verwendung der 
Weizsdcker-Bethe-Formel sowie einiger experimenteller Daten aus Streu- 
messungen mit Protonen und Neutronen die Einteilchenpotentiale V*(q) 
und V(q) fiir Protonen bzw. Neutronen in Abhangigkeit vom Neutronen- 
iiberschuB g berechnet. (cf. (3.8), (4.6) ). Weiterhin wurden die entsprechenden 
optischen Potentiale ®’(g) und ®N(q) (bei der Streuenergie 0) (3.21), (4.6) 
und die Rearrangementenergie 4(qg) (3.11), (4.6) aus der Theorie bestimmt. 





190 





P. MITTELSTAEDT 


Soweit experimentelle Vergleichswerte vorliegen, ist die Ubereinstimmung der 
berechneten optischen Potentiale mit den entsprechenden MeBresultaten 
gut (Kap. 4.3). 

Geht man von V‘(q), 4(¢) und ®*(q) aus, so entsprechen dem Spezialfall 
q = 0 die in Kap. 2 untersuchten Daten der Kernmaterie (Kap. 3.2). In der 
Bezeichnung von Kap. 2 ergibt sich fiir das Einteilchenpotential (4.7) 
V, = —84.2+ 11.83 k?/k,? (MeV) fiir das ,,optische Potential’ ®, = —50 
MeV und fiir die Rearrangementenergie 4, = + 18.6 MeV. 


Herrn Professor V. F. Weisskopf méchte ich fiir wertvolle Diskussionen 
vielmals danken. 
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DIE FORMEN DER £-SPEKTREN VON Na”, Na* und P*” 
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Institut fiir Physik im Mazx-Planck-Institut tiir medizinische Forschung, Heidelberg 


Eingegangen am 30. Mai 1958 


Abstract; The f-ray spectra of Na®*, Na** und P** have been investigated with an iron-free 
lens spectrometer. The Na** spectrum is found to follow the allowed distribution between 
0.16 and 0.47 MeV. The P** spectrum shows a large deviation from the allowed shape. 
The deviation is proportional to the electron energy and amounts to (— 4.1 +.1.3) x 10~2/me?. 
No clear cut result has been obtained for Na**, but probably there is a small deviation 
from the allowed shape. 


1. Ziel der Untersuchung 


Unter gewissen Vernachlassigungen (vgl. Zif. 4) wird das Spektrum eines 
erlaubten 8-Ubergangs durch den folgenden Ausdruck gegeben: 


N(W)dW = const F(Z, W)pW(W,—W)?2(1-Fb/W)dW. (1) 


Die Symbole sind dabei in ihrer tiblichen Bedeutung gebraucht *). Der 
Fierz-Koeffizient } ist wahrscheinlich Null, auf jeden Fall aber klein (fiir 
eine neuere Zusammenstellung der Daten s. Ref.*?)). Im folgenden soll von 
einem erlaubten Spektrum gesprochen werden, wenn die Form genau durch 
Glchg. (1) mit 6 = 0 wiedergegeben wird. 

Neben Abweichungen von der erlaubten Form proportional 1/W (Glchg. 
(1)) kann man an energieproportionale Abweichungen denken (vgl. Zif. 3): 


N(W)dW = const F(Z, W)pW(W,—W)2(1-+aE)dW. (2) 


Seit langem ist eine ganze Reihe verbotener Uberginge bekannt, deren 
Spektren nicht die erlaubte Form besitzen!). Dagegen wurden bei er- 
laubten Ubergiangen bis vor kurzem keine Abweichungen von der erlaubten 
Spektralform gefunden. 

Im folgenden soll iiber eine Messung der Spektralformen von Na”, 
Na und P** berichtet werden. Abb. 1 zeigt die Zerfallsschemata %). Die 
verbotenen Uberginge bei Na?” und Na* besitzen eine so geringe Intensitat, 
daB sie die Messung an der Hauptgruppe nicht stdren. Die untersuchten 
Uberginge aller drei Isotope haben folgendes gemeinsam: Sie sind nach den 
Auswahlregeln von Spin und Paritét erlaubt, werden ausschlieBlich oder 
fast ausschlieBlich durch Gamow-Teller-Wechselwirkung vermittelt und 
besitzen /t-Werte, die ausgesprochen hoch fiir erlaubte Uberginge sind. Der 
6-Zerfall des P%? ist ,,/-verboten’’. 
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Die Formen der genannten /-Spektren sind schon des 6fteren Gegenstand 
von Untersuchungen gewesen ‘-$). Mit Ausnahme von Porter, Wagner und 
Freedman *) berichten alle Autoren, daB die Spektren eine erlaubte Form 
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Abb. 1. Zerfallsschemata der untersuchten Isotope. Bei den ausgemessenen £-Gruppen sind die 
Werte des Log /t mitangegeben. 


besitzen. Porter et a/.*) fanden einen kleinen Unterschied zwischen Na*4 und 
P%2, der wahrscheinlich auf einer nicht erlaubten Form bei P*®? beruht. Die 
GréBe der Abweichung wird zu etwa 3 % entsprechend a » —1 x 10~?/mc? 
angegeben. 


2. MeBverfahren und Quellenherstellung 


Wenn ein f-Spektrum eine erlaubte Form besitzt, ist nach Glchg. (1) der 
sog. Formfaktor 


—_ 


f N(W) 

 F(Z,W)pw(W,—W)? 
unabhingig von der Elektronenenergie. Von besonderer Bedeutung ist 
offensichtlich die genaue Kenntnis der Grenzenergie W,. Ein etwaiger 
kleiner Eichfehler des Spektrometers ist dabei ohne wesentlichen EinfluB, 
weil Grenzenergie und Spektralform mit demselben Gerat bestimmt werden. 
Gemessen wurde mit dem eisenfreien Heidelberger Doppellinsen-Spektro- 
meter. Als Detektor diente ein Anthracen-Szintillationszahler. Zur Aufnahme 
des gesamten Kontinuums wurde er in integraler Diskriminierung benutzt, 
zur separaten Bestimmung der Grenzenergie aus dem oberen Ende des 
Kontinuums in Einkanaldiskriminierung. Bei der Einkanaldiskriminierung 
ist der Untergrund praktisch Null. 

Die Anordnung ist im Zusammenhang mit der Messung der Spektralform 
des Spiegeliibergangs N?*-—>»C!® ausfiihrlich beschrieben worden?). Bei 
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diesem Spektrum war eine erlaubte Form beobachtet worden. Die jetzigen 
Messungen und ihre Auswertung wurden genauso ausgefiihrt. Insbesondere 
fanden die gleichen Praparathalter und die gleichen Korrekturen auf 
Zahlverluste Verwendung. 

Von Na* und Na*™ wurden je eine Quelle hergestellt und ausgemessen, 
von P%? drei Quellen. Eine der P**-Quellen wurde durch Eintrocknen aktiver 
Lésung auf 50 wg/cm? Celluloid bereitet, wobei die Bildung einzelner groBer 
Kristalle nach Méglichkeit vermieden wurde. Die anderen Quellen wurden 
durch Aufdampfen hergestellt. Aufgedampft wurde auf 50 ug/cm? Celluloid 
(Na®*) oder 210 uwg/cm? Al(Na*™4 und P%?), Alle aufgedampften Quellen waren 
praktisch unsichtbar und mit Sicherheit leichter als 200 ug/cm?; diese obere 
Grenze wurde durch Wagungen ermittelt. Bei diesen Quellen- und Unter- 
lagendicken ist keine Verfalschung des Spektrums zu befiirchten ?). 

Jede Quelle wurde wiederholt ausgemessen, wobei zwischen Messungen 
von kleiner zu groBer Elektronenenergie und solchen in umgekehrter Rich- 
tung abgewechselt wurde. Zur Kontrolle wurde ferner der zeitliche Abfall 
bei Na** und P*® verfolgt. Die P®*-Quellen enthielten etwas P®*, das aber 
oberhalb seiner Grenzenergie von 0.25 MeV) nicht storte. 


3. MeBergebnisse 


Abb. 2, 3 und 4 zeigen die Fermi-Kurven zur Grenzenergiebestimmung, 
Abb. 5, 6 und 7 die Formfaktoren als Funktion der Energie; eingezeichnet 
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Abb. 2. Grenzenergiebestimmung bei Na®, 


sind die mittleren statistischen Fehler. Bei P** sind nur die Messungen an 
einer der beiden aufgedampften Quellen dargestellt. Offensichtlich ist der 
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Abb. 4. Grenzenergiebestimmung bei P%*. 
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Abb. 5. Formfaktor von Na** als Funktion der Positonenenergie E. Obere Kurve: Dis- 


kriminierung bei 6 V, untere Kurve: Diskriminierung bei 3V. Die eingezeichneten Geraden 
parallel zur Abszissenachse stellen den Formfaktor bei erlaubter Spektralform dar. 
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Abb. 6. Formfaktor von Na*‘ als Funktion der Elektronenenergie E. Diskriminierung bei 3V. 
Die eingezeichnete Gerade ist den MeBpunkten durch Ausgleichsrechnung angepaBt. 
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Formfaktor von Na** im untersuchten Energiebereich konstant, wahrend er 
bei Na** und P%* mit wachsender Elektronenenergie abnimmt. Bei P*® 
nimmt er innerhalb der MeBgenauigkeit linear mit der Energie ab, wahrend 
die Art der Abnahme bei Na*‘ aus Abb. 6 nicht unmittelbar zu entnehmen ist. 
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Abb. 7. Formfaktor von P* als Funktion der Elektronenenergie E. Diskriminierung bei 3V. 


Die eingezeichnete Gerade ist den MeB8punkten angepaBt. 


Um ein klareres Bild zu gewinnen, wurden die folgenden Gr6Ben durch 
Ausgleichrechnung ermittelt: Koeffizient b nach Glchg. (1) bei Na?? und Na*4 
und Koeffizient a nach Glchg. (2) bei Na*4. 


TABELLE l 


Zusammenstellung der Ergebnisse 


Die Koeffizienten b und a sind durch Glchg. (1) bzw. Glchg. (2) definiert 





Na22 


Na*4 


p32 








Halbwertzeit mit 
Fehlergrenze 


Grenzenergie mit 
Fehlergrenze 


Koeffizient b mit 
mittlerem Fehler 


Koeffizient b mit 
Fehlergrenze 


Koeffizient a mit 
mittlerem Fehler 


Koeffizient a mit 
Fehlergrenze 





545-42 keV 


(—1.6-+42.0) x 10-2 me? 


(—1.6+8.0) x 10-2 mc? 





15.07 +0.15 h 


1389+-4 keV 


(+7.2+42.3) x 10-2 me? 


(+7.2+7.2) x 10-2 mc* 


(— 1.50 +.0.45) x 10-?/mc? 


(—1.50+.1.50) x 10-?/mc? 





14.2+-0.3 d 


1705+4 keV 


(—4.1+41.3) x 10-2/me? 
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Die Ergebnisse der Messungen und Rechnungen sind in Tab. 1 zusam- 
mengestellt. Die Werte fiir ) bei Na** sind aus den beiden in Abb. 5 dar- 
gestellten MeBkurven gewogen gemittelt. Der Wert fiir a bei P*? wurde aus 
den Messungen an den drei Quellen (Zif. 2) ebenfalls durch Mittelung er- 
halten. 

Soweit Ausgleichrechnungen angestellt wurden, wurde als Beitrag der 
Statistik zu den Fehlergrenzen Tab. 1 der dreifache mittlere Fehler ange- 


setzt. 


4. Diskussion 


Die Daten iiber Grenzenergie und Halbwertzeit Tab. 1 stimmen bis auf die 
Grenzenergie von Na* ausgezeichnet mit den Mittelwerten aus den Alteren 
Messungen tiberein *). Auch bei Na** ist der Unterschied nicht auBerhalb der 
Fehlergrenzen. 

Innerhalb der Statistik hat das Spektrum des Na** im untersuchten 
Energiebereich genau die erlaubte Form, wahrend die Abweichungen bei P*” 
auBerhalb aller statistischen Schwankungen liegen. Die Messung an Na*4 
ist nicht vollstandig unvertraglich mit einer erlaubten Spektralform. 
Dennoch ist es viel wahrscheinlicher, da eine geringe Abweichung vorhanden 
ist. 

Die GréBe der Abweichung bei P*? legt es nahe, zunachst an einen syste- 
matischen Fehler zu denken, der in diesem Ausmaf jedoch nur bei P*? 
aufgetreten sein diirfte. Ein solcher Fehler ist aber auszuschlieBen: Einmal 
wurde mit drei verschiedenen Quellen innerhalb der Statistik das gleiche 
Ergebnis erzielt, zum anderen ist friiher durch ausgedehnte Versuche 
sichergestellt worden ?), daB bei den jetzt verwendeten Quellen- und Unter- 
lagendicken keine Verfalschungen auftreten konnten. 

Bei Na” besteht Ubereinstimmung nicht nur mit den friiheren Messungen 
der Spektralform‘*), sondern auch mit einer Arbeit von Sherr und Miller °), 
die das Verhaltnis Elektroneneinfang zu Positonenemission maBen und es 
gleich dem theoretischen fiir erlaubte Spektralform fanden. 

Zwischen der hier gemessenen Spektralform des Na*4 und der von Porter 
et al.6) beobachteten besteht kein ausgesprochener Widerspruch, aber auch 
keine gute Ubereinstimmung. 

Obgleich die von Porter ef al.*) angegebene Abweichung bei P®* und die 
hier mitgeteilte das gleiche Vorzeichen haben, ist die Differenz in der GrdBe 
doch so betrachtlich, daB beide Messungen wohl nicht miteinander vertrag- 
lich sind. Dagegen stimmt der von jenen Autoren gemessene Unterschied in 
den Spektralformen von P*? und Na*‘, der zuverlassiger als jede Spektral- 
form fiir sich sein sollte *), mit dem bei dieser Arbeit zwischen Na** und P#” 
gefundenen Unterschied befriedigend tiberein (Ref.*): 4a ~ —1x 107-?/mc?; 
diese Arbeit: 4a = (—2.6+2.0) x 10-?/mc?). 
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Ein Teil der bei Na** beobachteten Abweichung von der erlaubten Spek- 
tralform kénnte von Fierz-Interferenz herriihren; die obere Grenze des 
Fierz-Koeffizienten fiir Gamow-Teller-Wechselwirkung ist 4X 10~?mc?. 
Die Messung an Na**, dessen Spektrum dann entgegengesetzt gekriimmt 
sein miiBte, schlieBt diese Méglichkeit nicht aus. Andererseits ist die starke 
Abweichung bei P*? nicht durch Fierz-Interferenz zu erklaren, und es 
erscheint verniinftiger, auch bei Na** eine andere Erklarung zu suchen. 

Wie schon in Zif. 1 betont, besitzen alle drei untersuchten Ubergiange 
anomal hohe /t-Werte. So ist bei P?? die Ubergangswahrscheinlichkeit drei 
GréBenordnungen kleiner als bei normalen erlaubten Ubergaingen. Diese 
,zufallige’’ Reduzierung, die fiir das normalerweise ausschlaggebende Ma- 
trixelement gilt, braucht aber keineswegs fiir andere Matrixelemente zu 
gelten, mit denen Abweichungen von der erlaubten Spektralform verkniipft 


sein kénnen. 

Mit der Moglichkeit solcher Abweichungen befaBt sich eine Reihe theore- 
tischer Arbeiten. Betrachtet wurden pseudoskalare Kopplung ?°), relativisti- 
sche Korrekturen ™) und mesonische Effekte !*). Offensichtlich sind aber 
noch zu wenige experimentelle und theoretische Ergebnisse greifbar, um 
eine Entscheidung fiir oder gegen eine bestimmte Interpretation zu er- 


méglichen. 
Fiir die Untersuchung wurden Apparate der Deutschen Forschungs- 


gemeinschaft mitverwendet. 


Literatur 


1) K. Siegbahn (Herausgeber), Beta- and Gamma-ray Spectroscopy (North-Holland 
Publishing Company, Amsterdam, 1955) Kap. IX, X und XI 

2) H. Daniel und U. Schmidt-Rohr, Nuclear Physics (im Druck) 

3) P. M. Endt und C. M. Braams, Revs. mod. Phys. 29 (1957) 683; B. S. Djelepov und 
L. K. Pecker, Zerfallsschemata radioaktiver Isotope (Akad. NAUK, Moskau, 1957) 

4) P. A. Macklin, L. J. Lidofsky und C. S. Wu, Phys. Rev. 78 (1950) 318; D. E. Alburger, 
D. J. Hughes und C. Eggler, Phys. Rev. 78 (1950) 318; C. Wong, Phys. Rev. 95 
(1954) 761 

5) K. Siegbahn, Phys. Rev. 70 (1946) 127; E. F. De Haan und G. J. Sizoo, Physica 21 (1955) 
818 

6) F. T. Porter, F. Wagner jr. und M. S. Freedman, Phys. Rev. 107 (1957) 135 

7) N. M. Anton’eva, A. A. Bashilov, B. S. Dzhelepov und V. I. Orlov, Izvest. Akad. Nauk 
Ser. Fiz. SSSR 18 (1954) 93 [zitiert nach Nucl. Cards, Nucl. Data Group, NBS, Washing- 
ton} 

8) A. V. Pohm, R. C. Waddell und E. N. Jensen, Phys. Rev. 101 (1956) 1315; dort auch 
ausfiihrliches Verzeichnis der ilteren Literatur iiber P** 

9) R. Sherr und R. H. Miller, Phys. Rev. 93 (1954) 1076 

10) G. Alaga, O. Kofoed-Hansen und A. Winther, Mat. Fys. Medd. Dan. Vid. Selsk. 28 
(1953) no. 3 

11) G. Alaga, L. Sips und D. Tadié¢é, Nuclear Physics 6 (1958) 303, und dort zitierte Literatur 

12) M. Gell-Mann, Vorabdruck 











Nuclear Physics 8 (1958) 199—206; (€) North-Holland Publishing Co., Amsterdam 








9.A 





Not to be reproduced by photoprint or microfilm without written permission from the publisher 
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Abstract: The differential and integral angular distributions of shower particles produced 
in high-energy nuclear interactions are calculated according to the multiple meson 
production theories of Fermi, Landau and Heisenberg §-") for nucleon-nucleon inter- 
action. Angular distributions calculated according to the theory of Landau are given 
for nucleon-nucleus interaction too. It is shown by summarizing the experimental data 
of jets of energies higher than 10!* eV that the angular distribution alone does not show 
unambiguously which of the multiple meson production theories, if any, is the correct one. 


1. Introduction 


Several authors have investigated the angular distribution of the second- 
aries of energetic jets and have reported that the angular distribution in the 
centre of mass system (CMS) is strongly anisotropic for primary energies 
higher than 10! eV 1-5). A significant deviation from isotropy was shown 
also for lower energies ®), The angular distributions were compared generally 
with the distributions expected on the basis of current theories §-") of 
multiple meson production. In some papers, however, comparison was not 
made with all theories, thus the conclusions drawn from their results con- 
cerning the agreement between the angular distribution as found ex- 
perimentally and predicted theoretically cannot be accepted without 
reserve. 

The aim of the present paper is to give the results of calculations of 
differential and integral angular distributions on the basis of the theories of 
Fermi ®), Landau ?°) and Heisenberg"), respectively, and to compare 
them with the experimental data available. 


2. Angular Distribution in Nucleon-Nucleon Collision 


The differential and integral angular distribution of shower particles 
generated in nucleon-nucleon collisions were calculated t) according to the 
theories of Fermi, Landau and Heisenberg ®-"'). The distributions of the 


t For the details of the calculation see ref. 7), where the approximations used and the 
resulting expressions for the different angular distributions are given. 


199 








200 G. BOZOKI, E. FENYVES AND EVA GOMBOSI 


product y, tg 6t which is to a large extent independent of primary energy, 
are plotted in figs. 1 and 2. 

The curves J in the figures correspond to an isotropic distribution and to 
the assumption that m = £,/B,, the ratio of the velocities of the primary and 
secondary particles in the CMS, is equal to unity, this condition being 
approximately fulfilled at very high energies. 

The angular distribution following from the first formulation of the Fermi 
theory §) is isotropic and at high energies it can be well approximated by the 
curve J. In the second paper of Fermi ®) the conservation of angular momen- 
tum was also taken into account resulting in the modified differential 
angular distribution being anisotropic, the shape of the distribution curve 
depending on the impact parameter of the collision. Bearing in mind that 
the impact parameter of collision cannot be determined directly from the data 
obtained from a jet without some theoretical assumption, it becomes clear 
that the only way of comparing the angular distributions as found experi- 
mentally with those expected theoretically is to build on the one hand a 


dN dN 
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Ch 
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Fig. 1. Differential angular distribution of shower particles calculated according to 1) isotropic 
emission in the CMS and m = 1 (J), 2) Fermi theory using median impact parameter value 
(Fy = 0.959), 3) Landau theory in the case of energies from 10" to 10' eV (L(10"! eV) to 
L(10!4 eV)), 4) approximation of the Heisenberg theory at low energies (H,) and 5) approxima- 
tion of the Heisenberg theory at high energies (H,). 

composite jet from a great number of unbiased experimental events and to 
calculate on the other with the median impact parameter value p = 0.959 
(see curve F, _o959 in the figures). 

The angular distribution following from the theory of Landau is strongly 
anisotropic, the degree of anisotropy increasing with the primary energy. In 


t y, is the energy of the nucleon in the centre of mass system (CMS) in nucleon rest mass 
units, 9 is the angle of emission in the laboratory system (LS) andIn y, tg @ = — A the well- 
known parameter of the Landau theory }%). 
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the figures the differential and integral Landau distributions are plotted 
for energies 104, 10!*, 1015 and 10" eV, respectively. 

The angular distribution of emitted particles in the Heisenberg theory is 
also anisotropic, here too the degree of anisotropy is strongly increasing with 
the primary energy. However, at relatively low energies it can be approxi- 
mated by an isotropic distribution as was done by Symanzik !*) (see curves 
H, in the figures). If the primary energy is very high, there is a strong 
collimation of emitted particles around the collision axis in the CMS. 
Consequently, the forward and backward cones of the CMS are separated 
in the LS to a large extent. The angular distribution in the case of maximum 
separation of the two cones was approximated by Symanzik !*) and this 
approximation is valid for energies higher than 10!" eV (see curves Hy in the 
figures). 

In the case of a nucleon-nucleus collision the angular distribution of 
emitted particles depends not only on the particular theory applied but in 
addition on the model describing the event and therefore comparison between 
theory and experiment will be much more complex. This can be illustrated 
e.g. in the case of the Landau theory, where the angular distribution for a 
given primary energy is the less anisotropic the higher the mass number of 
the target nucleus (see app. 1). 


3. Comparison of the Theoretical and Experimental Angular 
Distributions 


It can be seen from the figures that the difference between the isotropic 
and anisotropic angular distributions increases with increasing primary 
energy of the colliding particles. So as to decide whether the theories result- 
ing in isotropic (Fermi’s first formulation) or those resulting in anisotropic 
angular distribution (Fermi’s second formulation, Landau and Heisenberg) 
give better fit with the experimental data it is thus best to investigate jets 
with energies higher than 10!” or 1048 eV. Building up of a composite jet 
makes possible the comparison with the Fermi distribution calculated with 
the median impact parameter value, such a jet improving at the same time 
the statistical accuracy. 

It must be emphasized, however, that the nuclear interactions found in 
emulsion plates seem to be rather nucleon-nucleus collisions than nucleon- 
nucleon ones and until now there exists no procedure by which it could be 
ascertained without any doubt whether the collision is a nucleon-nucleon 
interaction or not. The conventional selection of jets with a relatively small 
number of black and gray tracks (Nj) does not rule out with certainty the 
nucleon-nucleus interactions but provides a certain bias against them. 

Following the above considerations we have selected jets of energies 
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higher than 10'8 eV for which Ny, S 3}+*4-5-1415)f and built a composite jet 
containing thus 142 shower particles. The differential angular distribution of 
this composite jet is plotted in fig. 3 together with the theoretical distri- 
butions calculated respectively; assuming isotropic emission (J), on the 
basis of the second Fermi theory with median impact parameter (J, 9.959); 
according to the Landau theory in the case of primary energies of 1018 and 
1044 eV (L) and finally according to the Heisenberg theory at very high 
energies (Hy). 

Assuming that the composite jet corresponds to an average nucleon- 
nucleon collision, it may be concluded that the experimental angular distri- 
bution agrees within the limits of errors with the Landau and Heisenberg 
distributions but deviates significantly from the isotropic and Fermi 
(p = 0.959) distributions, the Pearson probabilities for these using a y?-test, 
being respectively 


P,s(J) << 10-5 and P,s(F, 959) < 107%. 
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Fig. 3. Differential angular distribution of shower particles of jets with energies higher than 
1018 eV: 1) sum of the experimental data published in ref. 1!) * 45, 1%,15) (histogram), 

2) distribution calculated according to isotropic emission in the CMS and m = l1(J), 

3) Fermi distribution using median impact parameter value (Fp = 0.959), 

4) Landau distribution in the case of 10'* and 104 eV energies (L)10"* eV), L(10"* eV)) and 
5) approximation of the Heisenberg distribution at high energies (H,). 


From the above considerations it seems to be very probable that isotropic 
angular distribution can be ruled out as was pointed out also in several 
other papers (see e.g. ref.5)). As regards, however, the comparison with the 
Fermi distribution calculated with the median impact parameter value 
caution is indicated. Three of the jets ***) building up the composite jet 


t From ref. 15) we have selected the (0+4p) and (0+22p) showers, the y value of which 
had been determined unambiguously. 
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were produced as a matter of fact, by « particles and thus some of the very 
small-angle tracks in these jets may correspond to fragments of the primary 
particle. This effect will cause a more pronounced concentration of tracbs 
near the axis in the forward cone, i.e. for small @ values (see fig. 3). In 
addition, in cases where the incoming particle collides with a nucleus the 
emitted particles may be scattered in the nucleus before escaping, giving 
thus a broader distribution of angles in the LS. Some of these scattered 
particles may have sufficiently great angles to increase appreciably the tail of 
the differential distribution of y, tg 6 at high # values. The strongest deviation 
between the experimental and F,_ 959 curves is just in these regions. 
Neglecting terms corresponding to |In y, tg 6] > 4in the y? test, the Pearson 
probability reduces to 0.005. 

In the y?-test we have taken into account only the statistical fluctuation of 
shower particles emitted in certain directions and neglected the systematic 
errors in the measurement of angles and the errors of the y, values. The 
former source of error will be important at very small values increasing thus 
further the possible deviation at small angles, while the latter error simply 
decreases the significance of the y? test. A further source of error may be the 
relatively small number of jets (x = 7) used for building up the composite 
jet which may result in an average impact parameter significantly different 
from the median one. 

Taking into account, moreover, the very rough basic assumption that the 
composite jet corresponds to a nucleon-nucleon collision, it becomes obvious 
that it is not possible to exclude with certainty the Fermi distribution 
following from the improved theory of Fermi °). 

Furthermore it is quite clear from the figures that it is not possible to 
discriminate between the angular distributions calculated according to the 
Landau and Heisenberg theories. 

By taking into account also jets having lower energies, the statistics may be 
increased, however, the difference between the various theoretical distribu- 
tions becomes at the same time smaller and thus the problem of deciding 
which of the different theories gives a better fit becomes even more difficult. 


4. Summary 


From the above discussion it can be concluded that the angular distribu- 
tion of high-energy jets is significantly anisotropic in the CMS. The angular 
distribution of a composite jet built up of jets of energies higher than 104 eV 
and with Ny S 3 is in good agreement with the Landau and Heisenberg 
distributions and even the Fermi distribution cannot be excluded with 
certainty. This result makes it very probable that from the angular distri- 
bution alone it is not possible to decide which of the multiple meson produc- 
tion theories above, if any, is the correct one. 
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Appendix 


ANGULAR DISTRIBUTION OF SHOWER PARTICLES IN NUCLEON-NUCLEUS 
COLLISION CALCULATED ON THE BASIS OF THE LANDAU THEORY 

We have calculated the distribution of y, tg @ in high energy nucleon- 
nucleus collisions on the basis of the Landau theory. An energetic nucleon 
striking a nucleus interacts with all the nucleons in the nucleus lying on its 
track. Therefore, the collision between the nucleon and nucleus can be 
considered as a collision between the nucleon and a “‘tube’’ cut out of the 
nucleus: the cross section of this tube is equal to the cross section of the 
nucleon and the length of it is varying between the diameter of the nucleus 
and the diameter of one nucleon ! 18), The mean number of nucleons (/) 
struck in this tube was estimated and the resulting angular distributions 
were calculated for C(A = 12; /] = 2.2), Ag (A = 107; / = 3.9) and the 
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Fig. 4. Integral angular distribution of shower particles calculated on the basis of the Landau 

theory for nucleon-nucleus collision at 102 eV energy and average ‘‘tube’’ lengths: 

1) C(A = 12; 1 = 2.2), 2) Ag(A = 107; 1 = 3.9) and 3) average mass number of Ilford G5 
emulsion (A ~ 70; la 3.4). 


average mass number (weighted with the cross sections) of Ilford G5 
emulsion (A ~ 70; / w 3.4) at energies of 10!2 eV (fig. 4). 

It can be seen from fig. 4 that the anisotropy of the angular distribution 
decreases with increasing mass number of the target nucleus. This means, 
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comparing fig. 2 and fig. 4, that the angular distribution in nucleon-nucleus 
collisions is similar to the angular distribution in nucleon-nucleon collisions 
at lower energies. The fact that the shape of the angular distribution of 
shower particles is a function of both the primary energy and the number of 
nucleons struck in the target nucleus, makes the comparison of theoretical 
and experimental results far more complicated. 

Similar difficulties arise if another multiple meson production theory is 
applied and the calculations are based on the above or some other of the 
usual models describing the processes occurring in nucleon-nucleus collision. 
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FOR THE DETERMINATION OF THE HALF-LIFE OF Sm‘ 
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Abstract: An investigation of the use of metal loaded organic liquid scintillators for the study 
of long lived alpha emitters has been carried out. The method was checked using a sama- 
rium loaded scintillator. A specific activity corresponding to a half-life of (1.28 +0.04) x 
10"! years for the alpha decay of Sm!*? was found. This is in agreement with the published 
half-life measured using a different technique. 


1. Introduction 


The investigation of the alpha activities of radioactive isotopes with very 
long half-lives has been hindered by the very short ranges of the emitted 
alpha particles with the resulting large self absorption in all sources external 
to the particle detector. Because of this limitation and low specific activities, 
most such lifetime measurements have been made using nuclear emulsion 
techniques tt. Some work has also been done using geiger and proportional 
counters, especially for the case of Sm!*? which has a relatively high specific 
activity 7). In both of these approaches only small amounts of source 
material could be utilized. However, with the advent of liquid scintillators 
that can be loaded with various elements, it should now be possible to work 
with considerably larger amounts of these isotopes. The improvement in 
counting rates would then allow more precise determinations of the specific 
activities. 

Since a liquid scintillator solution loaded with samarium is now commer- 
cially available ttt an investigation of the specific activity of Sm!’ was 
carried out as a test of the method. 


2. Experimental Procedure 


A glass cell containing 80 cm®* of the liquid scintillator loaded with 
1.00+0.01 % by weight of samarium was mounted on a Dumont 6363 


t This research was supported in part by the United States Air Force under Contract No. 
AF49(638)— 10 monitored by the AF Office of Scientific Research of the Air Research and 
Development Command. 

tf See ref.!) and earlier papers cited there. 

ttt Obtained from Nuclear Enterprises Ltd. 
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photomultiplier and surrounded by several inches of lead and copper. The 
pulse height distribution was determined using a single channel analyzer. 
Fig. 1 is the differential spectrum showing the peak due to the « activity 
while the integral spectrum is shown in fig. 2. The background was estimated 
using an identical cell filled with an unloaded liquid scintillator. Since the 
responses of the two cells were somewhat different, the spectrum obtained 
with the unloaded scintillator was normalized to match that obtained with 
the loaded scintillator in the region above the alpha peak. This correction for 
background should be reliable down to the region where electronic noise 
becomes important. The estimated backgrounds are given by the lower 
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Fig. 1. Differential pulse-height spectrum of the alpha decay of Sm!*?, The crosses refer 
to the background determined with an unloaded liquid scintillator of the same size. 


curves in figs. 1 and 2. Fig. 2 also shows the net integral counts curve which 
represents the Sm!4? alpha activity. 

Taking the value of the net integral counts curve extrapolated to zero 
energy and the known amount of Sm!“ in the source, one obtains a specific 
activity of 7024-20 counts per second per gram of Sm!*?, This corresponds 
to a half-life of (1.28+-0.04) x 10"! years. The estimate of the probable error 
includes the uncertainty in the extrapolated value of the integral counts 
curve and the uncertainty in the amount of samarium present. Because of 
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the very short range of the alpha particles, no correction was necessary for 
those few which struck the cell walls before losing all their energy. This value 
for the Sm"? half-life agrees well with the result of previous work using a 
proportional counter with 4a geometry ”). 
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Fig. 2. Integral pulse height spectrum of the alpha decay of Sm". The crosses give the back- 
ground spectrum. The middle curve is the spectrum with the background subtracted out 
(the net integral counts curve). The size of the dots indicate the statistical error. 


3. Discussion 


In view of the results using a samarium loaded liquid scintillator, the use 
of this method for the investigation of other long lived alpha emitters appears 
possible, particularly for the case of neodymium 144. It should also prove to 
be useful for some of the long lived beta emitters. 


The authors wish to thank Dr. B. Lionel Funt who has been very helpful 
and cooperative in supplying the samarium loaded liquid scintillator and 
Mr. R. A. Hill who recorded some of the data. 
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On the basis of high energy neutron-proton and proton-proton scattering 
experiments one has recently proposed semiphenomenological two-nucleon 
potentials which contain a strong LS-term !}?), The properties of the bound 
states which these potentials determine for two-nucleon systems have as yet 
not been investigated, and different opinions have been expressed about 
the influence of the LS-term upon the ground state of the deuteron. Abra- 
ham *) gets the result that the LS-potential must change the deuteron 
binding energy by a very large amount while Biedenharn, Blatt and Kalos *) 
consider the spin-orbit-potential as negligible in low-energy interactions. 
Therefore some calculations have been made in order to test the potential 
proposed by Gammel and Thaler (in the following called GT-potential) from 
this point of view. 

At first it was investigated, whether this potential yields other bound 
states of the two-nucleon system than the 3S+-8D ground state of the deute- 
ron. The most interesting case is the *P,-state, where in first approximation 
only the LS-term needs to be considered. Because of the very short range of 
the potential and a comparatively large cut off radius, the limit for the 
strength of the LS-potential, corresponding to zero binding energy, is as 
high as 21000 MeV, and therefore the strength of the LS-term in the 
GT-potential, although it is as large as 7300.MeV, is not large enough to give 
a bound 8P,-state. Then a bound state which would predominantly be a 
3D,-state is also obviously impossible, because the strength of the LS-term in 
the *V*+-potential is only 5000 MeV, the range and the cut off radius being the 
same as in the *V~-potential. (An exact investigation has been postponed 
while waiting for the table of integrals mentioned below.) The singlet even 
states are also not bound (the 1S,-state is nearly bound as it should be), and 
the singlet odd potential is repulsive tt. Thus the only bound state deter- 
mined by the GT-potential is the *S+-8D state as it should be. 


t On leave from University of Turku, Finland. 

tf Meanwhile Signell and Marshak have found *) that the Gartenhaus’ potential and, 
a fortiori, their own potential leads to a bound '!P,-state, and they suggest a change of the cut 
off radius to avoid this difficulty. 
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An investigation of the properties of the deuteron ground state according 
to the GT-potential has also been started. All calculations have as yet been 
made without the use of electronic computers, employing a variational 
procedure proposed by Euranto and myself ® 78). As a table of integrals 
needed for hard core potentials ®) is under preparation, a preliminary 
calculation has been made by substituting in the LS-potential the infinite 
cut off (which corresponds to the hard core) by the zero cut off, and making 
no cut off in the central and the tensor potentials. The calculation has been 
carried out so as to fit exactly the binding energy and the quadrupole moment 
of the deuteron. At first the LS-term was dropped, whereby one obtains 
the strengths of the central and the tensor potential as the eigenvalue para- 
meters. The calculation was then repeated for a potential including 1/10 of 
the LS-term of the GT-potential, modified in the above mentioned way. 
The results are as follows: 














| Strength of the 
D-state 

| central potential tensor potential probability 

| (MeV) | (MeV) : 
Without LS-term 24.5 44 0.042 
With 1/10 of the LS-term 
of the GT-potential, re- m 
placing infinite cut off by . 68.6 0.006 
zero cut off 














We see that the LS-potential causes a repulsion which has an analogous 
effect as the hard core upon the strengths of the other terms: it diminishes 
the strength of the central potential and increases the strength of the tensor 
potential *). The numerical results obtained in this way can, of course, only 
be used for a qualitative estimation of the effect of the LS-potential upon 
the deuteron ground state. Because the LS-force predominantly acts on the 
D-function which is in every case small inside the hard core region, it seems 
obvious, however, that the LS-term proposed by Gammel and Thaler causes 
difficulties in the theory of the deuteron. The deuteron ground state which 
corresponds to the GT-potential seems to have rather incorrect values for 
the binding energy and the quadrupole moment. It has been pointed out 
earlier by Feshbach ?°) that this potential leads to difficulties with respect to 
the magnetic moment of the deuteron. (His result has been confirmed, 
using more exact wave functions.) 

More exact calculations will be carried out as soon as two tables of inte- 
grals needed in our variational procedure have been calculated. 


Numerical calculations in this work have been made by Miss Seija 
Lyytikdinen and by Mr. R. Hamialainen. The financial support from NOR- 
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DITA which has made possible our stay in Copenhagen is gratefully 
acknowledged. I also like to thank Prof. L. Rosenfeld and Dr. Th. Maris for 
discussions concerning the two-nucleon interaction. 
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Abstract: It is shown that the values of magnetic moments of odd mass nuclei given by 
the model of independent particles moving in a spheroidal potential well, deviate from 
the measured values in a systematic way. The sense of this deviation is such that the 
calculated values lie between the measured values and strong coupling limits. This 
behaviour can be understood in terms of a polarization of the core of paired nucleons by 
virtue of their interaction with the odd nucleon; it is found that this mechanism gives a 
satisfactory account of the ground state moments of Lu'’® and of Ta'®!. 


1. Introduction and Summary 


In this paper is presented an investigation of the magnetic moments of 
odd mass nuclei in the region 153 < A < 197, where strong deformations 
occur and where the strong coupling model of Bohr and Mottelson }+?) 
has been highly successful. The object of the investigation is to determine 
to what extent these moments may be consistent with the general features 
of the strong coupling model and further to gain understanding of what 
perturbation effects may be responsible for the discrepancies between the 
actual moments and the values which the simple model would predict. 

For this purpose, it is assumed that the wave functions for these nuclei 
may be written, to a good approximation, in the form proposed by Bohr 
and Mottelson 


27+1 
162? 


with Q = K. The Dix (0;) are the eigenfunctions of a symmetric quantal 
rotator. The 6, are considered to be the Euler angles of a frame of reference 
fixed with respect to the shape of the nuclear mass distribution and are to 
be treated as dynamic variables representing collective degrees of freedom. 
The yo(r;) are the eigenfunctions for particle motion in the latter frame of 
reference, 2 being the projection of the angular momentum vector on the 


t The major part of this work has been submitted in partial fulfilment of the requirements 
for the degree of D. Phil. in the University of Oxford. 





yl, M, K, 2)= {10 (8s) Pix (0;) + (—1)* xo (ti) Fun (81)}, (2) 
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nuclear axis of symmetry. It is further assumed that a good approximation 
of this function is obtained by considering the motion of independent 
nucleons in a fixed potential having a quadrupole deformation of suitably 
chosen magnitude. The wide success of this model in accounting for spins, 
parities and various features of nuclear spectra, as well as giving a reasonable 
account of nuclear moments and various transition probabilities, will be 
taken as justification for these assumptions. 

Yet some discrepancies are to be expected for various reasons. First, 
there is a certain amount of interaction between collective rotation and 
particle motion. The mechanism of such interaction is to some extent 
understood *}*) and a prior: estimates of its effect can be made. Secondly, 
some departures from independent particle behaviour must exist in the same 
way, and for the same reasons, that a breakdown of the independent particle 
shell model occurs. It is clear that our understanding of these effects will 
be enhanced according to our measure of success in accounting for the 
discrepancies which may be found between measured quantities such as 
magnetic moments and those calculated on the model. 

In section 2 of this paper it is shown that between observed moments 
and values derived from the strong coupling model, using particle wave 
functions obtained by Nilsson *), the discrepancies are indeed both large 
and systematic. According to a priori estimates these cannot be reasonably 
attributed to the rotation-particle coupling as presently understood. 

If the independence hypothesis is relaxed, however, it must be noticed 
that the odd particle introduces a preferred direction along the axis of 
symmetry of the nucleus. It is therefore able to induce a polarization in the 
states of the other nucleons, which states are, in zero order, pairwise sym- 
metric along this axis. Arguing crudely for the present, it may be considered 
that when the odd nucleon interacts with like nucleons the exclusion 
principle favours states with intrinsic spin opposed. Consequently one is led 
to expect among paired nucleons of the odd group a predominance of in- 
trinsic spin direction opposed to that of the unpaired nucleon. When it 
interacts with nucleons of the even group a rather similar polarization is 
produced by virtue of spin-exchange forces and the predominant spin 
direction for these nucleons is along that of the unpaired nucleon. The 
sign of the resulting contributions to the magnetic moment is thus the same 
for both groups and given the right order of magnitude it will satisfactorily 
account for the observed systematic discrepancies. 

This argument is presented more rigorously in section 4 while in section 5 
an account is given of a calculation of this effect to first order for the ground 
states of Lu’”® and Ta!®!. An indication of the amplitudes of admixtures 
to the wave functions is given by the algebraic difference of these amplitudes 
for pairs of nucleon states: these are found to be 0.06 or less. When the 
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corresponding contributions to the magnetic moments are summed, the 
total corrections are found to be in quite reasonable agreement with the 
observed discrepancies. 

It must therefore be considered that large contributions to magnetic 
moments arising from core polarization are possible and in fact do occur. 
It is then unfortunately not possible to detect with any certainty the effects 
of other perturbations on particle motion from measurements of magnetic 
moments since such effects will be obscured by the contributions from core 
polarization which cannot be accurately estimated. 

Perturbations which depend on collective motion, however, will affect 
the states in a rotational band differentially and if appreciable will alter 
the relation between M1 transition matrix elements and ground state 
moments. It may be that this is the origin of some empirical values §) of 
collective gyromagnetic ratios which are judged to be somewhat un- 
reasonable. Although it is not yet clear what should be considered reasonable 
in this regard there is hope of elucidating the point by a semi-empirical 
study of such possible perturbations. 


2. Discrepancies 


For cases (including all ground states) when J = 2 = K one obtains 
from eq. (1) the following expressions for the magnetic moment: 
— (a(t) ), for I> 4 (2 
= —— Ir. . 
I+1 (xo(¥i), MeXo(¥,)), for I> ) 


n= Hayley), me mled) +X (led, maxqld), for 1=4. (8) 


el 


Here m# is the magnetic moment operator with spherical components p,, 
4, and mw_, referred to the nuclear fixed axes. 

It is standard procedure, however, to relax the adiabatic hypothesis 
which is implied in writing eq. (1) by adding to the magnetic moment 
operator a correction term 

8x (I—j) (4) 


j being the angular momentum operator for the last odd nucleon. This 
is quite plausible since the expectation value of the angular momentum 
associated with the rotation, in this model, must be the expectation value 
of I—j, and further this rotation must induce a flow of charge in the same 
direction. Formally it can be regarded as taking into account the first 
order corrections to yo(r;,), this wave function being here derived from a 
stationary potential. 

With this correction the expressions for the magnetic moment become 
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I 
fae {(xo, HeXo)+8r} for I>}, (5) 
m= Bert (xg, MeXg) tv 2 (xg, (Hur t+8riirlx_y)}, for I=}, (6) 
where again (as in all that follows) the spherical components of w and j 
are referred to the nuclear fixed axes. 

It is immediately obvious that the second term of (6) depends only on 
the odd particle state. This is also true of (yg, “,7%g) since the nucleons 
are taken to move independently and >} s, = 0, } /, = 0 are then constants 
of the motion for each pair of nucleons as a consequence of the symmetry 
of the potential. In the present approximation nothing is changed, therefore, 
by writing yg either as a single particle eigenstate or as an independent 
particle eigenstate of all A particles. In the latter case, however, one is put 
in the awkward position of having explicitly introduced too many independent 
coordinates. This difficulty has attracted considerable attention recently °). 
Suffice it to say here that the problem has arisen in the discussion of other 
aspects of the model, in particular for the derivation of moments of inertia °), 
and further to point out that for the purposes of the present discussion it 
will only be necessary to write explicitly the wave function of more than 
the odd particle when a description of the states of the other particles will 
be required, in the subsequent sections, in order to assess the effects of 
residual internucleon forces. 

The matrix elements occurring in (5) and (6) can be easily evaluated 
if an expansion of the odd particle state in terms of spherical components 
is known. Nilsson *) gives expressions for these matrix elements as well as 
expansions for the eigenstates of a spheroidal potential of harmonic oscillator 
type radial dependence. Using these one obtains the results which are shown 
in tables 1, 2, and 3. In tables 1 and 2 (for nuclei of spin greater than $) uo 
is defined by 


bu 


Mo = (Xa» Mz Xa)- (7) 
In the notation of Bohr and Mottelson this would be written as Qgp. 

It should be made clear, however, that uw, depends only on the spin 
polarization (in the usual sense) of the odd particle state and not at all 
on its orbital angular momentum. This also applies to the first term of (6). 
For future arguments it will therefore be useful to expand the odd particle 
state (or any other single particle state) as 


Xo(¥) = gt (r)2++@q(r)2”-, (8) 


where 2* and 2~ are spin functions for ‘spin up’ and ‘spin down’ respectively. 
®,*(r) and ®,-(r) are orbital functions having z-components of angular 
momentum 2—4 and 2+-4 respectively (the z-axis being the nuclear axis 
of symmetry), and 
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(Pot (r), Pgt(r))+(Po-(r), Pg-(F)) == 1. (9) 
In this notation sw, is simply 
My = $(8.—81) [(Pgt, Pot)—(Pg~, Pg~)]+2e1, (10) 
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where g, and g, are the usual spin and orbital g-factors. 

In tables 1 and 2 the calculated values are compared with empirical 
values obtained from the measured values of wu taking gp to be 0.4. Both 
are also plotted against 2 in figures 1 and 2. The reference lines in these 
diagrams are the values of uw, when s, is a good quantum number, u* cor- 











responding to ®)»~ = 0 and w~ corresponding to ®,+ = 0. These will hence- 
forth be referred to as strong coupling limits since they give the values 
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Fig. 1. Magnetic moments of odd neutron nuclei. 


© Calculated values. 
* Empirical values (assuming gp = 0.4) with experimental errors indicated. 


of 4p for single particle states when the coupling of orbital angular momentum 
to the symmetry axis, via the deformation of the potential, is much stronger 
than the spin-orbit coupling f. 

The diagrams display the remarkable feature that all calculated values 
of fy lie between the empirical values and the nearest of the strong coupling 
limits. This means that in order to make the empirical points coincide with 
the calculated ones by alteration of the assumed values of gz one would 
have to decrease gp for moments lying near the upper strong coupling 


t The author is indebted to Dr. D. M. Brink for suggesting these reference lines. 
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limit and to increase it for those lying near the lower limit. The required 
values are listed in tables 1, 2, and 3 under gp (emp). 

A priori, the values of gp resulting from the effects of the rotation on 
the paired particle states is expected to be nearly the same for all nuclei 








1 
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Fig. 2. Mafnetic moments of odd proton nuclei. 
© Calculated values. 
* Empirical values (with gg = 0.4) with experimental errors indicated. 





of the region 153 S A < 197 and the expected value is about 0.4 in agree- 
ment with the simple picture of a rotating uniformly charged spheroid *»’). 
There is, however, rather more ambiguity regarding the effect of the odd 
particle on the value which should be taken for gz. On the one hand, estimates 
from the time dependent or so-called “‘cranking’’ model indicate that the 
effect might be appreciable. Moszkowski *) suggests the following formula: 
Z Mo Z\ AI 
het tea Sem} a on 
where AY is the effect of the odd particle on the moment of inertia and 
may be obtained empirically from a comparison of the actual moment of 
inertia of the nucleus with those of neighbouring even nuclei. Since this 
AY is positive, however “), it is easily seen that improved agreement will 
not be obtained from this correction: for instance, the correction for a given 
value of 2 would make gp larger for the larger values of u~,) and vice versa, 
in contradiction to what is required. 
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On the other hand it would appear that the rotation-particle coupling 
(RPC) of Bohr and Mottelson represents a similar mechanism as that 
produced by ‘‘cranking’”’ the potential well, so that the two effects are 
probably not independent and some care must be taken not to count things 
twice. But again, a priori estimates of the effect of the RPC indicate that 
corrections will be appreciable (up to say 0.3) only when the spectrum of 
the nucleus has a suitable interacting level within about 200 keV of the 
ground state. There is little likelihood that the case may be frequent and 
where it is suspected from the precent data, estimates obtained for the 
correction are less than 0.1. 

Furthermore, in the approximation that the particle states in a rotational 
band are all identical there is a simple connection between the magnetic 
moments and the matrix elements for M1 transitions in this band ”). 
From present data it is only possible to obtain the magnitude of the M1 
matrix elements and not their phase. As a result one obtains pairs of 
consistent values of wy and gp. When the most favourable of such pairs are 
chosen (for instance from those obtained by Heydenburg and Temmer *)) 
an improved agreement is obtained in about half the cases; but in no case 
is the change found sufficient to remove the discrepancy. The general 
picture is therefore not altered significantly. 

The effect of varying the well parameters is also indicated in the tables. 
y is a parameter which depends on the deformation and is also related to 
the strength which is assumed for the phemenological spin-orbit coupling *). 
The values of vy are generally insensitive to this parameter (within reasonable 
limits for the latter). 

The indications are, therefore, that the discrepancies in values of sy 
cannot reasonably be accounted for by effects corresponding either to un- 
certainties in potential well parameters or to rotation particle interactions 
(including gp). 

These considerations apply to all nuclei with spin greater than $ and in 
particular it is striking that no exception is found to the rule that the 
corrections required depend on the sign of the polarization of the odd 
nucleon, being negative for a positively polarized odd proton, positive for 
a similarly polarized odd neutron, and vice versa. 

Spin 4 nuclei will now bear closer inspection. For Tm!® the calculated 
moment agrees with measurement within experimental accuracy. In 
Yb!"!, according to our level assignment, the odd neutron is polarized ne- 
gatively (—0.4) and the correction required is negative, in keeping with 
the behaviour of nuclei with J > 4. Following Nilsson’s level scheme we 
have assigned the odd neutron in W!83 and Os!8’ to the same state, f5/.4/2.(71), 
which has positive polarization (~ + 0.5). The corrections required for the 
magnetic moment, however, are negative, in violation of the above rule. 
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This may be serious in view of the explanations which are to be offered 
for the general behaviour; but it is not unlikely that it should be the level 
assignment which were at fault. There is another datum on the ground state 
of W183 which does not fit the present assignment: the decoupling para- 
meter is predicted to be negative throughout the range of positive defor- 
mations (a = —0.05 for 6 = 0.14) while Kerman *) finds empirically that 
a value of +-0.168 is required to fit the level spectrum. Thus, in the absence 
of any obvious reason to the contrary, it may be considered likely that the 
levels f5;. and ps/, should be inverted from the relative positions which they 
occupy in the Nilsson scheme. Generally speaking, such an alteration in the 
level scheme does not effect appreciably the character of levels occurring 
in given positions at large deformations *), but in this case simple consi- 
derations indicate that it would. 

The general behaviour can be understood by considering what happens 
to two close lying levels of the same spin under the influence of an increasing 
perturbation. The diagonal matrix elements of the perturbation will change 
the energy of each level directly, causing them either to approach each 
other or to move away from each other. In the first case, however, the levels 
will not cross because, as they approach, there will be an increasing repulsion 
effect arising from the off-diagonal matrix elements of the perturbation; 
but we may, nevertheless, speak of a virtual cross-over point, especially 
since there occurs, in the vicinity of this point, an exchange of the characters 
(i.e. wave functions) of the two levels. If, now, the order of the levels at 
zero perturbation is inverted, the virtual cross-over ceases to exist (or vice- 
versa). Consequently for large values of the perturbation the character of 
the upper and of the lower of the two levels, respectively, will not be 
greatly altered by this change. 

In the present case, however, the two levels have no well defined cross- 
over point: for small deformations they are roughly parallel. Yet they 
“interact” sufficiently to effectively exchange their characters beyond 
n ~ 0.2. If the ordering is altered the levels may still be expected to exchange 
characters in the same way. Thus the one which lies the higher in energy, 
into which the odd neutron of W14** and of Os!8? must go, would have a 
character more similar to that of the ps). 1/.(63) of the Nilsson level scheme. 


3. Core Polarization 


In taking the potential at the position r, of nucleon 7 to be of the form 
V(r,), a residual term 


t 


HH", = FY v;—V(t,) (12) 
j 


has been neglected. Here v,; is the potential due to all the forces between 
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nucleons 7 and 7. The qualitative features of the changes which occur in the 
wave function when this residual Hamiltonian is taken into account are 
most easily found from the variation principle. For present purposes only 
changes which affect mw, are of interest and, consequently, our attention 
may be confined to spin polarization effects (see eq. (10)). This applies also 
to spin 4 nuclei apart from the changes in the odd particle state which alone 
contribute to the second term of (6). Such corrections to the odd particle 
state will not be considered further in this paper because they raise the 
whole complicated question of the self-consistency of the potential V (r) 
for this (odd) particle, and it is very unlikely that such lack of self-con- 
sistency is responsible for more than a small part of the discrepancies. 

The spin polarization of the core of paired particles, however, is relatively 
simple to predict. In zero order, spin and orbital angular momentum com- 
ponents along the axis of symmetry are separately constants of the motion, 
equal to zero, for each pair of particles, and so long as this situation remains 
unchanged the core will not contribute to mw». Now, the single nucleon 
potential, >, V(r,), because of its symmetry, cannot, indeed, change such 
a situation. This is also true of >’;, v,; with the sums over 7 and 7 extending 
over core particles only, since there can be no self-polarization by virtue 
of scalar forces (tensor forces are neglected). The core may be polarized, 
therefore, only by virtue of its interaction wich the unpaired nucleon. 

To find the sign of this polarization we may appeal to the variation 
principle and assume that all terms of second order in the variation am- 
plitude are negligible in comparison with first order ones. Then variations 
of each single particle wave function may be taken as independent within 
the limits imposed by the exclusion principle and each must be such as 
to decrease the expectation value of },, v,,. The polarization for a pair of 
particle states will then go in the direction indicated by a decrease of the 
expectation value of >}, v,,; with 7 running over this pair of states and 7 
being the odd nucleon. 

Considering, first, the case of paired nucleons of the odd group when the 
odd nucleon is in a strongly polarized state (corresponding to a zero order 
value of w, near to one of the strong coupling limits), it is at once obvious 
that for very short range Wigner or Majorana forces the magnitude of the 
interaction energy is increased if the spin of each paired nucleon becomes 
more predominantly polarized anti-parallel to that of the odd nucleon. 
The particles can approach to zero distance of each other only in this anti- 
parallel state. Thus the spins of pairs of nucleons are expected to be polarized 
(if at all) predominantly anti-parallel to that of the odd nucleon. This 
process of polarization will be adversely affected by the consequent changes 
in the orbital state but this will apply equally well to both types of polarization 
if the zero order wave functions are as good as one assumes. Bartlett and 
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Heisenberg forces, however, tend to polarize in the opposite direction since 
the formerly non-vanishing direct integral (for the interaction energy) now 
vanishes, and it is the exchange integral which now contributes, repulsively. 
In the limit of zero range, however, the two integrals can be subtracted 
directly and the difference is proportional to w—b when the two-nucleon 
potential is written as 


v5 = —V_4(r,—r,)(w+bP,), (13) 


cP) 


P, being the exchange operator for the nucleon spins, and V, a positive 
constant. The Rosenfeld mixture gives for the coefficients 


w=0.8, b= 0.2, (14) 


so that the difference w—d is positive and the spin polarization of core 
states should be in the direction predicted by attractive Wigner forces. 
Since nucleons of the odd group are under consideration it is now clear that 
the contribution to yw, is such as to displace it away from the nearest strong 
coupling limit. 

For the case of paired nucleons of the even group spin-independent 
forces will not produce any polarization. Bartlett and Heisenberg forces, 
however, are effective only when the spins of the interacting neutron and 
proton are parallel. Since these are also attractive in the zero range ap- 
proximation, it is concluded that the polarization of the even group of nucleons 
will be parallel to the spin of the odd nucleon. Since, further, the factor 
2,;—g, for these nucleons has opposite sign from that of the odd nucleon 
the effect of this polarization is again to shift the value of uw, away from 
the nearest strong coupling limit. 

Thus, if it be established that the magnitude of this effect is appreciable, 
the principal feature of the discrepancies in values of uw, will be qualitatively 
explained. 


4. First-order Perturbation Corrections 


In this section, perturbation theory will be applied to obtain expressions 
for the corrections discussed in the preceding section. In this formalism 
the polarization effect does not appear directly, but rather, the corrections 
to single particle states appear as the “‘excitations’’ schematized in fig. 3. 
Here the ground state is represented by dots on doubly degenerate single 
particle levels shown as solid lines. The arrows indicate the relative orienta- 
tions of the total angular momenta. The dotted line represents a level which 
is vacant in the zero order state. The unpaired nucleon is shown on the 
singly occupied level labelled f, 2. 

Admixtures to this state thus have the form of excited configurations 
in which one or more nucleons have gone to a formerly vacant level, con- 
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serving the quantum number 22. To first order, only those admixtures 
which differ from the original state by only one particle excitation will 
contribute to the magnetic moment. Since nuclear forces are taken to be 
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Fig. 3. Schematic representation of particle excitation. 


scalar, such single particle excitation can go only to a state b’ which has 
the same parity and the same value of the quantum number 2 as the state a 
which is left vacant. Now for each such possible excitation there is a cor- 
responding one between the same levels but between the states having 
the opposite sign of 2 (dotted arrows in the figure). (The vacant state in the 
level occupied by the unpaired nucleon actually constitutes an exception, 
but to deal with it involves the self-consistency problem which was dismissed 
in the last section as too complicated.) If the admixture amplitudes for such 
a pair of excitations are designated by « and #, for that involving states 
with positive 2 (i.e. angular momentum alligned parallel to that of the odd 
nucleon) and that involving states with negative 2, respectively, the con- 
tribution to uw, from this pair will be 


Alo _ 2(«—B) (Xa, +Q? Mz %v, +2): (15) 
Thus the coefficients need not be calculated separately, since only «—f is 
relevant. The reason for this is that the magnetic moment matrix element 
between states with angular momenta oriented in the opposite direction is 
the same as that which is written here, but with the opposite sign. The 
latter is simply 


(Xa, +0> Hz Xv, +2) = (g,—81) (Pr +0: Ds +0): (16) 
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By perturbation theory «—f is given by 


—] 
a—B = ~—{(%a,40°(¥1) %1,40(T2), Vie Xv, +0" (F1) %, 40(F2)) 


—(%a,—a'(T1) %,40(Fe), Yr Xv, —a’(T1) %1, +0(F2)) — exchange terms} (17) 


where AE is the positive energy difference between levels a and b, and 
where f labels the odd particle state. By expansion 


(Za, —a’ (F1) X1,+0(T2), Vi2%v, -a' (1) Xt, + (F2)) 
= (OF g(t) E71) OF, o(tQ)E% (2), 212 Foe (ty)E” (1) 079 (9) EZ" (2), 
» fg (18) 


a ai 
where the 2” are spin functions and the o are the eigenvalues of the Pauli 
spin operator o,. Now the symmetry of paired states is such that 


2, -a(F) = (—1)*17-*( OF" o(r))*, (19) 
where the phase factor 7”~! is required in order that x, g (and also ®f 9) 
have a positive definite norm, and the assumption has already been made 
in writing eq. (15) that the factor (—)* depends only on parity. Thus if the 


interaction is taken to be of the form (13), so that no space exchange effects 
occur, (18) may be written as 


(Xa, -a°(T1) %,0(F2), Y12%v, -a°(F1) %, o(F2)) 

= —Vo > (Pi 40(¥1) Pf o(t2), 6(P1—F2) PF 4.0-(11) PF o(F2)) (20) 

oe" -17-7{—g@; o |w+bP,|—a’; oY, 
where the spin matrix element is written in Dirac notation for simplicity. 
Further, since the ®jg’ may be taken to be real apart from the factor 
exp 1(2—a)p, it follows that 
(PF o (1) Pf o(F2), O(f1—Fe) PF o (81) PF o(F2)) 
= (PF 9 (1) PF o(F2), (Fi —T2) PF, (1) PZ o(F2)) (21) 

when both are non-vanishing. Otherwise the corresponding spin matrix 
element will vanish as well so that we may write 


{<o; o |w+bP,|o’; o'’>—i7-*{—9; 0 |w+bP,|—0'; o> 
— exchange terms}. (22) 


The spin-dependent factor is easily evaluated to get 
1) for non-identical particles (no exchange terms): 


tre 


bi” -" for o' =a, oa” =0", 


2b for o’ = —o’"’ =o’ = —4, 


0 otherwise; 
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2) for identical particles (including exchange terms): 


(b—w)i” " for o' =a, o'" =o", 
2(b—w) for o’ = —o’’ =o’ = —<a, 
0 otherwise. 


Therefore 
a—B = S(V,/AE) > {i (PF a (Pi) PF (Fa); 6(F,—1) Pf o(¥1) PF o(F2)) 


+ 2( 2, a (01) PO (F2), 6(r,—T,) Py (r,) PF o(F2))}, (23) 
where 

S=b for particles of the even group, (24 
S = b—w for particles of the odd group. rm 
The expansions obtained by Nilsson *) for the functions ®p” can be used 
to express the remaining integrals in terms of products of radial integrals 
over harmonic oscillator functions and angular integrals over four spherical 
harmonics. In the numerical work that follows the latter were evaluated 

using the method of Slater ®) (used also by Condon and Shortley ?°) ) 


[or VALE we Yarm Y yy Sin 6 d0 dp 
1 
= S (2R+ 1)" — m5 1", —m")ck(lm; I m!), (25) 
k 


where 





, V (21+-1)|2/’+1) 
2k+1 





c* (lm; 1’ m') = (—1)™ <k0|10; 10’<k, m’ —m|l,—m;l’m’>. (26) 
Here the <k, m’+-m|lm; l’m’) are vector addition coefficients with phase as 
defined by Condon and Shortley. The coefficients c* (lm; l'm') for various 
/-values up to 4 are tabulated by these authors and by Shortley and Freed 1"). 
Further values for / up to 6 are required and may be obtained from extended 
tables of the vector addition coefficients which will be published elsewhere. 

The excitation energy 4E in eq. (23) may also be obtained from the Nilsson 
level schemes. For V, the value 


V, = (4x) 105 x 10-89 MeV - cm? (27) 


will be taken. This is derived from the strength of the nucleon-nucleon 
potential obtained from low energy scattering data. With w = 0.8 and 
6 = 0.2, this value is equivalent to the triplet and singlet interaction 
strengths which have been used with considerable success to calculate con- 
figuration mixing effects on magnetic moments !*), M1 transitions 1%), and 
f-decay 1*) in spherical nuclei. 
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5. Corrections to Lu’”> and Ta'*! Ground States 


The foregoing formalism has been applied to the ground state con- 
figurations of Lu!”> and Ta!*, both of which have an unpaired proton in 
the level g2/. 7/.(25). These nuclei proved interesting on several accounts. 
First, the discrepancies to be accounted for are among the largest to be 


TABLE 4 


Neutron Polarization (Lu!’5) 











la) Ib) | <a|ye|b> | a—B | Apo 
fs/2 1/2 | 1.04 | 0.0202 | 0.042 
PaneS Pusve 0.30 | — 0.0037 | — 0.0022 
ienee’ fsa ise —0.481 — 0.00425 0.00341 
Pi/2 1/2 — 0.087 — 0.00156 0.0003 
Noe s/2<Q Toa ava — 0.287 0.0023 — 0.0013 
tin | —1.04 —0.0170 0.0354 
Nove 5/2 —>fs2 5/2 — 0.855 — 0.0058 0.010 
Sonos 2 Pi/2 1/2 0.054 — 0.00055 — 0.00006 
, "asap 0.323 0.0050 0.0031 
fs/2 3/2 0.128 0.0085 0.0022 
fa 89S aan 0.654 0.0074 0.0097 
foe sva —>fsve 5/2 0.280 0.0015 0.0008 
i Sevewe — 1.06 —0.0107 0.0240 
sa fumesin —1.52 | — 0.0167 0.051 
icin eh —1.38 —0.0142 0.039 
a8 i aan —1.11 — 0.00106 0.0022 
a of Sore 5/2 — 1.43 — 0.00645 0.0184 
1131/2 1/2 —0.74 — 0.00735 0.011 
inara vac S02 12 —1.82 —0.0191 0.050 
1ii/2 7/2 — 0.450 — 0.00356 0.0032 




















Ap is the first order contribution to wy arising from the particular excitation symbolized 
in the left column. All these contributions will apply, also, to the Ta'*! ground state. <a|u|b> 
is a shorthand Dirac notation for the matrix element given by eq. (16). 


found (see table 2). Secondly, the difference in their magnetic moments 
which present measurements indicate is intriguing. Finally, the simplicity 
of the 84/2 7/2(25) state (/ = 4isa good quantum number apart from negligible. 
admixtures from the next higher positive parity group of states) reduces 
computational work considerably. 

The complete configuration of Lu1’* can be assigned with little ambiguity 
since the odd particle state of this nucleus, as well as those of neighbouring 
odd neutron nuclei, agree well with the Nilsson level scheme for 6 » 0.3: 
Hf!” is 5/2 — and Yb?” is 7/2 —. 

For Ta!*! it is most likely that the four extra neutrons are in the levels 
fo/o 7/(41) and i,3/s 9/2(49) as indicated by Yb!” (above) and Hf!”® which has 
a spin of 9/2. The level occupied by the two extra protons is much less 
certain. It may be any of the following, in order of probability: 








230 J. N. L. GAUVIN 


a) {5/2 y/2(47), a level which has not been identified in odd-mass nuclei, 

b)  ds5/2 5/2(31), which, however, occurs for higher proton number as the 
ground states of Re'® and Re!8’, 

C) hyy/e 9/2(82), which has not been identified in the ground states of 
nuclei but would be expected, according to the level scheme of Nilsson, 
to lie above the fy/. ,/.(47) level. 


TABLE 5 


Proton Polarization (Lu'’®) 


























la) \b) | <a|ulb) | a—B | Atty 
stnuse ™ 1.600 0.0487 0.157 
_w bers a 1.500 0.0553 0.165 
ee ee 0.374 0.0147 0.0110 
i 0.105 0.00536 0.00113 
ais os 0.015 0.00405 0.00012 
mw lore one 1.880 0.0552 0.208 
veal Ram ote 0.990 0.0405 0.0803 
reciatela ee 0.158 0.0027 0.00086 
fisions 0.028 — 0.00518 — 0.00029 
x foe we 1.660 0.0511 0.170 
Whe oe 0.057 0.002 0.00023 
bisa? boon 1.400 0.0479 0.134 
arte ee 0.290 0.0103 0.0060 
dese ose =? Base ae — 0.860 —0.020 0.0344 
dese ase “> Suse ve | — 0.310 —0.0144 0.0089 
ee 0.383 0.0037 0.00028 
dese ove -> Gere ove — 1.040 | —0.014 0.029 
Sere ae —> Tae as 0.070 | 0.0187 0.0026 
87/2 5/2 —_ ds/o 5/2 (D) — 0.594 | —0.010 0.012 





All these contributions apply, also, to the ground state of Ta'*! except that marked (a) 
(if the extra protons in Ta'*! are in the f,,. ,,.(47) level) or those marked (b) (if these protons 
are in the d,;/, 5/2(31) level). 


Each of these possibilities will be considered. 

Since only those excitations which occur between levels of the same 
harmonic oscillator group of states will contribute in first order to my (or 
to polarization) the possibilities are exhausted by the lists in tables 4, 5, 
and 6. The calculated coefficients «—f and the contributions to mw, are 
found using wave functions with deformation parameter 7 = 4 throughout 
(y defined by Nilsson). Slightly different values would be suggested for 
Lu!” and for Ta'*!, and also, according to Nilsson, for neutrons and for 
protons, respectively, but such refinements would not yield improvement 
commensurate with the added amount of computational work. 

In table 5, (a) marks an excitation which cannot occur in Ta!®! if the 
extra protons are in the fz. 1/.(47) level (see above), and likewise for those 
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marked (b) if these extra protons are in the d;/, 5/.(31) level. In table 6 are 
given excitations which occur only in Ta!*!; for the protons (a) and (c) 


TABLE 6 


Core Polarization in Ta!*! 




















| 
la) |b) | <al|ulb> | a—B | Any 
= -_ — 7 ——EE —— ————— — - —————EEe —— 
Protons 
a) fryoag level filled | 
7 Ngo 1/2 — 0.965 —0.135 0.260 
fara vin POO —1.04 | — 0.0306 | 0.064 
eee — 0.388 — 0.0150 | 0.0116 
™ Diss ase — 0.064 0.0060 | — 0.00076 
C) Rye ove level filled | 
Beste ofa“? Mare oe | 1.00 0.00225 | 0.045 
Neutrons | | 
ee 0.383 | 0.0485 | 0.035 
inare ox 8022 —1.12 | —0.019 | 0.041 
ahaa, | NO — 0.224 | 0.00022 —0,0001 














The first group of excitation (a) will only occur if there are protons in the f,,, ,,.(47) level, 
and similarly the second group (c), only if there are protons in the h,,4/¢ 9/2(32) level. 


are alternative possibilities depending on the level occupied by the extra 
protons. 
The added corrections are as follows: 

















Ta?! 
Lu!75 — . ee oii 
(a) (b) (c) 
neutron polarization... . . + 0.30 +0.38 + 0.38 +0.38 
proton polarization. ..... + 1.04 +1.21 + 1.02 +1.08 
nt + - S 6.» eck se eee +1.34 +1.59 +1.40 +1.46 


























The large difference between the contributions from proton polarization 
and from neutron polarization, respectively, is accounted for by the ratio 
of the factors (g,—g,)S (see eq. (23)), which is 3.6 for an odd proton nucleus. 

Thus the corrected values of uw, are 2.80 for Lu!”®, and (a) 3.05, (b) 2.86, 
or (c) 2.92 for Ta!8!, Empirically one finds, assuming gp = 0.4, the fol- 
lowing values: for Lu!*®, 3.3-+-0.6, and for Ta!*!, 2.3. Thus the corrected 
value is consistent with the measured value in the case of Lu’”> but is some- 
what too large in the case of Ta!8!. There is, of course, no pretention that 
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the calculated corrections should be accurate and the agreement which is 
obtained is considered quite satisfactory. 

It is possible, also, that the difference in deformations of Lu!” and Ta!*!, 
which was not taken into account, might decrease the polarizability of the 
latter. Otherwise the difference in the moments of these nuclei would be 
difficult to resolve except by admitting different values of g,. There isa 
case for this possibility, however, since the empirical values obtained 
by Heydenburg and Temmer ®) include, in fact, 


for Lul”®: uy = 2.56, gp = 1.16; 
for Tall: uw, = 2.55, gp = 0.15. 


The common value of “~, would be in good agreement with our corrected 
value; but it is now difficult to understand the widely different values of 
2px- This situation still lacks clarification, but it does not impair the dem- 
onstration that large effects occur by virtue of core polarization by the 
unpaired nucleon. 


It is a pleasure to thank Dr. R. J. Blin-Stoyle and Dr. G. R. Satchler 
for most helpful discussions and advice. The author is indebted, also, to 
the Rhodes Trustees for a Scholarship held during the course of elaboration 
of most of this work. 


Note added in proof: A reinterpretation of the hyperfine structure measure- 
ment of the moment of Ta!*! taking account of perturbations on the atomic 
configurations has been proposed !*). The new value is 


u(Tal8!) = 2.4+0.2 n.m. 
This agrees with the value of «(Lu!”*) within experimental accuracy. The 
corresponding value of 

Mo(emp) = 2.7+0.3 n.m. 


is in excellent agreement with the corrected value obtained in this calculation. 
The M1 transition rates deduced by Heydenberg and Temmer for Ta?! 
are now consistent with 


My = 2.86+40.2, gp = 0.22+0.06 
or 
My = 1.9440.2, gp = 1.14+40.06. 


Including the experimental uncertainty in the moment of Lu!” the values 
for this nucleus are 


My = 3.240.5, gp = 0.5140.14 
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or 
Mo = 2.56+0.5, gp = 1.16+0.14. 


Values near the lower bound in the first set would agree quite well with the 
values of the first set for Ta'®! as well as with our corrected values of su; 
the values of gpg are then reasonable and their difference is probably not 
very serious. 
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Abstract: It follows from the Feynman-Gell-Man theory that the Fermi interaction can be 
regarded as due to an exchange of charged vector mesons between fermions. An alternative 
model is possible: the weak couplings among fermions may be due to an exchange of 
charged and neutral vector mesons. An extra condition of conservation of the current 
which creates the neutral field is imposed to forbid unobserved reactions. The model 
differs from the Feynman-Gell-Mann picture in that it leads to an intrinsic electron-neutron 
interaction, the effective potential being of the order of 4 eV. If the coupling of this 
hypothetical vector meson with fermions has the same strength as the electric charge, the 
particle will have about 60 proton masses and will decay very fast into pairs of hyperons. 


The hypothesis of a universal Fermi interaction must be formulated in 
such a way as to predict a sufficiently small or vanishing transition rate for 
fermion decays which have not been observed experimentally. 

It is usual to say that the coupling acts between given pairs of fermions: 
(e+, v) with (ut+,») and with (p, fi), (2', A), (2+, 34), (E>, &,) 4). This 
association excludes couplings of (u+, e) with (e+, e) or (p, p) which would 
give rise to the non-observed reactions 


ut — et+e-+ et, u-~+p > p+e. (1) 


However, in the decay of muons, 


ut > et+-+7, 
the experimental data are consistent with the vector-axial-vector coupling of 
(u+, ) with (¢, e) which is equivalent to the same coupling of (u+, e) with 
(v, v). If the latter is regarded as physically possible one does not see any 
reason to forbid the couplings which would give rise to reactions (1) in first 
order. 

Feynman and Gell-Mann ?) have proposed a vector-axial-vector coupling 
theory for the Fermi interaction which is in agreement with most of the data 
on the reactions involving fermions only. As they pointed out, this coupling 
may be regarded as due to a virtual exchange of charged heavy vector 
mesons between two fermions. The relation between the mass of this hypo- 
thetical meson m,, the coupling constant /, of this meson X with the 
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Fermi field and the Fermi coupling constant G is 


4 i," = 'o ‘ 
a—. = V 8G. (2) 
My 

The ordering of the fermion pairs in the Fermi couplings will now be well 
defined if we take this model seriously and postulate that the weak interaction 
between two fermions is due to the virtual exchange of charged vector mesons. It 
then becomes clear that reactions where there can be no charge exchange 
will be forbidden in first order in G. Thus the reactions (1) f can only occur 
as a result of the successive exchange of two charged vector mesons and are 
therefore less probable than the first order processes w+ — e++y»+% and 
u-~+p—>n-++y, respectively, by a factor of order 10". 

A consequence of this postulate is that the scattering of neutrinos by 
electrons is possible in first order as well as the neutron-proton scattering 
due to a weak, non-parity conserving interaction. 7he Fermi scattering of 
neutrons by electrons 1s, however, forbidden in first order: the electron can 
only emit negative vector mesons which the neutron cannot accept ff. 

We wish to point out that there is an alternative picture which describes 
the observed reactions, forbids the undesirable fermion decays and leads to 
some consequences which are different from those mentioned above and 
can be tested in principle. The model is the following: asswme that any two 
fermions can exchange charged and neutral vector mesons. Assume, further, 
that the neutral vector meson enters the coupling with the Fermi field in 
such a way that the current which creates the neutral field is conserved (the 
interaction is, then, not charge-independent). Reactions like those in (1), 
which have in a vertex one neutral vector meson line and two fermion lines 
corresponding to different fermion masses violate this condition and are 
therefore forbidden. This also excludes the coupling of (u*, e) with (#, v) and 
prescribes the unique interaction of (u*, v) with (%, e) for the w-e decay. 
In the scattering of neutrinos by electrons, the interaction is now of the form 


G{(&y,, 4”) (Fy,,4€) + (5y,%) (Ey,e)}, 4 = (1415). 
Conservation of the fermion current which emits neutral mesons imposes 


t Direct radiative decays like uw > e+y and L+ + p+y cannot obviously occur by vector 
coupling with the electromagnetic field owing to gauge invariance with respect to the latter. 
An effective tensor interaction with Fy, is possible and results from the muon changing into an 
intermediate neutrino with the creation of a proton-antineutron closed loop which emits the 
y-ray and annihilates the neutrino into the final electron. The rate is, however, of order G* and 
thus undetectible. If the radiative decay of X’* proceeds via an intermediate pion and proton 
the lifetime is of order 10~-% sec. 

tt We assume the principle of baryon number conservation. In first order in G, the exchange 
of vector mesons between e and n may lead to the reaction e-+-n — 2~+-» for which one needs 
neutrons with energy higher than about 260 MeV. In second order, one may have the e—n 
scattering e+n +> 2~-+yv->e+n which, however, gives no detectible contribution to the 
scattering cross section. 
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that the second term must conserve parity. Thus, if this model is true, 
only the weak interaction which involves charge exchange violates parity 
conservation; there exist weak interactions, those involving an exchange of 
neutral vector mesons, which conserve parity. 

An essential difference between this model and that which assumes the 
existence of only charged vector mesons is in the intrinsic electron-neutron 
interaction: the former leads to a scattering of neutrons by electrons due toa 
weak, non-electromagnetic, parity conserving coupling. If the corresponding 
effective potential is represented by a well of depth V and radius e?/(m,c?), 
the value of V is of the order of 4 eV, if we take the value 1.4 x 10~* erg - cm® 
for the Fermi coupling constant G. A Fermi-type coupling between electrons 
and neutrons has already been suggested by Foldy 8). It follows from our 
model of the universal Fermi interaction whereas it is practically non- 
existent in the Feynman-Gell-Mann picture. The scheme suggested here 
depends crucially on the vector-axial-vector nature of the Fermi coupling. 
Only for neutral vector mesons can the extra condition be imposed to rule 
out the unobserved reactions. 

The hypothetical vector meson would be a very heavy and unstable 
particle. Its lifetime is 

l6z h 


Ty & 
x fx@/hie myc? 
for a decay into a nucleon (or hyperon) pair (m,/my <1). Taking (2) into 
account and G = 10-°h®/m,?c we have, with X = mx/mp, 


10-17 
X3 





~~ 


Ty & sec, and /f,?/hc » 2.2x 10-8 X?. 





If we set /x?/hc ~ e?/hc, one obtains my ~ 60 m, and tx » 10-* sec. 


The author had stimulating conversations with C. M. G. Lattes, J. 
Tiomno, L. Marquez and P. Srivastava. 
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Abstract: A theory of the energy states and the electromagnetic transitions between them 
is deveioped for nuclei which do not possess axial symmetry. It is shown that violation 
of axial symmetry does not significantly change the rotational states of axial nuclei and 
leads to the appearance of new energy states. The reduced probabilities for E2 and M1 
transitions between various rotational states are computed. 


1. Introduction 


In some previous papers of the authors !~*) energy levels of non-spherical 
nuclei corresponding to collective excitations not involving violation of 
axial symmetry of the nuclei were investigated on basis of the generalized 
nuclear model proposed by A. Bohr and B. Mottelson *®), It was shown that 
the rotational-vibrational energy of collective nuclear excited states is a 
function of only two parameters, viz., of the frequency of nuclear surface 
vibrations and of the ratio of the equilibrium deformation to the zero 
vibration amplitude. It seems natural to inquire to what extent these 
results are applicable if one takes into account possible violation of axial 
symmetry of the nucleus. 

The problem of violation of axial symmetry of nuclei has been qualitatively 
treated in a number of papers *®* 8), Recently it has even become usual to 
ascribe nuclear excited states to the so-called y-vibrations ® 1°), This type of 
assignment is usually based on the spin values of these levels and on the 
large probability of electromagnetic transitions which confirms the collective 
nature of the levels. No quantitative theory of y-vibrations has been 
proposed. 

In the present paper we investigate energy levels corresponding to rotation 
of the nucleus which does not entail changes of its internal state. It will 
be shown that violation of axial symmetry of even nuclei only slightly 
affects the rotational spectrum of the axial nucleus although some new 
rotational states with total angular momenta of 2, 3, 4... do appear. 
If the deviations from axial symmetry are small these levels lie very high 
and are not excited. As the deviations from axial symmetry are increased 
some of the additional levels become much lower. Thus, for example, the 
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ratio of the second excited state with spin 2 to the first state (which also 
exists in axial nuclei), varies from infinity to two. The probabilities for 
electric transitions between rotational levels in non-axial nuclei are evaluated 
in sec. 3. The probabilities for magnetic transitions are computed in sec. 4. 
From comparison of the proposed theory with the experimental data 
(sec. 5) it can be concluded that the properties of the experimentally 
observed energy states of even nuclei can be satisfactorily explained by 
assuming that these nuclei do not possess axial symmetry. 


2. Energy States in Non-Axial Nuclei 


Proceeding from the generalized nuclear model, consider the energy 
states of an even nucleus corresponding to rotation of the latter as a whole 
with no change of its internal state. The operator corresponding to the 
rotation energy of the nucleus has the form 


=> | (1.1) 








where A = h?/46f? is a quantity which has the dimension of energy; 
y varies between 0 and 2/3 and determines the deviation of the shape of the 
nucleus from axial symmetry; the /, are operators of the projections of the 
nuclear angular momenta on the axes of a coordinate system connected 
with the nucleus. The commutation rules for these projections differ from 
the rules for the projections in a space-fixed coordinate system by the signs 
in the right hand side. 

According to (1.1), for y ~ 0 or 2/3 the nucleus should be regarded as an 
asymmetric top. In stationary states of the asymmetric top not one of the 
projections of the total angular momentum on axes I, 2, 3 of the body-fixed 
coordinate system has a definite value and hence the energy levels cannot be 
specified by the values of K = /,. Each value of the total angular momentum 
in the asymmetric top corresponds to 2/-+-1 different energy levels. These 
levels can be classified with respect to the irreducible representations of 
group D, with symmetry elements C,', C,”, C,? corresponding to rotation 
through z about the coordinate axes 1,2, 3, because operator (1.1) and the 
commutation between the /, are invariant with respect to this transforma- 
tion group. Thus the energy levels of an asymmetric top split up into four 
types of levels which correspond to the four irreducible representations of 
group D, (see ref.14), § 101 and ref.?*)). 

In virtue of the symmetry conditions imposed on the wave function °), 
in even nuclei of the 2/+1 different levels only those energy levels 
with a given / can exist which correspond to a completely symmetric 
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representation of group D,. Rotation states of the required symmetry will 
not exist if J] = 1. Two such states will exist for / = 2, one for J = 3, 
three for ] = 4, two for / = 5, four for / = 6, etc. 

If the energy is expressed in units of A = h?/4Bf? the energy of two levels 
of the required symmetry are, for / = 2, defined by the expression 








9(1—V1—8 sin? (3y 9(1+V1—8 sin? (3 
( 5 sin? (3y)) ¢, (2) = (1+ g sin® ( sy) (1.2) 


2 — ’ 
e ( sin? (3y sin? (3 
? Y 








The energy of a level with angular momentum / = 3 is given by 


18 
e(3) = —-~_-. (1.3) 
sin® (3y) 





The three spin 4 energy levels are the roots of the third degree equation 


, Mee Te... 1974.36 sin? (2y)) i tania 
e3 — ——__—- 2 +. —____ [27+ 26 sin? (3y) ]}e— ————— [27+-7sin?(3y) ] = 0. 
sin? (3y) sin4 (3y) . 

The two spin 5 energy levels are given by the formula 
45-+9V9—8 sin? (3y) si 
sin? (3y) ” 





€,(5) = 


In (1.4) t = 1, if a minus sign is before the root and t = 2, if a plus is 
before it. The energy levels of states possessing an angular momentum 
equal to 6 are defined by a fourth degree equation which we shall not present 
here. 

The following simple relation between the spin 2 and spin 3 energy levels 
follows from (1.2) and (1.3) 

€,(2)-+6,(2) = e(3). (1.5) 

The energy levels of even nuclei computed on basis of the preceding for- 
mulas are plotted in fig. 1 as a function of y. For y = 0 the energy spectrum 
is identical to that of an axially-symmetric nucleus. For a fixed value of 
f violation of axial symmetry of the nucleus leads to an increase of the energy 
of the levels belonging to the axial nucleus. This increase of the level energy 
corresponds to a decrease of the effective moment of inertia of the nucleus or 
of the effective deformation parameter fer. For the first excited state of 
spin 2 the effective deformation parameter can be determined from the 
formula 








Bert = | 


4 sin? (3y) | 
9 —V81—72 sin?(3y) 


Besides the comparatively small change of the level energies of an axially 
symmetric nucleus, violation of axial symmetry of the nucleus leads to the 
appearance of some new energy levels ¢,(2), ¢(3), e,(4) etc. By using the 
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dependence of ¢,(2)/e,(2) on y, one can determine the corresponding value of 
y from the experimental value of the ratio. From fig. 1 the energy sequence 
of the spins and the energy values of the other nuclear levels can then be 
determined. Comparison of the theory with the experimental results will be 
performed in sec. 5. 
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3. Electric Transitions between Rotational Nuclear States 


As is well known, measurements of the transition probabilities between 
electric states in a nucleus yield important information on the nature of the 
excited states. In particular, for elucidation of the nature of the second 
excited state of spin 2 in an even nucleus one may study the relative prob- 
ability for transition from this level directly to the ground state or to the 
first excited state with a spin of 2. It has been assumed in a number of 
investigations that the first two spin 2 levels observed experimentally 
refer to one-phonon and two-phonon vibrations of the nuclear surface. In 
this case transition from the second state to the ground state can take place 
only as a result of violation of the oscillator approximation. 

Assuming that both spin 2 levels can be assigned to rotational levels, we 
compute the ratio of the reduced transition probabilities for ¢,(2) —> e,(2) 
and ¢,(2) — «(0) as a function of the parameter y and hence as a function of 
the ratio ¢,(2)/e,(2) since the latter depends on y. 
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In order to calculate the probability for E2 type transitions between the 
rotational levels the operator of the nuclear quadrupole moment 





should be expressed in terms of the Eulerian angles defining the orientation 
of the nucleus and in terms of the collective coordinates with respect to axes 
connected to the nucleus. Employing the transformation of the spherical 
functions 


Yo, (89) _ > Diy Y9,(0' ¢’) 


corresponding to transition to a coordinate system connected with the 
nucleus and expressing the proton coordinates 7, #; mp; in this system (assuming 
the protons to be uniformly distributed within the nucleus) through the 
collective coordinates a, where ay = Bcosy, a4,=—a_,.=090, 4=—a.= 
6B sin y/4/2 by aid of the formula 
4n Z (“) 
4.= - yY ?’. * 
v az 2) R ay ( iP i) 

we obtain the following expression for the uw“ component of the operator of 
the electric quadrupole moment 





D?,+D* 
/2 


Q, a = QO (3, cos y+ 
where 
3Z R? B 
V da 
is the intrinsic electric quadrupole moment of an axial nucleus with a de- 
formation parameter {; | dl are generalized spherical functions (which 
depend on the Eulerian angles) defining the unitary transformation from a 
coordinate system fixed in space to a coordinate system fixed to the nucleus. 
The wave functions of the rotational states of a non-axial nucleus can be 
written in the form 





Vo 














1 
Yo = V7ga VP: 7); 
5 \3 F D? + D? _.] 
Yoim (- ) y (By) | 4 Dino, wt, =|, (2.3) 
5 \3 « D*..+D?, _.| 
Yom = (2) 9 (By) | 42 Digg tb, — — ‘|, 
a a 2 





where ¢(f, y) is a function corresponding to the internal state of a nucleus 
which is assumed to be the same in all three rotational states 
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a,N, = —[sin y sin(3y)+3 cos y cos (3y) + V9—8 sin? (3y) ], 
b,N, = 3sin y cos(3y)—cos y sin (3y), 


a,N, 








N,2 = 2V9—8sin?(3y)[V9—8 sin (3y)+ sin y sin(3y)+3 cos y cos (3y)], 





/9—8 sin? (3y)—sin y sin(3y)—3 cos y cos (3y), 


b,N, = 3 sin y cos(3y)—cos y sin (3y), 








N.2 = 2V9—8 sin®(3y)[V9—8 sin?(3y) —sin y sin (3y)—3 cos y cos (3y)). 


As was previously noted, y varies between 0 and a/3 and determines the 
deviation of the shape of the nucleus from axial symmetry. The axes of the 
ellipsoid employed to approximate the shape of the nucleus can be expressed 
through y and # by the formula 


5 2 
R,=R E + 6 y= cos (»— =) |, A = Il, 2, 3. 


If y = 0 the nucleus is an elongated ellipsoid of revolution with a symmetry 
3 axis. If y = 2/3 the nucleus is an oblate ellipsoid of revolution with a 
symmetry 2 axis. The rotational states of a nucleus defined by operator (1.1) 
and the probabilities for electromagnetic transitions between them are the 
same for y, and 2/3—y,. We therefore present the values of the various 
quantities in the interval between 0 and 2/6. 

In connection with the preceding it should be mentioned that one cannot 
decide on basis of measurements of the rotational energy of the nuclei or of 
the electromagnetic transitions between them whether the nucleus is an 
elongated or oblate ellipsoid. The only way to answer this question is to 
measure the mean values of the quadrupole electric moments in stationary 
states (J, M = /). In even nuclei the mean values of the quadrupole 
moments in the ground state are equal to zero. In the first excited state with 
spin 2 the mean value of the quadrupole moment is 


ins Sin 6 cos (37) 
7V 9—8sin? (3y) 
where Q, is defined in (2.2). In the second excited state of spin 2 the mean 
value of the quadrupole moment has a different sign 
02 = —0Q1. 
The reduced probability for the electric quadrupole transition Jt > /’t’ 
averaged over the initial polarization states of the nucleus is 


. Y |U'r'miQ,,|JeM)P. (2.5) 








B(E2; Jt > J't’) = 





162(2/+1) Mmp 
Since we assume that in this transition the internal state of the nucleus does 
not change, the reduced transition probability can be expressed through the 





(2.4) 
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mean value of # and y in the (f, y) state with help of (2.5). Inserting (2.3) 
into (2.5) and using (2.4) we find the following values for the reduced electric 
quadrupole transition probabilities expressed in e?Q,?/16z units. This unit 
corresponds to the reduced electric quadrupole transition probability in an 
axially symmetric nucleus between rotational levels of spin 2 and 0. 


B(E2;21->0) _ 3—-2 sin?(3y) 
(=e) ab V9—8 sin? aA a 
16x 











b(E2; 21 + 0) = 











3—2 sin®(3y) 
b E2: 2 —> = = ’ . 
eatin a3 V9—8 sin? a a7) 
b(E2; 22 > 21) — 20 SI By) _ (2.8) 





* 9—8 sin? (3y) 
It is interesting to note that 
b(E2; 21 > 0)+6(E2; 22 0) = 1. 


The ratio ¢,(2)/e,(1), the relative reduced transition probabilities (2.6) 
and (2.8) and the ratio of the reduced electric quadrupole transition prob- 
abilities b(E2; 22 + 21)/b(E2; 22 +0) are listed in table 1 for several 











TABLE I 

éa(2) b(E2; 21 + 0) | b(E2; 22 - 0) |b(E2; 22 > 21) nem 
? &, (2) aide amtae ; ~ “"") 6(E2; 22 -> 0) 
0 oc 1.000 0 0 1.43 
5 64.2 0.993 0.0074 0.011 1.49 
10 15.9 0.972 0.028 0.051 1.70 
15 6.85 0.947 0.053 0.143 2.70 
20 3.73 0.933 0.067 0.357 5.35 
22.5 2.93 0.937 0.0625 0.563 19.02 
24 2.59 0.948 0.052 0.782 15.1 
25 2.41 0.955 0.0425 0.865 20.6 
26 2.26 0.968 0.0324 1.01 31.2 
28 2.07 0.99 0.010 1.28 126 
29 2.01 0.996 0.004 1.41 363 
30 2.00 1.000 0 1.43 00 


























values of y. From the data in table 1 it follows that the reduced probability 
(2.6) for transition from the first excited state to the ground state only 
slightly changes when axial symmetry of the nucleus is violated. The 
reduced probability (2.7) for transition from the second excited state of 
spin 2 directly to the ground state vanishes for y = 0° or 30° and comprises 
about 5—7 % of the corresponding reduced transition probability between 
the first excited and ground energy states when y = 15—24°. The reduced 
E2 transition probability from the second excited spin 2 level to the first 








244 A. S. DAVYDOV AND G. F. FILIPPOV 


excited level is very small for y ~ 0 and subsequently rapidly increases 
and for y ~ 20° equals approximately 40 % of the reduced ground state 
transition probability in the axial nucleus and about 140 % for y ~ 30°. Of 
special interest is the ratio of the reduced probabilities, 6(E2; 22 — 21)/ 
b(E2; 22 + 0) as this quantity does not depend on the degree of population 
of level ¢,(2) and can be directly measured. 

With help of the explicit form of the wave function for energy level ¢(3) 


—.. p(By) [Ding— Dm, -2]; 
VY31m = V0 (By) [ 2 


the reduced electric quadrupole transition probabilities can be computed 
(in our units) 














—92 sin? (3y 
b(E2; 8 > 21) = 28 (1 : we). 
) 


The values of these probabilities and their ratio are presented in table 2 
These reduced probabilities satisfy the relation 


b(E2; 3 + 22)+6(E2; 3 + 21) = $3. 











TABLE 2 
| ; : ; “a b(E2; 3 + 21) 
? | ORE: BB) ae S-~ Se b(E2; 3 > 22) 
10 0.0132 1.77 | 0.0075 
15 0.095 1.69 0.056 
20 0.12 1.67 0.072 
25 0.079 1.70 | 0.044 
29 0.0696 1.72 | 0.039 
30 | 0 | 1.78 | 0 
| 











4. Magnetic Dipole Transitions between Rotational States 


According to Bohr and Mottelson *) the operator of the magnetic dipole 
moment corresponding to collective motions in an even nucleus is defined 
by the formula 


M(1e) = ose | R(r)V('Y,,)de (3.1) 
where “4, = eh/2Mc is the nuclear magneton; gp is the gyromagnetic ratio 


corresponding to collective motion of the nucleons in the nucleus; 
R(r) = BRy* > a [rV(r? Y2,)) 
r 


is the angular momentum density. 








bo 
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Introducing the operator L = — i/rV] we can write 
3 
[(rV (7? Y.,)] =i? LY,, and V(7Y,,) = (eV 3 e.. 
1 
Inserting these values into (3.1) and employing the relation 


(e,L) Ya, = (—1)4 V6 (21, A+, —ul2a)¥o ay,, 


we reduce (3.1) to the form 


Ml) = Mp, (4w)+M, w)+... (3.2) 
where 
Mo & 3 bias 
Mo (lu) = — 27, (3.3) 
4 /6 
Mt, (lu) = Mor — > (2lu—», vi lu)ar_, Jy: (3.4) 


Here the /, are projections of the total angular momentum which in the 
classical theory are expressed through the coordinates «, (in a space-fixed 
coordinate system these coordinates characterize the deviation of the shape 
of the nucleus from a spherical one) and through the corresponding velocities 
a, by the formula 


J, =iv6(—1)"B> Ep Xyry(21, u+y, —r|Qu), 
i” 


where J is the mass parameter of the theory; (21, w+», —»|2, u) is the 
vector addition coefficient. In quantum theory the /, are operators. The 
action of these operators on wave functions DJ,,, in terms of which functions 
(2.3) of an asymmetric top are expressed, is defined by the equality 


Jy Dhix = (I)? VI T+ YJ IM +9, 91, M)Dhoy, x- 

The reduced magnetic dipole radiation probability from the state 22 to 
state 21 defined by functions (2.3) is 

B(M1,; 22 + 21) = % ¥ |(21m’|M(1p)|22m)|?. (3.5) 
m’ wm 

It is easy to verify that operator (3.3) does not contribute to this prob- 

ability. Inserting (3.4) and (2.3) into (3.5) we get 
90 sin? (3) 


2 2 92 : 3.6 
dori? 8 PO in? (37) is 








B(M1; 22 -> 21) = 


From (3.6) it follows that in an axial nucleus (y = 0) the reduced magnet- 
ic dipole radiation probability is zero and increases with y reaching a 


maximal value at y = 30°. 
If the value of y is determined from the ratio E,,/E,, of the energies of 
two spin levels, one can evaluate the value of the gyromagnetic ratio gp for 
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collective nucleon motion by using (3.6) and the results of measurement of 
the reduced magnetic dipole transition probabilities. 

If one, furthermore, takes into account that according to (2.8) the 
reduced electric quadrupole radiation probability for transitions between 
the same levels is 

10e? 0,” sin? (3y) 

In [9—8sin? (3y)]’ 





B(E2; 22 - 21) 


one may determine the ratio of the reduced probabilities 


B(M1; 2221) ay ( 8s ) 
B(E2;22>21) 7° \eZR,2/’ 
where &, is the nuclear radius. It is interesting to note that (3.7) is not 
dependent on y and f. 
From (3.7) the ratio of the intensities of y quanta emitted in both types of 
radiation is 





(3.7) 











T(M1) __ 80 (Hess ¥ iin 
T(E2) 0.21k? \eZ R,? 
where 
— Ea En 
he 


5. Comparison with Experiment 


The results obtained in the preceding sections were based on the assump- 
tion that during rotation of a nucleus its internal state does not change. 
This assumption can be only approximately true and is the more accurate 
the farther the rotational energy levels are located from levels corresponding 
to excitation of the internal states of the nucleus and possessing the same / 
values, parities, etc. 

Experimental values of the ratio of the energy of the second spin 2 level 
to that of the first level are listed in table 3. The value of parameter y can be 
computed from this ratio with help of formulas (1.2). Employing (2.7) and 
(2.8) and making use of this value of y one can evaluate {b(E2; 22 - 21)/ 
b(E2; 22 + 0)}ineor- Comparison of these ratios with the experimental 
ones (column 7) indicates that the theory satisfactorily describes the ex- 
perimentally observed rapid variation of the ratio of the reduced probabili- 
ties for transitions from a nucleus to one with a different y value. 

As can be seen by comparing columns 4 and 5 of table 3 for many nuclei 
the sum of the energies of the two spin 2+ levels is equal to the energy of the 
spin 3 level, as required by equation (1.5), with an accuracy to 1 %. The 
deviation of 5 % observed in the Cd! nucleus can be explained by the effect 
of three other levels located near level 2 and possessing spins of 4, 0 and 2. 
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From fig. 1 it can be seen that for y < 21.5° the second excited 2+ level 
should lie above level 4+, whereas for y > 21.5° it should lie below this level. 
The level 3+ should always be higher than level 4+. These rules are valid for 























TABLE 3 
Experimental keV b(E2; 22 + 21) 
Nucleus #2(3) y 9 o(E2; 22 + 0) ref. 
€,(2) €, (2) (3) 
+€3(2) theor. exper. 
pris 1.97 | 30 1040 - x“ > 2500 9, 24 
Pti#? 1.94 | 30 929 920.9 x 163 13 
Xes | 23.0 | 30 1445 ~ x 197 14 
Tes | 2.14 27.5 2040 — 104 200 23 
Cals‘ 2.17 26.75 1771 1860 78 77.9 15 
Se76 2.2 26.6 1760 — 68 23.5 16 
Tet 2.25 26.5 1760 66 78.2 17 
Hg? 2.66 23.2 1500 13 25 23 
Gdi54 3.01 21.4 1133 1140 7.2 — 18 
wes 8.08 13.9 1000 1000 2.0 19 
Sm!15? 8.9 13.48 1206 1226 1.9 1.7 18, 22 
Dy160 ll 12.2 1051 1047 1.9 2.38 10 
wies 12.1 11.6 1322 1331 1.6 1.59 20 
Pu* 23.4 8.13 1074 1076 1.2 1.3—1.5 25 
Pu®4e 23.7 8.0 1063 1060 1.2 — 19 
































all the nuclei in table 3 for which the positions of levels with spins of 2, 4, 3 
are known. 

It is interesting to note that for y = 30° the theory predicts an equidistant 
spacing of energy levels ¢,(2), €,(2), (3). A level spacing of this type can 
also be derived in the oscillator approximation for the energy of surface 
vibrations. However in this case the e,(2) and (3) levels should be degene- 
rate with spin values of respectively 0, 2, 4 and 0, 2, 3, 4, 6. 

Unfortunately, the experimental data which can be used to determine the 
ratio b(E2; 3 — 21)/b(E2; 3 — 22) are quite sparse. We know this ratio 
only for Kr8! 2!) for which it equals 0.016. This corresponds to a value of y 
which slightly exceeds 29. A value y > 29 agrees with the observed value 
€,(2)/e,(2) = 1.9 if it be taken into accountt hat in this nucleus adiabatic 
conditions apparently are not rigorously fulfilled. 

From formulas (2.6) and (2.7) one can compute the ratio of the reduced 
probabilities, b(E2; 22 — 0)/b(E2; 21 — 0); it equals the ratio b(E2; 0 — 22)/ 
b(E2; 0 -> 21) of the reduced probabilities for the inverse transitions which 
appear during Coulomb excitation of the nuclei. This ratio is maximal for 
y values lying between 15° and 25° (the variation of y in this interval corre- 
sponds to 6.28 > &,(2)/e,(2) > 2.4) and is very small for y < 5° and 
y > 29°. The values of the ratio b(E2; 0 — 22)/b(E2; 0 — 21) presented in 
ref.23) and derived from Coulomb excitation data and also the theoretical 
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values of y computed from (2.6) and (2.7) for the corresponding energy 
ratio, ¢,(2)/e,(2), are presented in table 4. It is apparent from the table that 
the theoretical values satisfactorily agree with the experimental ones. 

















TABLE 4 
} | b(E2; 0 > 22) 
&,(2) n 91) 
won 2 : | y v(E2 0 + 21) 
| €,(2) nate —— ee 
| exper. theor 
Os! | 2.9 | 20 ~ 0.04 | 0.072 
Rute | 2.55 23.7 0.024 0.057 
Rul 2.56 24 0.013 0.055 
Cause 2.35 25.05 0.021 | 0.044 
Rul” 2.24 | 25.07 0.015 | 0.043 
Pdi 2.2 | 26.5 0.017 0.027 
Pies 2.18 27 0.01 | 0.02 
Cdti4 2.17 27 0.02 0.02 














In order to compare the experimental ratio of the intensities of magnetic 
dipole and electric quadrupole radiations in the 2+ —> 2* transition with the 
values which formula (3.8) yields, we put wy = 5.05 10~-*4 erg + gauss 
fr = 0.4; Ry = 1.2A4x 10-8 cm. The 7 (M1)/7(E2) ratios computed in this 
way are given in table 5 (third column). The intensity of the E2 transition 








TABLE 5 
T(M1) exper. % of E2 
Nucleus E..—E,, keV ol | polis 

" T (E2) | transition 
Se76 | 643 | 9.8 10-2 | 98 +1 
Te! 693 1.9 <x 10-2 | 924-4 
Os!86 | 627 6.5 x 10-3 99-41 
Os88 | 480 1.04 x 10-2 99.6 











relative to the total intensity of the 22 — 21 transition derived from the 
data of Lindvist and Marklund **) is given in the last column of the table. 

Comparison of the predictions of the theory with the experimental data 
presently known to us thus confirms the assumption that some even nuclei 
do not possess axial symmetry. 
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Abstract: Results are described of an investigation of the radium gamma-spectrum in equilib- 
rium with its decay products, based on recoil electron measurements in the energy range 
150 — 2530 keV. Forty-four gamma-lines have been observed, and their relative intensities 
and the number of quanta per disintegration determined. 


1. Introduction 


Despite the large number of investigations of the f- and y-spectra asso- 
ciated with the decay of radium there are as yet no firmly established decay 
schemes of RaB and RaC. This is due to the fact that the f- and y-spectra of 
RaB and, especially, those of RaC are highly complex. 

The y-ray spectra of radium (B+ C) have been repeatedly studied }~*). 
They are so complex that each improvement in the experimental technique 
brings out new details in them. 

The energy of the y-quanta are determined most accurately from the 
spectrum of conversion electrons. 

The most complete data on the conversion electron spectrum were 
obtained in 1954 by Mladjenovié and Slatis ®) on a f-spectrometer with 
photographic recording. The authors assigned 16 y-transitions in radium 
C’ (Po*!*) and 5 y-transitions in radium C (Bi?!*). The relative intensities of 
the y-lines are best determined from the recoil electron spectrum. 
Until recently there were no investigations of the y-spectrum of radium B 
based on recoil electron measurements. Such investigations were 
carried out on the spectrum RaC in 1940 by Latyshev and co-workers ?) and 
in 1954 by Mladjenovi¢ and Hedgran %). These authors firmly established 
the existence of 11 y-lines. In 1956 a study of the y-ray spectrum of radium C 
based on recoil electron measurements *) was carried out with a 
resolution approximately one and a half times greater than that claimed 
inref.*). Inaddition to the previously known y-line intensities, the authors gave 
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the intensities of 21 other lines. However, even these y-lines did not account 
for the entire distribution of experimental points, leaving an excess of 
recoil electrons in some regions unexplained. 

In order to elucidate the relative intensities in the y-ray spectrum of 
RaB and RaC we undertook another investigation of this spectrum on the 
elotron of the Radium Institute ®). The apparatus was operated under the 
conditions described in ref. !°). In our experiments the width of the Compton 
line at one-half its height comprised 3.0 % in the vicinity of 400 keV and 
1.5 % in the vicinity of 1500 keV and higher. 

The y-ray source was two grams of radium in the form of the salt RaBr,. 
The form of the source is the same as described in ref. §). 


2. Results 


The experimental spectrum is shown in fig. 1. The black points represent 
the background, being the number of coincidences with the target out of the 
beam. 

The experimental points of the background are so distributed that two 
lines can be drawn through them by the method of least squares; the back- 
ground is then estimated from these lines. After subtraction of the back- 
ground the curve was resolved into components of standard form. The form 
of the line was obtained from measurements of the single lines: 411.8 keV of 
Au!8, 661.6 keV of Cs!87, 1171.5 and 1331.6 keV of Co®, 1367.9 and 2753.5 
keV of Na** and 2614.3 keV of ThC”. 

The strongest lines, such as 352.0, 609.3, 768.7, 934.8, 1120.4, 1378.2, 
1509.3, 1764.4 and 2204.2 keV were used for the energy calibration. The 
values of the energy were taken from the paper by Mladjenovic¢ and Slatis *) 
based on conversion electron measurements. If the position of a weak line 
coincided with that indicated in ref. *), we took the value givenin that paper as 
the most accurate one. If there was no such agreement, then we determined 
the energy from our calibration curve. The intensity of the components was 
selected to give the best explanation of the experimental points. 

The results of the resolution are illustrated in figs. 2—5. Fig. 2 shows the 
spectral region from x 150 to 630 keV. The spectral region up to the 
609 keV line has been studied for the first time on the basis of recoil electron 
measurements. In addition to the well known lines of radium B: 241.9, 
295.2 and 352.0 keV *®), an excess of recoil electrons is clearly seen near 
295 keV. The resolution shows that this excess is maximum near 285 keV. 
Among the unassigned lines in ref.*) are to be found lines No. 43— 46, 59, 60, 62. 
If these are assigned to K- and L-conversion electrons of RaC, then for the 
gamma-line energies we obtain the values: 273.2, 273.9, 277.6 and 281.5 keV. 
All these lines taken together probably account for our excess of conversion 


electrons. 
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Fig. 1. Experimental gamma-ray spectrum of radium in equilibrium with its decay products. 
S:cvincidence with target in the gamma-ray beam. }:coincidence with target out of the 
beam (background). 

N is number of coincidences per minute. 
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Fig. 1. (Continued.) 
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Fig. 2. Resolution of the gamma spectrum into components in the region © 150—630 keV. 
N is number of coincidences minus the background per/min. 
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Fig. 3. Resolution of the gamma spectrum into components in the region 630—1170 keV. 
N is number of coincidences minus the background per/min. 
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Fig. 4. Resolution of the gamma spectrum into components in the region 1130—1810 keV. 
N is number of coincidences minus the background per/min. 


It can be seen in fig. 2 that between the strong 352.0 and 609.3 keV lines 
are situated a number of close-lying weaker gamma-lines. Several of them 
can probably be found among the assigned lines of ref. ®): these are lines No. 68, 
70, 77, 78, 79. If they are assigned to K-conversion electrons of radium C, 
then for the energy of the gamma-lines we obtain the values 386.8, 388.9, 
466.7, 471.2 and 484.6 keV. Some of these lines coincide with those found by 
us and indicated in fig. 2. 

Fig. 3 shows the spectral region from 630 to 1170 keV. In the region 
630— 769 keV the 666+-7 keV line is clearly seen, and the 703.2 and 721-+-7 
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Fig. 4. (Continued.) 


keV lines can be distinguished. In ref.*) the excess of recoil electrons 
between the 609.3 and 768.7 keV lines is attributed to the presence of the 
652.4, 660.9 and 703.2 keV lines, and an excess is indicated in the vicinity of 
720 keV. We did not discover the 652.4 keV line this time; had its intensity 
comprised + the intensity of 666 keV line we would have observed it. After 
the lines indicated above have been drawn, a small excess of recoil electrons 
remains near 740 keV. 

On the high energy side there are three lines near the 768.7 keV line: 
hy = 787.1, 806.3 and 837-+8 keV. In ref. 8) an excess was observed in 
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this region which was attributed to the 787.1, 806.3 and 821.3 keV lines 
on the basis of the assignment of the lines found by Mladjenovié and Slatis. 
Our curve confirms the existence of the first two lines, but the third clearly 
has greater energy. 

In the region 840—900 and 950—1070 keV we discovered new gamma 
lines of energies 885-+10, 960-+-5 and 1050+-10 keV. In ref.*) an excess of 
recoil electrons was found approximately in these regions. 

Fig. 4 shows the spectral region from 1130 to 1810 keV. The 1155.3 and 
1281.3keV lines found in ref.*®) can be clearly seen. Near the 1238.3 keV line, on 
the low energy side, there is an excess of recoil electrons; these are due to the 
1207.1 keV line which is among the unassigned lines in ref.®). 

The trend of the curve in the spectral region of 1360— 1440 keV confirms 
the existence in this region of no less than two transitions with close values of 
the energy. Formerly one wide maximum was observed here *:°); now it has 
faintly resolved into two. Judging by the spectrum of conversion electrons, 
there can be seven lines in this region. The resolution of our curve shows that 
the remainder left after separating out the 1378.2 keV line has the form of the 
line hy = 1403-+7 keV. 

Near the 1509.3 keV line clearly appears the 1541+-5 keV line, which 
was hitherto not detected from conversion electron measurements 5). 
The 1582.9 and 1668.4 keV lines are perfectly clear; the 1582.9 keV line 
falls off more slowly on the high energy side than the standard form of the 
line demands. This is probably due to the presence of the 1605.2 keV line 8), 
which is to be found among the unassigned lines in ref. ). 

Near the strong 1764.4 keV line, on the low energy side, appears the 1728.3 
keV line, which was found from conversion electron measurements °). 

We did not discover any noticeable broadening of the 1764.4 keV line on 
the high energy side. 

Fig. 5 shows the spectral region from 1780 to 2530 keV. The peak near the 
well known 1848.5 keV line differs in form from that of the standard line: 
it is somewhat wider and falls off more slowly on the high energy side. After 
drawing the strongest possible 1848.5 keV line, we discovered an excess of 
electrons with a maximum in the vicinity of 1860 keV. We believe that this 
excess can be attributed to the presence of the 1862.3 keV line 8). The 
existence of a 1900 keV gamma-line *) has been confirmed. There is an excess 
of recoil electrons in the vicinity of 2016.7 and 2090 keV; in intensity it is 
approximately three times less than indicated in ref. §). 

The 2446+-10 keV line proved to be slightly wider than should follow from 
the standard form. After the strongest possible 2446 keV line has been 
drawn, the excess on the low energy side has a maximum near 2410 keV of 
intensity approximately 10 times less than the area of the 2446 keV line. 

The paper by Rutherford e¢ a/.“) reports an excitation level of 2513-45 








GAMMA-RAY SPECTRUM OF RADIUM 261 


keV in RaC’; one would have expected to find a y-line Ay = 2513 keV. 

The position of the 2513 keV line is denoted by an arrow in fig. 5. If this 
line does exist, its intensity is less than ;4, the intensity of the 2446 keV line; 
i.e., comprises less than 4x 10~-* quanta per disintegration. 
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Fig. 5. Resolution of the gamma spectrum into components in the region 1780— 2530 keV. 
N is number of coincidences minus the background per/min. 


To find the relative intensities we determined the area of each component, 
reduced to equal intervals of Hp. We then corrected the values of the area for 
the sensitivity of the counters to electrons of different energy, for self- 
absorption in the source, for absorption in the walls of the apparatus and for 
the spectral sensitivity of the apparatus. It was assumed that the intensity of 
the lines is proportional to the areas thus determined. 

The results are given in columns 4 and 5 of the table. Column 2 lists the 
energies of the lines found in ref.*). The lines denoted by an asterisk 
are among the unassigned conversion lines of ref. ®) and have been assigned by 
us to K- and in some cases to L-conversion electrons of radium C. The 
energies of the lines denoted by two asterisks have been determined in ref. §). 
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TABLE 1 





Energies and relative intensities of gamma lines and number of quanta per disintegration in the 
spectrum of radium in equilibrium with its decay products 









































Ey(keV) | Relative intensity 
No. Mladjenovi¢ 
and 
Slatis *) Dzelepow and | 
Shestopalova | 
l 2 | 3 | 4 | 
1* 239.6 
2 241.9 | 2.0 
3 258.8 | 
4* 273.2 | 
5 273.9 | 
6* 277.6 Ao | 
7* 281.5 | 
S 295.2 q 
ge 304.0 | 3.6 
10* 348.5 - 
11 | 352.0 ES 
12* 386.8 
13* 388 9 ew 0.24 
14 — ew 0.15 
15 sa ~ 0.19 
16* 466.7 
17* 471.2 ww 0.18 
18* 484.6 | 0.29 | 
19 wi | 0.24 | 
20 sat | 0.17 | 
21 609.3 8.21 8.96 
22% 652.4 oo < 0.06 | 
23* 660.9 | Pe 0.43 | 
24* 703.2 | 0.28 0.15 
25 ; | - 0.13 | 
26 — ~ 0.07 
27 | 768.7 1.05 | 1.01 
28* 787.1 0.25 / 0.28 
29" 806.3 | 0.34 0.29 | 
30* | 821.3 | 0.15 0.17 | 
31 | 4 ‘ 0.07 
32 | 934.8 | 0.74 0.62 | 
33 | die 0.09 
34 | —_ —_ ~~ 0.10 | 
35 1120.4 2.95 3.16 | 
36 1155.3 | 0.45 | oa | 
37* 1207.1 | 0.33 0.11 
38 1238.3 | 1.14 | 1.15 
39 1281.3 | 0.33 | 0.82 
40 | 1378.2 | 0.89 | 0.91 
| | | 


2 


Ey (keV) 


285 +10 


295 

352 

395 

417 

450 -+-10 
465 +10 
485-+5 
509 +5 
609 

666 +7 
703 


72147 
740 (excess) 
769 

787 

806 
837+8 
885-+-10 
935 
960-5 
1050+ 10 
1120 
1155 
1207 
1238 
1281 
1378 


Number of 
quanta per 
disintegration 


0.105 


0.052 


0.189 
0.377 


0.013 


@ 


0.008 
0.010 


“ed 


0.010 


a 


0.015 
0.013 
0.009 
0.471 


0.023 
0.008 
0.007 
we 0.004 
0.053 
9.012 
0.015 
0.009 
0.004 
0.033 
0.005 
0.005 
0.166 
0.018 
0.006 
0.060 
0.017 
0.048 
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TABLE 1 (Continued) 























2 3 4 | 5 ( 
41* | 1385.3 ‘ 
42* | 1391.1 
43* | 1396.5 | is i eo 
44% | 1401.7 | 0.55 0.774 1403 +7 0.040 
45* | 14080 | 
46* | = 1438.0 | | 
47 | 1509.3 | 0.54 0.42 | 1509 0.022 
48 - | : |” 0.16 1541-45 0.008 
49* 1582.9 | 0.22 0.21 | 1583 0.011 
50* 1605.2 | 0.07 0.07 | 1605 0.004 
51* 1668.4 | 0.10 0.20 | 1668 0.010 
52 1728.3 0.34 0.45 1728 0.024 
53 1764.4 2.7% 3.11 1764 0.163 
a4* 1783.8 0.58 — — - 
55* 1790.7 0.16 -- — — 
56 1848.5 0.25 0.39 | 1848 0.020 
57* 1862.3 0.29 0.15 | 1862 0.008 
58** 1900 0.17 0.08 | 1900+10 0.004 
59 2016.7 0.06 ~ 0.02 | 2017 (excess) ww 0.001 
60** 2085 0.08 ~ 0.02 | 2090 (excess) w 0.001 
61 2117.0 | 0.27 0.26 2117 | 0.014 
62 | 2204.2 | ] l 2204 | 0.052 
63**| 2290 | 0.07 | 0.08 | 2297.10 | 0.004 
64 | — | — ~ 0.03 | 2410 (excess) ~ 0.002 
65** 2450 | 0.36 0.30 | 2446410 | 0.016 











Column 3 gives the relative intensities of the lines as found in ref.*) with 
the following corrections: 

1) the experimental curve for the 609.3 keV line now includes the standard 
line with the experimental half-width; 

2) the relative intensities of lines No. 21—49 (No. 1—23 of table 1 in 
ref.8) ) have been corrected on the basis of new computations of the areas of 
the lines. 

Column 6 gives the number of quanta per disintegration computed a) 
from the relative intensities of the y-lines in column 4, and b) from the value 
of the total energy carried off by the y-rays of one gram of radium in unit 
time, as determined by Zlotowski !”) (Q, = 9.1-+-0.15 cal. per gram per hour. 
If Q, is expressed in MeV per disintegration, we obtain the value Q = 1.81 
MeV §)). 


We take this opportunity to express our gratitude to the graduating 
students F. A. Predovsky (Leningrad Polytechnical Institute) and N. A. 
Voinova (Leningrad State University) for help with the measurements. 
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Abstract: Model independent expressions for the level density of systems of non-interacting 
Fermions are given in a form that is suitable for treating degenerate systems. No formal 
distinction is made between discrete and continuous distribution of the single Fermion 
states. The explicit solution as well as approximate formulae in various limiting cases are 
given for the case when the single Fermion distribution can be analyzed in a power series 
or a Fourier series. As an application the effect of nuclear shell structure on the level 
density is estimated. Finally, the influence on the level density of an energy gap in the 
single Fermion spectrum is discussed. It is shown that the introduction of an energy gap 
can account for the observed difference in level densities of nuclei with odd and even 


number of nucleons. 


1. Introduction 


Systems which can be described as assemblies of independent Fermions are 
encountered in many branches of physics. The properties of such systems are 
especially simple when they are highly degenerate, i.e. when their excitation 
is so small that only Fermions near the Fermi level are affected and the 
finiteness of the system is irrelevant. The density of excited states at a 
certain excitation is determined only by the distribution of single Fermion 
states in the region around the Fermi level in which these Fermions are 
excited, and it is obtained as the solution of a combinatorial problem. 
If the distribution function is sufficiently regular and slowly varying in this 
interval, it can be replaced by its value at the Fermi level, leading toa very 
simple expression for the level density !~*). Some Fermi systems, however, 
exhibit anomalies in the distribution of single Fermion states near the Fermi 
level, associated e.g. with the existence of degenerate or nearly degenerate 
levels and energy gaps. Animportant case of such an anomalous system is the 
nucleus which can be considered as consisting of approximately independent 
Fermions. Though in the case of a heavy nucleus the degeneracies of the 
Fermion levels at the shells are expected to be removed, the distribution of 
the levels should still be significantly affected in certain regions. It is also 
possible that the nuclear system has a spectrum with an energy gap in 
analogy with a system of electrons in a superconductor *~*). 

The effect of shell structure on the nuclear level density has been in- 


+t On leave from the Institute of Theoretical Physics, Lund, Sweden. 
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vestigated by an explicit counting of levels in specific nuclear models §-") 
or by various approximations !~!). For light nuclei this problem has been 
treated in some generality by C. Bloch !). He takes the exact nucleon 
states in a central potential into account by an ingenious perturbation 
treatment and is able to treat remaining inter-nucleon forces of definite 
symmetry character. This line of approach is, however, difficult in the case of 
a heavy nucleus, not only owing to lack of knowledge about the forces, but also 
in view of the large number of levels involved. It is instead useful to consider 
the states as arising from ‘elementary excitations’ which take into account at 
least part of the interactions between the single particle states. 

We will derive the expression for the level density in a form that is model 
independent and express it in such a way that it is particularly convenient 
for application to degenerate systems. For the evaluation of the partition 
function the saddle point method is used as the only approximation. We 
will write the expressions in such a form that there is no formal distinction 
between a discrete and a continuous distribution function, and so that the 
symmetries in the solution are clearly exhibited. Since, for the applications in 
this paper, we are interested essentially in ratios rather than absolute level 
densities, we have not taken into account the dependence of the level density 
on spin. This factor may be easily introduced by a technique similar to that 
employed below, but would be an unnecessary complication for our present 
purposes. The explicit solution for the level density will be given for the case 
of a continuous distribution function which can be analyzed in a power or a 
Fourier series. The former is best suited for treating slowly varying distribu- 
tion functions, the latter for applications to more rapidly varying distribu- 
tions of periodic character. The asymptotic expressions and approximations 
are given in detail for various cases, so as to facilitate estimates of shell effects, 
for example. Only the case of one system of identical Fermions is treated in all 
details, but as the nucleus consists of two such gases the trivial extension to 
this case is indicated. 

The method which has been developed is then applied to a numerical 
estimate of the effect of shells in the case of a heavy nucleus. We also discuss 
the influence of an energy gap at the Fermi level on the level density, and it 
is shown that a model with such a gap, which reproduces the low energy 
values of the level density correctly, also correctly reproduces the difference 
in the level density of nuclei with odd and even number of nucleons > 15), 


2. General Derivation 


Let us consider a non-degenerate system consisting of N identical, non- 
interacting Fermions. These have one-Fermion levels ¢;, which are distri- 
buted according to a distribution function g(¢) which can be written in terms 
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of 6-functions as 
g(e) = > d(e—e,). (1.1) 
If some of the levels are degenerate, we should think of the degeneracy as 
being removed by an infinitesimal amount, so that it is always possible to 
specify the level we are dealing with. In the ground state all levels ¢,, ¢,. . ., 
éy are filled. Introducing the Fermi level eg = 4$(ey+-ey,,) t we can express 
the total number of particles N and the total ground state energy E, as 


N = |" g(e)de (1.2) 
and 
Ey = |" eg(e)de. (1.3) 


The properties of a degenerate system of independent Fermions are 
completely specified by the excitation energy U and by the distribution 
function g(e) in the region e,—U S ¢ S e,+U (ie. in a finite region around 
€)), and do not depend on the finiteness of the number of Fermions and the 
total ground state energy on the system. In order to obtain equations es-° 
pecially suited for the description of such a system we will, therefore, 
eliminate the explicit dependence on the non-relevant parameters N and E,. 

The excited states are determined by the occupation numbers , of the 
levels e,, where , can take the values 0 and 1. The total energy, E = E,+U, 
and the total number of particles, N, of the system are related to the 
occupation numbers 1, by 


E=) n,¢; (a) 
; (1.4) 
N = 5 2, (b). 
We introduce a function Z(«, 8), the ‘sum over all states’, 
Z (a, B) = T] (1+e***s) (1.5) 


with the property of counting each possible combination of ,’s in eq. (1.4) 
exactly once. This can be written identically in terms of level densities as 


Z(x, 8) = De 


Zan — hn, 6, 


= > [ dU’ p(U’, N’)e-#U"-#F', (1.6) 
<. 


where p(U, N) is the density of states of a system of N particles at excitation 
U. From eq. (1.6) the level density with the desired value of U and with the 
correct number of particles can be determined by an inversion in terms of the 
Darwin-Fowler integral 


t This definition of ¢, is chosen in order to make y in eq. (1.16’) go to €) for 8B + o, but is 
otherwise arbitrary, as any value between ey and en+ 1 would serve as well. 
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l ico ; 
p(U,N) = {| ef tBE-aN dBda, (1.7) 


(2207)? —ico 
where for shortness we denote log Z(«, 8) by /. This expression can be 
evaluated by the saddle point method. With denotations from thermodynam- 
ics the expression for p(U,N) is given by 
U.N) => —* (1.8) 
pe Qe (det A)t 


where S is the entropy of the system, 








S = {+ BE—aN, (1.9) 
and 
ef of 
2 
A rr ae (1.10) 
ef of 
OBOx Ox? 
The saddle point is determined by 
ee (1.11) 
ae _e ; 


By the introduction of the chemical potential of thermodynamics u defined 
as w = a/B, these equations transform into 


0S 0: 0S 
Binicn ae 
The main dependence of p(U,N) on U is contained in e* and we will 
therefore only treat that factor here. For the expressions for det A we refer 
to appendix 2. 
We write / of eq. (1.7) as 


} = log Z(a, B) = | g(e) log (1+-e%4-)de 
= B |" g(e)(u—e)det | {g(u+-e)-+¢(u—e)} log (1+e-#*)de, (1.13) 


defining g(e) to be 0 for e < 0. By the use of eqs. (1.2) and (1.3) we can 
further write / in the form 


{= Bul,” g(e)de—p | eg(e)de+B |” ¢(c)(u—e)de 
+ [{g(ute)-+g(u—e)} log (1-+e-#*)de (1.14) 
= BuN —BEo+B |" g(e)(u—e)de+ [>> {g(u-+e) +¢(u—e)} log (1-+e-*)de. 


0. (1.12) 


Introducing this expression for f/ in eq. (1.9) for the entropy, the terms 
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involving the quantities N and E, drop out, and the entropy is given simply 
by 
S= pU+B |" gle )(u—e) \de+ {* {g(u+e)+g(u—e)} log (1+e-4*)de. (1.15) 


Substituting eq. (1.15) in the equations which determine the saddle point 
oe these take the form 


= zm = BJ &( e)de+ b. {g’(u+e)+g’(u—e)} log (l+e-4*)de (1.16) 
IT 

and 

—= >= u+) ee) )(u—e)de+ al, {g(u+e)+g(u—e)} log (1+e-4*)de. (1.17) 


An alternative form of eq. (1.15), which is often very convenient, is obtained 
when the expression for U from eq. (1.17) is introduced. Thus, 


O Co 
S= (1-9) [> foWete)-+elu—e)} log (I-+e-*)de, (1.18! 


Eq. (1.16) can also be used in its partially integrated form 


g(ut+e)—g(u—e) , ; 
mc yae+ [8 wr , de = 0, (1.16’) 





which is to be preferred especially when g(e) has discontinuities. 
An alternative form of eq. (1.17) is 


tad o( 
U= “i g(e)(u—e) Jae J” = ee on (1.17) 


Eqs. (1.15) —(1.17’) are still quite general. No specification has been made as 
to whether the distribution function is continuous or not, nor has any 
assumption been made about the finiteness of the system. However, these 
expressions have been obtained in a form which particularly stresses the 
importance of the form of the distribution function in the neighbourhood of 
the chemical potential. This potential usually does not deviate appreciably 
from the Fermi level, but the deviation sometimes implies a significant 
change in the level density formula. It is therefore obvious that this form is 
not very suitable for investigations of the limitations on the system due to 
the finiteness of the number of particles, but it is very well adapted for 
treating degenerate systems. 

A system is completely degenerate as long as the maximum energy that 
can be concentrated on one particle is less than or equal to ¢). The level 
density is clearly independent of what happens to g(e) outside the region 

—U Se 6,+U. We are therefore at liberty to replace g(e) there by a 
mathematically more suitable function. The fact that at higher energy the 
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states formed by a concentration of the total excitation energy on one or a 
few of the particles are very few in comparison to all other possible configura- 
tions, gives an even greater freedom in this replacement. I[t is in fact suffi- 
cient to know the form of g(e) accurately ina region around yu of the order of 
a few times the temperature ¢ = #~', as is easily seen from the equations 
above. In the case when g(e) is a continuous function, it is therefore possible 
to approximate g(e) by only a finite number of terms in a power or a Fourier 
expansion as well-as desired. The Fourier expansion will be particularly 
suitable when g(e) has an oscillatory behaviour, as is the case for some types 
of shell structure. Although the equations are now independent of JN, it is 
still necessary to make use of eq. (1.2) in some cases, e.g. when we want to 
compare level densities corresponding to systems with the Fermi level at 
different positions in a shell structure. 

We now give the general expressions for eqs. (1.15)— (1.17) for the cases 
when g(e) can be expanded in a power f and a Fourier series, which will be 
taken to contain only a finite number of terms. 

In order to exploit the fact that g(u+«)+g(u—e) is an even function of e, 
we make the power series expansion around u 











ef (us) 
gute) =p. (1.18) 
A substitution of eq. (1.18) in eq. (1.15’) gives the entropy as 
S= — ? 2 8) t)(2k+2 2) B- (2+) (1 —2-(2F+D) 2 (2k+4- 2), (1.19) 
where we have introduced ¢(k) = }®., 1/n*. In terms of the temperature 
¢ = 6! and the Bernoulli numbers 
(2h)! 
B, = ra a m-2* £(2k) 
this can be expressed as 
gi) (u) 
S= =x 25 Saar (22*+1_ 1) By, (at) ?*+!, (1.20) 
In the same way we get from eqs. (1.16) and (1.17) 
) & <a 5 a ) : 
Bass 9) (rg 2 Q2k+1__] 2k+2 __ 1.2 
and 
aa , gi? (u) 
= — +249 22k+1__])B 2k+2 (1.22 


t This is similar to the well-known Sommerfeld expansion '*). It is given here for convenience 
and in a form suited for problems of this kind. 
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In particular, if the derivatives of g(e) at the Fermi level are rapidly 
decreasing with their order, 

2 
u—&& ey — g (0) ~_ #2, (1.23) 
g(é) 6 
and it is easily seen that the first surviving terms arising from «~—é, in eqs. 
(1.20) and (1.22) are of the order g’(e,)?. 

The preceding expansion is not very suitable for treating the problem 
when g(e) has an approximately periodic behaviour. In this case it is conven- 
ient to divide g(e) into two parts, the first consisting of a slowly varying 
function which can be treated by the preceding method, and the second 
containing the variations around this average function. This splitting is 
arbitrary, but should be made so as to get simple expressions for both parts. 
The natural way to treat the second part is to expand it in a Fourier series. 
We will for simplicity assume the first part to be a constant, but it is easy to 
generalize by exploiting the result of eqs. (1.20)—(1.22). We therefore 
express g(e) as 


g(e) = got > {g, cos ake+h, sin ake}, (1.24) 
k 


where 27a! is the periodicity length. 
By substitution in eq. (1.15’), the entropy is found to be 


O co 
$= (1 55) Ear log (1+e-4*)de 
+2 ¥ {g, cos aku+/, sin aku} | cos eak log (1--e-#)de | . (1.25) 
k 0 


The integrals of eq. (1.25) and those which appear in the following can all be 
expressed in terms of elementary functions. They are different combinations 
of 





Ya) = | cos ax log (l+e*)da = a alge. (1.26) 


0 2 \(~a)? aa sinh 2x 


and its derivatives. Y(«) is derived in detail in appendix 1, where the func- 
tions introduced in the following are also given explicitly. The entropy can 
then be written in terms of Y(«) and F(«) = W(a)+4a¥’(«) tf as 


S = 4g,¥(0)t+4t > {g, cos aku+h, sin aku} F (ake). (1.27) 
k 
By the introduction of (see eq. (A4)) 
G(a) = W(x) +a" (a) (1.28) 
the energy U of eq. (1.17) may be written as 


t See eq. (A3). 
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U = 2g,'(0)i?+ 22 > {g, cos aku+h, sin aku}G (akt) 


k 


1 ; 
— > (u—e0)?+ (u—éo) a {g, sin akeg—,, cos akeg} (1.29) 


1 :; 
+ x ak) {g,(cos aku— cos ake) +, (sin aku— sin akeg)}. 


The chemical potential « in the preceding equations is obtained in the same 
way from eq. (1.16) as 


l 
Bo("—e0) + S— (Be sin aku—h, cos aku) H (akt) 
k 


1 
t a 


with 
H (a) = 1—2a? Y(«) (see eq. (A5)). 

We have thus achieved an explicit solution of the problem for the case of a 
Fourier expansion. Though the expressions above are fairly complicated in 
the general case, they simplify considerably in special cases. Thus, when the 
product at > 1, i.e. when the mean excitation energy of the particles extends 
over the periodicity length, we obtain 


S ~ 4g,¥(0)t, (1.31) 
1 

g(u—&) » > ak {g, sin akey—h, cos ake} (1.32) 
tr @ 


and 
l 


(ak)? 





{g, COS akey+/, sin akey}. (1.33) 


= 


t—€&,)? 
U ww 2,9 (0)2+ Sot —F)” . oy 
k 


In this limit the chemical potential takes a constant value. The density of 
states is the same as for a system with a distribution function equal to the 
mean of g(e), but taken at an excitation energy which is shifted by an amount 
AU, where 





oe, l 
Ade US od ou so) +E (ppp We 008 aheg tir sin akey}. (1.34) 
2 k \a@ 


If the part of eq. (1.24) which is expanded in a Fourier series is small in 
comparison with the average value of g(e), quadratic and higher powers in 
the Fourier coefficients can be neglected to a first approximation in eqs. 
(1.27), (1.29), and (1.30). From eq. (1.30) we find that ~—é, is small, so that 
can be replaced by é, in all terms multiplied by the Fourier coefficients. 
The expressions for S and U then simplify into 
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S = 4g,'7(0)t+4t ¥ {g, cos akey+/, sin ake} F (akt) (1.35) 
k 


and 
U = 2g,¥(0)t?+-22 > {g, cos akeg +h, sin akeg}G (akt). (1.36) 
k 


From eqs. (1.35) and (1.36) we can obtain a first order estimate of the 
change in the level density as a function of ¢,. This can be expressed as the 
change in the entropy, AS, from its value for the constant distribution 
function g(e) = gy for the same excitation energy U: 


AS % 2ty > {g;, cos akeg+M, sin ake} ¥ (akty), (1.37) 
k 


where ¢, is the temperature for the constant distribution at the same U, i.e. 


In this order the result is not influenced by the denominator (eqs. (1.8) and 
(1.10)). Eqs. (1.37) and (1.38) provide a useful form on which to base a 
first order estimate of the effect on the level density, when g(e) deviates 
from a constant. 

For completeness we also indicate the trivial extension to two systems 
of independent Fermions, which is important for an application to nuclei. 
There are two different distribution functions, g,(¢) and g.(e). Proceeding 
again by the saddle point method we obtain an expression for the level 
density which is very similar to that for one system (eq. (1.8)): 


e 


= (2) (det A)? Str, 


Here S and U are simply the sums of the corresponding quantities for each 
system separately: 





S = S,(8)+S2(6) 
U = U,(6)+U;(6). 


Similarly there are two equations of the type (1.16) (or (1.16’)) deter- 
mining “, and yw, separately as functions of £. The expression for det A 
will now contain derivatives with respect to all three variables, £, «,, and 
a». The function f/ of eq. (1.13) will be replaced by a sum /,+-/, in analogy 
with S and U above. 


(1.40) 


O(fr+fr) Of, Oy | 
OB? dABda, OBOa, 








Pf Of, 
= 0 , 1.41 
lei a, aie 
Hh Hh 











0x08 Aax.2 
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In appendix 2 this determinant is given in a more convenient form in 
terms of the chemical potentials uw, and py. 


3. Applications 


We illustrate the general method developed in the preceding section by an 
application to a numerical estimate of the influence of shell structure on the 
level density of a heavy nucleus and by a discussion of the effect of an 
energy gap in the Fermion spectrum on the level density, particularly on the 
difference in level density between odd and even systems at the same excita- 
tion energy. 

To investigate the influence of the shell structure we will assume the 
nucleons to move independently in a potential well. To a first approximation 
the single particle level density is the same for both neutrons and protons as 
a function of the Fermi level, and it can be described by only two terms in the 
Fourier expansion (eq. (1.24)): 


g(e) = 29+ COS ae. (2.1) 


The constant, a, is determined by the distance between major shells, 
hw, to be 
a= 2n/ho. (2.2) 
For simplicity we will assume in the following that the neutron and 
proton Fermi levels have the same relative position with respect to the 
nearest closed shell. This restriction can easily be removed. As two kinds of 
particles are involved, the additivity rules of eq. (1.40) have been applied. 
The change in the slowly varying factor, det A of eq. (1.8), can be shown to 
be small and will be neglected. The influence of shell structure is experi- 
mentally most conveniently studied by comparing measured level densities 
for different nuclei referred to the same excitation energy. We will therefore 
use the theoretical level density for g(¢) = gp as a reference and study the 
ratio of the level densities determined from eq. (2.1) to this value for the 
same excitation energy as a function of the excitation. The logarithm of 
this ratio is the difference between the entropies. The variation of the tem- 
perature and the entropy differences for different positions in the shell are 
presented in figs. 1 and 2 for g, = $g 9. It should be particularly noticed that 
the entropy difference is very slowly disappearing with increasing energy. 
In order to get a numerical estimate of the effect without attempting any 
detailed fit to the actual data, we have used 
iw = 9 MeV, £9 = 10 MeV-, g, = 5 MeV 
and taken U = 6 MeV, which is about the average neutron binding energy 
for a heavy nucleus. With these values we find that the ratio of level densities 


in nuclei with approximately closed neutron and proton shells (ae, = (2%-+-1)z) 
and those with half-filled shells (ae, = 2mz) is about 10%. 
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Fig. 1. Nuclear temperature vs. energy for distribution function (2.1) with g, = }$g,. The 
curves are for (a) doubly magic nucleus, (b) half-filled shell nucleus. 


4S vs energy 














Fig. 2. Deviation of entropy for the distribution function (2.1) with g; = }g,) from the entropy 
for g(e) = gp vs. energy for differently filled shells. AS is essentially the logarithm of the ratio 
between the corresponding level densities. Neutrons and protons have the same relative 
position with respect to major shells. The curves are for 

(a) a&y = 2nz, (b) aey = 2na+4n, (Cc) a&y = 2na+4a, (d) aey = 2nw+ Ba, (€) a&y = (2n+1)z. 
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This ratio should be compared to the experimentally determined one 
obtained from the measurement of slow neutron resonances, which give level 
densities for the compound nucleus just above neutron binding energy. The 
level densities determined in this way depend, however, on spin, but this spin 
dependence can be eliminated by assuming it to follow a (2/-+-1)-law, 
which is known to be approximately valid for small spin values. An ex- 
pression for the level density taking spin into account will also contain a 
factor associated with the moment of inertia of the excited nucleus. An 
estimate shows, however, that at 6 MeV excitation this will give rise to 
changes in the level density which are small in comparison to 108. Odd-even 
effects and differences due to different neutron binding energies can be 
roughly eliminated by comparing nuclei of the same type and with approxi- 
mately the same binding energy, whenever possible. For this comparison the 
compilation of Newton !*) has been used. In the region around lead we find 
the experimentally measured ratio between nuclei with nearly closed and 
those with half-filled shells to be a few times 10°, in qualitative agreement 
with the rough estimate given above. 

Though a number of nuclear properties can be described from a model 
with the nucleons moving independently in an average potential, the re- 
maining interparticle correlations cause important deviations from the 
independent particle picture. This is particularly manifested in the excitation 
spectra of even nuclei. Thus, for a heavy, even nucleus the first excited 
‘intrinsic’ state is at about 1 MeV excitation, which is considerably higher 
than the average independent particle spacing. In the case of spheroidal 
nuclei 17-18) the particle levels remain doubly degenerate and the effect 
of the residual interactions is, to first order, to introduce a pairing effect 
between nucleons in the same orbits. It is then expected that states of 
excited pairs appear with an average spacing twice the independent particle 
spacing, which still is definitely lower than the actual energy of the first 
intrinsic state. It has therefore been pointed out ”) that the nuclear excitation 
spectrum has the characteristics associated with the existence of an energy 
gap at the Fermi level. The fact that excited pairs are not found in the con- 
figurations for the first intrinsic states of odd mass nuclei supports this 
interpretation. Such a gap is found for a system of interacting electrons in a 
super-conducting metal 4~*), and it should therefore not be surprising if the 
nuclear spectrum exhibits a similar anomaly f. 

The energy gap is actually a generalization of the concept of a pairing 
energy. [his is clearly seen if the pairing energy is taken to be the same for 
all pairs in a model with doubly degenerate levels 1°). In this case the pairing 
energy is equivalent to the introduction of an energy gap for the unpaired 


t For a more complete discussion of the evidence for an energy gap in the nuclear spectrum, 
see ref.’). 
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excited particles, while the pairs remain unaffected. The effect of the energy 
gap is therefore to suppress the excitation of pairs at low energy. 

The correlations between the particles beyond the average potential 
should be introduced in the calculations of nuclear level densities. They will 
be particularly important for the calculation of absolute level densities, but 
they will also affect the nuclear temperature and produce the observed 
odd-even effect. The description of the nuclear excitation spectrum in 
terms of an energy gap offers the possibility to introduce a major part of 
these correlations in a relatively simple way and has the further advantage 
that the calculations can be based on a model which reproduces the level 
density at low excitation correctly in contradistinction to the ordinary 
independent particle treatment. 

To draw more definite conclusions about the effect of the energy gap at 
higher excitation, we have to make more specific assumptions about the 
nature of the spectrum, though it is not necessary to know its detailed 
structure. For simplicity we will treat the case of a spheroidal nucleus where 
the independent particle levels are doubly degenerate. The results of the 
theory of superconductivity *~*) indicate that the effect of the interactions 
is to produce an energy gap by repelling these levels symmetrically around 
the Fermi level of the even system without changing their relative order f. 
As the gap deforms the independent particle spectrum essentially it must be 
large in comparison with the average spacing of the independent particle 
levels. The influence of this change of the particle spectrum should, however, 
be small for levels far from the Fermi level. We can immediately draw a 
conclusion about the variation of the nuclear temperature with excitation 
for the even system. On account of the symmetry around the Fermi level é9 
the chemical potential uw is constant and equal to e,. Eq. (1.17’) can then be 
written 

U = gn? g (tye, (2.3) 
where g(t) is an average of g(e) in a region of the order of ¢ around é,). For 
low temperatures this average will be small owing to the lack of states within 
the gap. Therefore, if the temperature is compared to that of the non- 
interacting system at same U, the smallness of g(t) leads to a considerable 
compensating increase of ¢. With increasing U, g(¢) increases, especially when 
the temperature reaches the order of the gap. The temperature will therefore 
vary more slowly with energy than in the case of independent particles, but 
will eventually reach the same value at high energies. 

When an odd nucleon is added to the even system, a number of intrinsic 
states are found experimentally at low energy. The simplest way to picture 


t The assumption of symmetry is equivalent to the neglect of shell effects. These can be 
included in the discussion, but if the shell structure is not strong in comparison to the gap the 
conclusions to be drawn remain essentially the same. 
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the odd system is, therefore, to add the odd nucleon to the even system with 
the Pauli principle taken into account. The odd nucleon is then already 
above the gap in the ground state. (The validity of this model will be dis- 
cussed later.) This leads to an important difference in the level density of 
odd and even systems, which is conveniently expressed in terms of the 
chemical potential. Denoting the deviation of the chemical potential from 
the even Fermi level e’, by 2, eq. (1.16’) can be written in the form 


= g(e’o +e)de 
fa —Ba = 2. 
(e on) I. (1--e4(¢+#)) (1+ e4(¢-)) I, (2.4) 


where we have already exploited the fact that 2 is smaller than the gap. 
For fa small, we obtain 





«= 1/g,(¢), (2.5) 
where g, (¢) is again an average of g(e) in a region of the order of ¢ around the 
even Fermi level. The chemical potential will therefore move from the odd 
Fermi level towards the even Fermi level with increasing excitation. In 
practice fa turns out to be small for rather low values of U. From eqs. 
(1.15’) and (1.17’) we can then immediately deduce the relation between the 
level density for the odd system, p’,(U), and the one for the even system, 
pe(U). Thus 


p'o(U) = pe(U+9), (2.6) 


where 6 is half the energy gap, and the relation is correct to order fx. This 
agrees closely with earlier results expressed in terms of pairing energies }*»1°), 
The same result is obtained for an odd system formed by making a hole in an 
even system. 

The description of an odd system in terms of one particle added to an 
even system which remains unchanged is not entirely satisfactory. From this 
model the low energy excitations of the odd system are expected to be one- 
particle excitations, while it is found experimentally that one-particle and 
one-hole states occur with about equal frequency. This is not very surprising 
from the point of view of a gap model. The gap appears at the Fermi level 
of the even system. The odd nucleon can therefore equally well be regarded 
as a particle added to a system with a certain even number of nucleons and 
as one particle missing from a system with the same number of particles 
increased by two. As is easily realized in the limit when the energy gap goes 
to zero, the same configuration appears twice, once for each case. Half of the 
states are therefore spurious and must be eliminated. It might be argued 
that there is an equal probability for both situations and that it would 
therefore suffice to add the densities of the two configurations, each with a 
statistical weight of one half, leading again to eq. (2.6). 

However, this would mean that at low energy in odd A nuclei only one 
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half of the intrinsic one-particle or one-hole states would appear, while the 
analysis of the spectra of deformed nuclei '*) indicates that all of these are 
populated. It is therefore tempting to use the configuration corresponding to 
the lowest energy. In this case we find after some calculations 

2246 


po(U) = (je): {P'o(U) + pe(U)}, (2.7) 
where a dash on p,(U) indicates that it is the level density for one nucleon 
above the gap in the ground state as in eq. (2.6). This model has the desired 
limit 2p’,(U) at very low excitations. For very high excitations, when £6 is 
small, it goes over into p,(U-+-26). For excitation energies of the order of 
neutron binding energies, the temperature is usually slightly above the ex- 
pected value of 6 (= half the pairing energy), and hence, the odd-even 
difference will be about 25 % larger than if this effect were only due to a 
displacement of the excitation energy according to eq. (2.6). Both expressions 
for this difference are within the uncertainty of the experimentally observed 
factor. In a similar way as above the effect for an odd-odd system can be 
found as 


P'oo(U) = pe(U +26) (2.6’) 
and 
efé 4 
pool) = 4(s—— 5) bea) +20'U) +000), (271 


where p'o.(U) and poo(U) are the respective analogues of p’,(U) and p,(U). 
At higher excitations eqs. (2.6’) and (2.7’) imply that the odd-even factor of 
eqs. (2.6) and (2.7) is squared. 

It is thus possible to use for the calculation of nuclear level densities an 
energy gap model which reproduces the average level density correctly for 
low excitations, goes over into the expected independent particle limit at 
high excitations, and predicts an odd-even difference of the correct order of 
magnitude for excitations of the order of the neutron binding energies. 
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Appendix 1 


In this appendix we derive ¥/(«) in terms of elementary functions and give 
explicit expressions for a number of often occurring combinations of ¥(«) 
with its derivatives. 
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We define Y(«) as (1.26), 


Y (x) -| cos ax log (1+e~*)da = Re | e* log (1+e-*)dax 
0 


0 




















Al) 
Le eS foe 2 oo en 
‘3 ae n 0 : - =2 n2+o2 2 \(ma)? 2a sinh aa) 
Thus 
g*f 1 1 7 
a a3 wait ee 2 2 
7a 2 ler aa sinh | 12 Se ait me) 
a 0" l 
F(a) = P(a)+ = P(«) = — — —-+ coth nz] (A3) 
2 + hed 
nx l coth 2« 
= 4 = ——_— | — 4 
OH oe TER 2 | (za)? sinh = aes 
oH 
— a aes 
H (a) = 1—2a? ¥(«) = open (A5) 
1 d 7? 
I(«) = — — {a?G(a«)} = —2aa coth maF(«)+ — H (a). (A6) 
2a da 4 


Appendix 2 


As the main part of the variation of the level density with energy and with 
irregularities in the distribution function is due to the change in the 
entropy S which enters exponentially, the discussion of det A of eqs. (1.10) 
and (1.41) has been postponed to this point. We will essentially limit our- 
selves to an elimination of the explicit dependence on N and E£, and to the 
transformation from derivatives in « to a convenient form in terms of 
derivatives in ym. 

By the substitution w = «/f in eq. (1.10) we get the transformation 




















a a et 
__ | OB? Opdu T op? Op B/ du 
det A = ay ary | — B (2 _3) a ar . (AT) 
0x08 a2 op B) Ou Ou? 
Introducing for shortness the notation 
B(w, B) = |” {g(ut+e)+g(u—e)} log (1+-e-**)de, (A8) 


we obtain, using the expression for / of eq. (1.13), 
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eB a of a) ob 
ap? F Ou 

det A = B-*| |, p os bd ha (A9) 
(5 mae aa Oe +fg(u) 





which is independent of N and £,. This expression is convenient for further 
calculations, when g(e) is a continuous function of e«, as B(u, 6) can also be 
used for the derivation of S, ~ and U. When g(e) consists e.g. of a sum of 
saan we transform it by partial integrations into the form 




















ik g (ute) +e(u—e)je”® rte (u+e)—g(u—e)}e* 
_ Be alee ee ee ede 
deta =| (1+-e**)? J 0 (1+-e”*) 
“re u+e)—e(u—e)}er* “teu te) teu—ediet a, 
(1+ e4*)? Jo (1+e%*)2 
(A10) 


It should be noted that the off diagonal elements are proportional! to the 
average asymmetry of the distribution in a region around yu of the order of 
the temperature. These terms can therefore often be neglected in comparison 
to the diagonal elements, especially as they always appear squared. 
For the case of a distribution function expanded in a Fourier series (eq. 
(1.24)) 
g(e) = got > (g, cos ake+h, sin ake) (All) 
k 


the determinant is given by the expression 
det A = 4/*[{g,+ > (g, cos aku-+h, sin aku)H (akt)} 
k 


x {go (0)+ >¥ (g, cos aku+/, sin aku)I (akt)} (A12) 
k 
—4{>(—g, sin aku+-/y, cos akw)aktG (akt)}*), 
where f 1d 
I(x) == ~ {a* F(a)}. (A13) 
2a da 
For the product at> 1 (cf. eqs. (1.31)—(1.33)) det A reduces to 
det A w 4t4g,(0). (A14) 


In the case of two systems det A is instead given by eq. (1.41): 

















(Ai +fe) 0}, O fy | 
op? Opa, OB Ax. 
Of, Of, 
_ 0 , Ald 
ain) 2: ie ans 
0” f. Of, 
0 w f2 
0a,08 0x,” 








t See eq. (A6). 
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Similarly as for one system we obtain, with 


4a 7 dn, =| | ge(us te) +84(mi—e)} log (1+e**)de, 


0?(B,+B,) ‘ -) OB, i. ') OB, | 








| set 
| OB 0B Bl Ou, = =—\0B_ BI Ons 
det A (2 ) Ti os (11) 0 (A16) 
A= . Sets pet. achat 1 i. i ) 
Nop B) Qu, eye | 
(2 am , eB, seta) 
‘NOB B/ Ons ane ones 





which, analogously with eq. (A10), can be alternatively written as eq. (A17) 
on p. 283 where the off diagonal elements are still small in comparison to the 
diagonal ones. 
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ON ANGULAR DISTRIBUTIONS IN COMPOUND NUCLEUS 
PROCESSES 
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NORDITA (Nordisk Institut for Teoretisk Atomfysik), Copenhagen t 
and 
V. STRUTINSKI 
Universitetets Institut for Teoretisk Fysik, Copenhagen tt 
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Abstract: The angular anisotropy of particles emitted in compound processes is due to 
restrictions on the directions of their angular momenta. These restrictions are imposed 
by the angular momentum distribution of the residual nucleus. The anisotropy is derived 
in a classical limit. 


1. Introduction 


The angular momentum of a compound nucleus formed by absorption of 
an incident particle prefers to be directed perpendicularly to the incident 
beam, as a result of the perpendicularity between the direction and orbital 
angular momenta of the incident particles. This can give rise to an aniso- 
tropic angular distribution of emitted particles’). If a large number of 
levels is involved, the statistical assumption becomes valid, i.e. the phase 
factors of the different channels are distributed at random, so that all 
interference terms become negligible. This is in a sense a classical approxi- 
mation, as the interference terms arise from the wave properties of the 
system. The anisotropy is, in this limit, of classical origin and may be 
understood from simple physical considerations. 

After the target nucleus has captured the projectile, the system rotates 
about an axis perpendicular to the incident beam so as to conserve angular 
momentum. The particles which evaporate from the rotating nucleus get an 
additional velocity if they are emitted at the equator, and the angular 
distribution has therefore a maximum in the equatorial plane. If one 
averages over the different possible directions of the rotational axis, there 
will be maxima in the forward and backward directions of the beam, as 
these directions are contained in all equatorial planes. The distribution will 
furthermore be symmetrical about 90°. In the classical limit, it is expected 
that the anisotropy will depend on the ratio of the two characteristic energies 

t On leave from the Institute for Theoretical Physics, Lund, Sweden 

tt On leave from the Institute of Atomic Energy of the Academy of Sciences, Moscow, 
USSR. 
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involved, namely the centrifugal energy of a particle due to the rotation, and 
the average kinetic energy of an evaporated particle at the nuclear surface. 
That is, it will be a function of uw, R?/2T, where 7 is the nuclear temperature, 
{tg the mass of the emitted particle, wm the angular velocity, and R the nuclear 
radius. 

Alternatively, the origin of the anisotropy can be ascribed to the decrease 
of the number of available states in the residual nucleus with increasing 
spin, if trivial geometrical factors are neglected. This favours the emission of 
particles with orbital angular momentum parallel to the total angular 
momentum so as to leave the residual nucleus with a low spin. Taking into 
account the fact that the angular momentum of the outgoing particle is 
perpendicular to its direction, we are led to the same conclusion as before. 

We will first derive an expression for the anisotropy using rather classical 
arguments, and we will then compare this to the corresponding quantal 
result. Details of the latter calculation are found in appendix B. 


2. Classical Anisotropy 


In the spirit of the classical approximation, we consider a spinless projec- 
tile incident on a spinless target which, after the formation of a compound 
nucleus, emits a spinless particle. The introduction of spins has the effect 
of smearing out the angular distribution, but the effect is small when the 
effective angular momenta involved are large. The differential cross-section 
for the emission of a particle of energy E,f in the direction n can be ex- 
pressed as 





ae ad I, (1, n, £ 
o(n, E,) — | aro =| dp | d3] 1r( n 2) ; (1) 
2a J 0 I; 


where ga," is the cross-section for formation of the compound nucleus with 
angular momentum J, g the azimuthal angle of I with respect to the incident 
beam and | the angular momentum of the outgoing particle. #J;(1, n, E,) 
is the probability per unit time for the emission of a particle with angular 
momentum | in the direction n from a compound state I, and correspondingly 
hI’, is the total decay probability per unit time of the compound nucleus in 
a state I. 

From the principle of detailed balancing /}(1, n, E,) of eq. (1) can be 
expressed in terms of the reversed process, namely, capture of a particle with 
angular momentum —l incident in the direction —n. This cross-section can 
be written as 


do,(n, E,) = 4,2 T> (1) d(m - 1)dI, (2) 


t We denote quantities referring to the projectile and emitted particle by indices 1 and 
2, respectively, those referring to initial and final states by indices i and f. 
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where 7,(/) is a transmission coefficient and d(x) is the one-dimensional 
6-function, which here takes into account the fact that I is perpendicular to 
the direction of the particles n. Integration of (2) over the solid angle of 1 
gives the usual expression for o,d/. From detailed balancing we obtain 





Mg Es pr I I Pr 
(1, n, £,)d?/ = 72 I m4 o,(n, E,) = _ on d(n +1) 7, (/) _" (3) 


where 4. is the mass of the emitted particle and p, and p, are the densities of 
initial and final states. Here we can write py; more explicitly as 


pr = [p(i)°-+j—T)asj, (4) 


where j is the spin of the residual nucleus. When there are many degrees of 
freedom in the residual nucleus, we can write very generally (see appendix A) 


pli) = poe, (5) 


where p, does not depend on jf. 
When egs. (3), (4) and (5) are introduced into eq. (1), the angular distri- 
bution W(n, E,) can be written as 


“ITI 1 ¢* —a,(/?-+-J? 
Ay ee «| aS ar: I, a | 7(0 re ) (6) 


0 I 2a 








1 
QapT-1 a3 
xen 5,3 O(n 1)d37. 

Eq. (6) contains the angular distribution of particles with a fixed projec- 
tion m of l on I. With I as the polar axis, #, the angle between | and I, # the 
angle between n and I, and 9, the azimuthal angle of 1, an application of the 
spherical cosine theorem and a subsequent integration over gy, yields 


[uo, gust un 6(n- 1) 
27? 
|sin 3| l 
= d(cos #,)e2%17? 0s % =, 
—|sin 9 2n2-V/ sin? —cos?#, 





(7) 








The factor (2m? Vsin?@—cos?#?,)—1 which results from the ¢, integration 
is just the classical analogue of |Y,,,|? with m—=/ cos #,, where Y,,, is a 
spherical harmonic. The angular distribution for arbitrary direction of 1, but 
fixed direction of I, is obtained from eq. (7) by integration over #,. This 
integration can be performed exactly: 


t Eq. (5) is more familiar in its quantal form with a factor (27+ 1)? (or (2/+1) if we 
exclude the degeneracy of states with different projections along a fixed axis). This factor 
is, however, of geometrical origin and is represented by the volume element d*j = j*djdQ,; 
of eq. (4). 
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l |sin 3| e2%t Ilcosé, l 

! = - ” 

3.3 d(cos #,) —= —$—— =>; Jo(2ta,Zl sin 8), (8) 
“Jt” J —|sin O| Vsin??—cos?3, =% 





where J,(#) is the Bessel function of zeroth order. To obtain the angular 
distribution for fixed J and /, we have still to average over the directions of I. 
For this it is convenient to exploit the expansion of J)(# sin #) in Legendre- 
polynomials: 








ved 2k)! 
J o(2tupl7 sin 8) = > (—)*(4k+1) aT Jox(2taL/) Py, (cos 9), (9) 
k=0 2" Rt)° 
Z 
: 
l 8 F 
ISA \ 
Ys 
xX 


Fig. 1. Definition of angles 3, pm, #, and O. 


where 7,;(%) are spherical Bessel functions. If the angle 0 between n and the 
incident beam (see fig. 1) is introduced we can apply the addition theorem 
for P,(cos #), 


4x 








} A (cos D) =T 21+ l > Yam( $7, P)Y nm, 0). (10) 
When eq. (10) is averaged over g we obtain 
(2k)! 
P,,(cos 0) = P,,(0)P.,(cos O) = (QR!) P,,(cos @). (11) 


If we introduce the angular distribution associated with given J and J, 
W,,(0, E,), normalized so that 


[Wn(O, Ey)a2 = 1, (12) 


then eq. (11) together with eq. (9) gives 


oo k)! 2 
S (—)*(4e+1) | | en 2iag) Px(cos 6) 


1m (2*R!) 
4 jg (Qiary IZ) 


When this result is introduced into eq. (6), it can be expressed as 


Wr(9, £2) = . (13) 
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W(n, E,) = const x [IT,(I)dJ [27,)S(U,)W,,(@, Ey)dl, (14) 


where S(J,/) is defined as 


exp {a,1?—«a,(J?+-/?)} 
I; 
The deviation of S(J, /) from a constant has the same origin as the aniso- 
tropy. J, is a sum of widths due to different kinds of emitted particles. When 
neutron evaporation is predominant, J, depends only slightly on J. In this 
case, the variation of S(/,/) with J and / is to a good approximation given by 
the numerator of eq. (15). Thus, the anisotropy given by eq. (15) is, to 
first order, 


S(I,l) = (15) 





a2 12/2 
9 


a 


W (n, E,) oc 1+ cos? 0, (16) 





where J? and /? are averages of J? and /? with the relative weighting factors 
IT,(J) and /T,(/) respectively. 

In the sharp cut-off approximation for the transmission coefficients, 
T, (I) and T,(/) are 1 in the classically allowed region and 0 outside. Therefore 


in this case 


= E,—B,)R? 
faye, =o! S i) Ry (17) 


where E£, is the energy of the projectile, u~, its mass, 6, the Coulomb barrier, 
and R, the interaction radius. Similarly 


= E,—B,)R,? 
Pe — 4? _ Hal 2 2) Ry (18) 


max h2 








for outgoing particles of energy E£,. If all energies of the outgoing particles 
are considered simultaneously, /2 has to be averaged over all classically 
permitted energies, and we obtain 
2uo1R,? 
h2 
in terms of the nuclear temperature 7. 
Therefore, if we express the a, of eq. (16) in the form #?/24T (appendix A 
eq. (4)), where Y is the moment of inertia of the nucleus, we can write 
W(n) as 


2? = (19) 


2R,2 
cos? @ = 1+ — cos? 0, (20) 


a? h2 |? 


W(n) oc 1 
(n) oc lt Sr 





where w is the angular velocity of the compound nucleus. This expression 
for the anisotropy reflects the simple classical picture mentioned in the 
introduction. 
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The validity of the sharp cut-off approximation for the transmission 
coefficients should be checked in each case, as it tends to underestimate /? 
and J?. This is obviously the case for particles emitted in the classically 
forbidden energy range, so that eq. (18) for breaks down. The Coulomb 
barrier strongly enhances the relative transmission coefficients for higher 
l-values for energies near or below the barrier energy. In such cases it is 
necessary to use more exact expressions for these coefficients. 

In appendix B we derive a non-classical expression for the anisotropy and 
use this to show the condition for exact isotropy. The result of the two 
approaches for the angular distribution is the same in the classical limit, with 
the exception that the sum over Legendre polynomials in eq. (13) contains 
all k => 0 in spite of the well-known fact that only terms with k < min(J, /) 
contribute. This is also correctly obtained in the appendix. However, the 
approximation for the Clebsch-Gordan coefficients becomes bad when & is 
close to /. A condition for the validity of the classical expansion (13) is there- 
fore that the contributions from terms with & of the order of / and larger 
should be small. This is so as long as 


a Min (Lore, Lege) S 1 (21) 


is valid for the effective angular momenta. 
The classical replacement 
jsin 6} ) 


exp {2a Im}|Y jn|2 > emerson . = d(cos #,) 
2 ine —|sin 9| 222 sin? 9—cos?#, ' (22) 


= (1/27) Jo (2a, J (sin #), 


which is closely related to our calculations (cf. eqs. (7) and (8)), isa very good 
approximation even for / of the order of unity, providing that 


which is essentially the same as the condition (21) above. Actually, these 
conditions only express the uncertainty relation. 

As an illustrative example to show the expected order of magnitude of the 
anisotropy, we consider the inelastic scattering of 18 MeV «-particles on Ni, 
the scattered particles having an energy equal to the Coulomb energy f. 
The inelastically scattered «-particles show in this case a typical evaporation 
spectrum with a maximum just below the Coulomb barrier energy (10.5 MeV) 
with a nuclear temperature of 1.1 MeV. The transmission coefficients 
are calculated using Coulomb wave functions with an interaction radius 
from elastic «-particle scattering ?) and with a potential of 5 MeV for the 
a-particles within the nucleus ®). From this we obtain J? = 50 (sharp cut-off 
approximation J? = 42) and /? = 17. For the cut-off factor a, of the spin- 


t We are much indebted to Dr. N. O. Lassen for the experimental data. 
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distribution we have used eq. (4) of appendix A with a nuclear radius R = 
%¥)X Al, 7, = 1.4 10- cm. With these values for the parameters we obtain 
an estimated anisotropy (W (135°)/W(190°)—1 = 0.15. The corresponding 
experimental value averaged over all energies of the emitted particles is 
ew 0.33 4-5). This difference from the estimated anisotropy seems to be only 
partly due to contributions from particles of higher energies. A possible 
explanation is the reduction of the moment of inertia caused by pairing 
correlations in the nucleus. This reduction is expected to be of the order of 
20—30 % at this excitation (7.5 MeV), which is sufficient to explain the 
experimental value ®). It should also be noticed that the estimated anisotropy 
is very sensitive to the value of 7), which enters in the fourth power. 

Preliminary results on the variation of the anisotropy with energy indicate 
that the anisotropy increases with increasing energy in qualitative agreement 
with eq. (16). 

From the condition of isotropy given in appendix B, it is clear that the 
anisotropies are intimately connected with the cut-off factor a, in the 
spin-distribution, that is with the finiteness of the moment of inertia. 
Therefore, the measurement of the anisotropy in acom pound nucleus reaction 
provides in principle a method to investigate the distribution of spins among 
the levels in the residual nucleus and more specifically to test if the moment 
of inertia of the nucleus deviates from the rigid body value at higher excita- 
tions. 

From eq. (16) it is seen that the largest anisotropies are expected when the 
effective values of J and / are large. The anisotropies should therefore be 
expected to be of particular importance in reactions involving heavy 
particles, such as «-particles, ions or fission fragments. 


The authors are much indebted to Professor A. Bohr and Dr. B. R. 
Mottelson for stimulating and fruitful discussions, as well as to Dr. N. O. 
Lassen for making experimental material available to us in advance of 
publication. We are very grateful to Professor N. Bohr for the hospitality 
extended to us at his Institute. Finally, one of us (T.E.) has the great 
pleasure of thanking Professor T. Gustafson for his continued assistance and 
encouragement. 


Appendix A 
DISTRIBUTION OF SPINS AMONG THE LEVELS OF A HIGHLY EXCITED NUCLEUS 


The spin distribution p(j)d*j oc e~" dj can be expected on very general 
grounds if j is the sum of a large number of component vectors oriented at 
random in space (central limit theorem). The coefficient « is given by 


l 
(Al) 





of 


~ 9M 
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where M? is the average value of the square of the projection of the total 
spin along the same axis. The corresponding number of states between 7 and 
+d) is 
p,dj oc j?e-*?" dj. (A2) 
Alternatively, as the excited nucleus can be pictured as a rotator with 
moment of inertia 4%, only the part U—h?j?/24% of the total excitation 
energy U is available for intrinsic excitations. If p(U) is the density of 
intrinsic states of the non-rotating system at excitation U, we have 





p(j, U) = p(U— h?j?/2.7) cent" (A3) 
where 7 is the nuclear temperature. In this case « is given by 
Sis (A4) 
257 


At high excitation, when the discreteness of the nuclear spectrum can be 
neglected, the moment of inertia will tend towards the rigid body value 


J rigid = =mA R?, (A5) 


where m is the nucleon mass Tf. 
For a quantal system we obtain similarly 


, 
p; oc (2j+1)2e 29770" (A6) 
or, when the trivial degeneracies due to the different values of m,; along some 
axis are not included, 


Os cnet 
Poy  (2j+1)e are, (A7) 


Appendix B 


QUANTAL ANGULAR DISTRIBUTION 


The angular distribution which we have obtained in the classical approxi- 
mation should also result from the corresponding quantal expression 
in the limit of high angular momenta. This derivation gives a somewhat 
better insight into the approximations involved when this limit is taken. 
We shall furthermore use the quantal distribution to prove that isotropy 
results if the distribution of spins of definite projection m; among the 
levels of the residual nucleus is proportional to (27+-1) tt. As before, we 
shall use the statistical assumption of random phases, so that all interference 
terms cancel. 

The angular distribution of emitted particles of angular momentum / from 


t Shown by Bethe for a square potential 7) and somewhat more generally by C. Bloch 8). 
tt Cf. also the result of Hauser and Feshbach °). 
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a compound state/ with projection M on the beam, is denoted by W,,,,(0,£,). 
When | is coupled to the spin of the residual nucleus j to give the total spin 
I, Wry (O, £2) is given by 

Wnu(@, £2) x 2 OUT; m,(M—m,))|Yim,(9, P)|?Po5 * (B1) 

m,, 

where py, is the density of states with spin 7 and definite m, (cf. appendix A 
eq. (7)), and m, is the projection of 1 along the beam. Eq. (B1) can be expand- 
ed by the coupling rule of spherical harmonics and summed over m, to give 


Wru(9, Es) 


oc ¥ C (all; 00)C (4IT; 0M) P, (cos @) ¥ po, Seti ht i 
r ¢ (20+ 1)4(27-+1)8 
The expression for py; of appendix A shows that py, is proportional to 
(27+-1) in the limit of an infinite moment of inertia. It is easy to show that 
the resulting angular distribution is isotropic in this limit, if we observe that 


W (IlII; aj). (B2) 





(—)#!-9 
(2/+-1)#(27-+1)4 


and if the orthonormality property of the Racah coefficients is used. Thus 
we have 


Wr (@. Es) oc > C (all; 00)C (ALT; 0M) P, (cos @) 
A 
x ¥ (2j+1)(2A+1)W (UL; j0) W (III; ja) (B4) 
j 





W (llII; 0j) = (B3) 


= ¥ C(All; 00)C (AIT; OM) P, (cos O)byo. 
A 


So we see that isotropy results irrespective of the angular momenta of the 
projectile and the target nucleus. This proof was carried out for a spinless 
emitted particle; when the spin + 0 the proof is very similar but somewhat 
more complicated. The distribution py); cc 27+-1 implies that all j are 
equally probable, as are all directions of 1, since j+1 = I. Therefore we can 
get no anisotropy, since this arises only from restrictions on the direction of I. 

In the following we confine ourselves to the case treated earlier, namely 
spinless projectile and target, so that M = 0. We introduce the classical 
limits for the Racah and Clebsch-Gordan coefficients in eq. (B4). These are 
given by 

C (All; 00) w (—)* P, ($2) (A < 21) (B5) 
and 


(—)*"* P, (cos #,) 


W (LIT; 2j) (B6) 





(214+-1)#(27+1)3 | 


t The notation for the Clebsch-Gordan and Racah coefficients is that employed by Rose !*). 
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valid for J > 1 and /> 1 with 


2Il cos 8, = [?+/2—}7?. (B7) 
In the classical approximation for pg,, 
Poi % an, (B8) 


the summation over 7 can be changed into an integration and be performed 
exactly: 


min (J, ?) foe) 
Wi(9,E) oc S (4b-+1) [Pap(0)]? Pyx(cos 0) | P.,(cos 0,)e~**jdj.(B9) 
k=0 0 
By eq. (B7) for 7? this transforms into 
Wi (9, Es) 
min (J,1) 1 
cc SY (4k+1)[P,,(0)]? P.,(cos 6) | Ild(cos #,)e®*"* °s% - P,. (cos #,) 
k=0 0 
min (J,?) 
oc YS) (4k+1)[Pyp(0)]? Pox (cos O) (—)*jnp (2g 2). (B10) 
k=0 


Eq. (B10) is very similar to the expression derived earlier for W,,(0, E,) 
(eq. (13)). 
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Abstract: In this work some equations, concerning the cross-section and polarization of a 
fermion beam scattered by a central field, are obtained by means of the density matrix 
formalism. These equations are applied to the case of electrons scattered in a Coulomb 
field. The precession of the polarization is given as a function of velocity for some values of 
the parameters. The double scattering experiment in orthogonal planes is discussed as a 
technique for evaluating the longitudinal component of the electron polarization. 


1. Introduction 


In the last few years, the phenomena concerning the polarization of 
electron beams assumed considerable interest in relation to parity effects. In 
this work, cross section anisotropy and particularly precession of polariza- 
tion in the Coulomb scattering of relativistic electrons are investigated. The 
results obtained allow us to evaluate the longitudinal component of the 
polarization, by means of a double scattering experiment in orthogonal 
planes. 

The polarization for the fermions is an axial vector that can be defined in 
different ways, viz. as expectation value of spin momentum, or magnetic 
moment or a linear combination of them. These definitions are equivalent in 
the centre of mass reference system of the fermion. 

Following Mott!) and Tolhoek?) we define the polarization as the 
expectation value of the semi-difference of the spin momentum and magnetic 
moment operators, i.e., omitting some constant factors, 





where @ is the Pauli spin operator. This definition of the polarization 
involves only the ys, yg components of the spinor; on the other hand it is 
known that also the cross-section only depends on the y,, y, components %). 
In this way, relativistically exact calculations can be performed by means of 
these two components as in the Pauli approximation. 
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2. Theory 
2.1. EQUATIONS FOR THE CROSS-SECTION AND POLARIZATION OF A FERMION 
BEAM. 
As it is well known, the polarization state of a fermion beam can be rep- 
resented by means of a 2x 2 density matrix p. The equation expressing the 
polarization by means of the density matrix is 


Trpo (2) 

— Trp” r 

It can be shown (see appendix) that the magnitude of P is related to the 
invariants Tr p and Det p by the equation 


Detp 73 
Pi = [1-4 2 | (3) 
(Trp)* 
and that 
Det p = 0; (4) 


Det p vanishes only for a pure state. In this case, the polarization is unity; in 
general, it follows from eqs. (3) and (4) that 
0S |P| S1, (5) 
as it should be. 
From eq. (2) we immediately obtain the density matrix as a function of P: 


p=—"[1+(P-0)]. (6) 


In the case of a central field, cross-section and change of the polarization 
through the scattering are expressed by the matrix 
M = 1f(8)—7(n- o)g(9), (7) 
where n is the unit vector orthogonal to the scattering plane Tf, and /(#), g(@) 
are complex functions of the scattering angle. By means of the matrix M and 
of the matrix p, of the incident wave, the density matrix p,; of the scattered 
wave can be deduced: 
pr = Mp, M-. (8) 
In this way, the polarization P,; of the scattered wave is expressed by means 
of the polarization P, of the incident wave with the aid of eqs. (8), (6) and of 
the equation 


Trp;o 
P, = 4b Pe 





: 9 
“> (9) 
In the same way the cross-section depends on the polarization P, through 
eqs. (8), (6) and the equation 


t The sign of n is determined by the equation 
nm = (K, x K;)/|K, x Ky), 


where K, and K, are the unit vectors of the incoming and outgoing beam. 
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wi (10) 





a(?, ~) “ie ‘ 
i 


Eqs. (2), (6), (7), (8), (9), (10) are well known *),. 
Eq. (10) can be written by means of the f and g functions: 
o(8, y) = $Tr{[1+ (P,- o)|//*+[(a- o)*+ (n- o)(P, - o)(n- o)]gg* 
+i[(n- o)+ (Py +o) (n+ o) |/g*—7[(n- o) + (n- @) r. a) \/*g}. ( 
In this equation the incident beam is normalized assuming Tr p, = 1. 
By means of the following relations: 
(n-o)? = 1, 
(n+ o)(P,-o) = (n- P,)1+7(nx P,) - a, 
er g)(n 
(n-o)(P,-o)(n-o) = 2(n- P,)(n- o)—(P,- 9), 
eq. (11) becomes 
o(, ) = }Tr{[1+(P,- o)]//*+[1+2(n- P,)(n- o)—(P, - o)]gg* 
—2[{(n-o)+(n- P,)] Im fg*+2(n x P,) - o Re fg*}. (13) 


Taking into account that 


Tri=2, Tre= 0, (14) 
the cross-section is given by the equation 
o(3, p) = ff*+geg*—2 Im fg*(n- P,). (15) 
Comparing eq. (9) with eqs. (10) and (13) and remembering that 
Tr {(A- o)o} = 2A, (16) 


where A is any vector, the final polarization P, becomes 


({f* —gg*) Py +2 Re /g* (mn x P,) —2[Im /g*— (n- P,)gg*|n 
{f*+gg*—2 Im fg*(n- P,) 





P, = 


2.2. THE CASE OF THE COULOMB FIELD 


In the case of the Coulomb field it is convenient, according to Mott 1), to 
express / and g in terms of two new functions F, G, of the scattering angle #, 
by means of the equations 


f = a(—iqgV1—f? F+G], 


aipoill 18 
g= AligV 1—p2(1+ cos #) F+-(1— cos #)G}/sin #, 18) 


where Z = h/p is the electron wave length, «, for the nuclear charge Ze, is 
= Ze*/hc; B = v/c is the electron velocity in units of c, and g = «/f. The 
functions F and G can be expressed analytically by series involving I" 
functions and spherical polynomials !). They have been tabulated for mercury, 
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cadmium and aluminium, for some values of # and f, by Sherman °) with the 


aid of a UNIVAC computer. 
Bartlett, Watson and others *) showed that the correction due to the 


screening of the nuclear charge is very small. 
Taking into account the eqs. (18) we get the following relations: 


if* = #[q?(1—6?) F F*+GG* + 2¢V 1—p? Im FG*), 
gg* = 4?[q2(1—f*) cot OF F*+ tan }0GG*—29V 1—? Im FG*), 
Re fg* = @*{—q?(1—f?) cot }0F F*+ tan $0GG* (19) 
—qV 1—f?(cot 49—tan $0) Im FG*}, 
Im fg* = —A2qV 1—f? sec 30 csc 40 Re FG*. 
By means of eqs. (19) and (15) the cross-section becomes 


a(9, p) = a*[q?(1—f?)csc? 40 F F*+ sec? 0GG* 
+2¢V 1—B? sec 40 csc 40 Re FG*(P, - n)]. 





(20) 


The isotropic term of the cross-section, independent of P,, was tabulated in 
Sherman’s work °). 
The polarization, eq. (17), likewise becomes 


P, = U(d, p)P,+V (8, p)nx Py+W (9, ¢)o, (21) 
where 
U(8, p) = k[g?(1—f?) (1—cot? 40) FF*+ (1—tan? 30)GG* 
+49V1—f? Im FG*], 
V(d, p) = 2k[—g?(1—f?) cot 40F F*+tan 40GG* 
+qV 1— f?(tan 40—cot 40) Im FG*}, 
W (9, p) = k{2gV 1—f? sec 40 csc 40 Re FG*+ [2g2(1—f?) cot? SOF F* 
+2 tan? 49 GG* — 4gV 1— B? Im FG*](n- P,)}, 


(22) 


and 
k = /?/0(8, ¢). 


Eqs. (20), (21), (22) give the complete solution of the scattering problem 
for an electron beam of any initial polarization. 


3. Numerical Results and Discussion 


Let us consider, as application of the previous equations, a beam with 
longitudinal polarization, P,;-m = 0. In this case the cross section, eq. (20), 
is independent of the angle g, and the final polarization, eq. (21), is de- 
composable into a component lying in the scattering plane, P; ,, and the 
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orthogonal component P; , by means of the equations 
P,,= UP,+V (nx P,), (23) 
P, , = Wn. (24) 
Since the component P, , is independent of the initial polarization, let us 
take as precession angle the angle § between P; , and P,;. One gets 
V 
It is interesting to observe that for extremely relativistic electrons we find 


from eq. (25) 
tan € = tan #@, (26) 


and the P; , component tends to zero. In other words, the polarization of the 
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Fig. 1. Curves showing € as a function of # for electrons scattered at angles #=45° and #=90° 
by nuclei of charge Z=13. 
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scattered wave remains longitudinal. This result does not depend on the 
form of functions F, G and therefore holds for any central field. 

For the scattering of electrons against mercury and aluminium nuclei é is 
plotted in fig. 1 and fig. 2 as a function of f, for # = 45° and # = 90°. 
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Fig. 2. Curves showing & as a function of f for electrons scattered at angles #=45° and #=90° 
by nuclei of charge Z=80. 


When the incident beam is not polarized, the outgoing wave, after a first 
scattering, presents a polarization P; = P; ,. In a second scattering, in a 
plane parallel to that of the first one, the cross section, given by eq. (20), 
presents an anisotropic term proportional to P; ,. Such a double scattering 
experiment is the classical one described by Mott. 

The longitudinal polarization can be detected by means of a double 
scattering experiment in orthogonal planes. In this case the initial polariza- 
tion P, parallel or antiparallel to the unit vector K, of the incoming direction 
gives rise, after the first scattering, to a component P,,, in the scattering 
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plane, normal to the unit vector K, of the direction of scattering, and of 


magnitude 
|P; ,| = (U sin 8—V cos #)|P}. (27) 


In the second scattering such a component gives rise to an anisotropy 


a(?’, x)—a(#", 0) 


























A= 
4[a(0’, x) +a(8", 0] (28) 
4q4/1— p? ‘esc $0’ Re FG* 
= B. 3f pr eee 90’ coc 90" Re (U sin ®—V cos #)|P,}, 

g?(1—?) csc? 40’ FF*+sec? $0’ GG* 
A 
O.5- 
0.4- 
0.3F 
O2- 
O.1- 

= | | L 1 1 | | 
0) 02 04 0.6 08 10 


Fig. 3. Anisotropy 4 versus f for the double scattering, in orthogonal planes, of longitudinally 

polarized electrons. Both scatterings are at right angle; the initial polarization is unity. 

Curves are computed in the case of Z = 80 for both targets and in the case of Z = 13 for the 
first target, Z = 80 for the second one. 
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where #”’, y’ are the angles of the second scattering; ’ = 0 corresponds to the 
electrons scattered in the direction in which the vector orthogonal to the 
plane of the second scattering is parallel to P; ,. In fig. 3 A is plotted as a 
function of # for # = # = 90° in the case in which both targets have Z = 80, 
and also in the case of Z = 13 for the first target, Z = 80 for the second one. 
The former results depend on the definition chosen for the polarization; it 
is possible, however, to pass from the polarization defined by eq. (1) to the 
polarization P‘” defined as the mean value of the spin momentum (in Ji 
units) by means of the following equation: 7 
Pw) — V1—p?(P,1+ P,J)+P-_K. (29) 
The frame of reference for this equation is chosen with the K axis parallel to 
the momentum of the electrons. As stated above, in the reference system of 
the particle, i.e. for 6 = 0, P‘” is the same as P. For 0 < £ < Lif P(P”) is 
longitudinal, P‘”)(P) is also longitudinal and of the same magnitude. For 
extremely relativistic electrons, i.e. 8 = 1, P‘” is always longitudinal and its 
magnitude is P,. It follows in particular from eq. (29) that the anisotropy 4 
remains unaltered of P‘” takes the place of P in eq. (28). 


Appendix 
From eq. (2), with 
a | Pi Pis| 
| Poy P22 
we obtain by direct computation 
P = [2 Re pig I-+2 Im pjoJ + (py; — pag) K)/Tr p. 
From this it follows that 


[P| = [pit p2e+2 p11 Pe2—4(P11 P22—| Pra”) }#/Tr p 
which coincides with eq. (3) of the text. 
Let us now give the proof of eq. (4). For this let us consider a spinor a, 
where the index « means a component of the statistical ensemble. Choosing 
a system of orthonormal basis ,, 92, put 


’ 





a™ — Cp, +c,' pg. 
The density matrix depends upon c,, c,"*) through the equation 
Pi = > 6, cre (2, i] as]. 2). 


a 


We then get 


Det p= dIc,"|? . d Ic. |?— dc," co(o*|2 > > Ic! |2|c,(4)|2— (S|, c(20*|)2 
a B a an < 
= > {ley |2|c,|? — |e, ||1cg | |c,| cg |} 
ap 
= > {|c4'*)|2|cg(F) |2+ |c,(F)|2|cg'@ |2— 2|c'| |c4(F)| |e, F)| |e.) ]}. 
a>BP 
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It follows that 


Det p => ¥ {ley ||cg| —|c,4||c([}2 > 0. 
a>, 


For a pure state the statistical ensemble has only one component; then 
Det p = |c,|? |c.|?—|c, c.*|? = 0, 


which completes the proof. 
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Abstract: The recently derived dispersion relation for elastic forward scattering of pions 
by unpolarized deuterons is compared with the experimental data in the Chew impulse 
approximation. It is shown that the dispersion relation is consistent with these data. 
However, for a more detailed test of the theory it is necessary to consider other 7—D 
processes for which the contribution from the non-observable part in the dispersion 
relations is not a small quantity. It is indicated that for this purpose consideration of the 
elastic forward scattering amplitude for spin-flip is sufficient. 


1. Introduction 

In a preceding paper ') we derived (under some definite assumptions) the 
following dispersion relation for elastic forward scattering of pions by un- 
polarized deuterons (ref.'), eq. (65)): 

D(E)—D(m) 
wale (Em?) | ak’ i + fad (E2—m?) [| F (E)—4G(E)}); 
m (E’2— E?) (E*—m?) m3 , ’ - 
D(E) is connected with the Hermitian part D(£) of the scattering matrix by 
D = itr D (2) 
and the total cross section op(£) for pion scattering on unpolarized deute- 
rons with the anti-Hermitian part A(£) of the scattering matrix by the 


optical theorem 





Op = gtr A. (3) 


FE is the laboratory energy of the incoming pion with rest mass m and 
f = gm/2M. The dimensionless quantities F and G are given by eqs. (60)—(63) 
of ref.'), but for our purposes it is sufficient to use the approximate eq. (64) of 
ref.) accurate within 30 % (at any rate for a laboratory kinetic energy 
of 10 MeV or more) tf 


F=—0.5—, 3G=0. (4) 


Comparison of relations (1)—(4) with the experimental scattering data is 
impaired by the following two difficulties: 


t The connexion between F, G and X, Y is F = 2.1 X and G = 2.1 Y, i.e. the connecting 
factor is 2.1 and not 0.45 as stated in ref.') after eq. (65). 
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1) Whereas total cross section determinations for ~—D scattering have 
already been performed at a variety of energies (see ref.*)), up to the present 
only two measurements of the cross sections and angular distributions for 
the individual processes have been performed, viz., the investigations of 
Nagle 2) at 119 MeV and especially those of Rogers and Lederman °) at 
85 MeV laboratory kinetic energy. However, these experiments are not 
sufficient for a test of the theory according to (1). 

2) These measurements refer to scattering by unpolarized deuterons for 
which the theory of dispersion relations (without the aid of further relations) 
yields only an unequality as a test relation (see section 2). 

However, in the case of ~—D scattering it should be sufficient to use 
Chew’s impulse approximation *) which we adopt in the form of the pure- 
scattering model suggested by Fernbach, Green and Watson °). The accuracy 
of this approximation probably exceeds the present experimental possibili- 
ties f and we may thus assume that the errors connected with neglect of 
binding effects, multiple scattering and absorption phenomena are not much 
larger than 20 % tt. Moreover, in the special case of forward scattering we 
have a simple criterion of validity of the impulse approximation (see section 
3) which is that the elastic ~—D scattering amplitude and the total cross 
section should be the direct sum of the total cross sections for scattering on 
free nucleons. This is fulfilled within the accuracy assumed above even in the 
resonance region *). 

In section 2 the relations necessary for comparison with the experimental 
data will be derived and in section 3 it will be shown that the impulse 
approximation in fact permits one to check the dispersion relation (1). 


2. Consequences from the Spin-Structure of the Scattering Matrix 


Cheyshvili §) has recently determined the general spin-structure of the 
scattering matrix including the corresponding phase shift relations for 
elastic scattering of deuterons by zero spin nuclei. These formulas may be 
directly applied if we replace the initial and final deuteron momenta appear- 
ing in ref.*) by the corresponding pion momenta. The scattering matrix 
then has the following structure with respect to the deuteron spin S: 


T = a+bS -n+c(S - n)?+d3{(S + qo)(S-q)+(S-q)(S+qo)}; (5) 
a,...,da@ are scalar amplitudes depending on the scattering angle and the 


energy of the incoming pion, the unit vectors q, and q specify the directions 
of its initial and final momentum and n is the unit vector (q,) x q)/|q,» x q/ 


t The measurements of Rogers and Lederman for the elastic scattering are only accurate 
to 40—50 % in the region of smaller angles so that the extrapolation to forward scattering 
is subjected to the corresponding uncertainties. 

tt This is especially in accordance with the results of ref. *). 
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perpendicular to the scattering plane. In the case of forward scattering we 
get from the relations in ref.°) 


b=c=0 (6) 
and with qy = q eq. (5) becomes simply 
T =a+d(S-q)?. (7) 


(7) means that in contrast to pion-nucleon scattering the forward scattering 
amplitude for ~—D scattering depends on the target spin S. From this some 
complications follow for an experimental test of the dispersion relation (1) 
providing that one uses only experimental data pertaining to pion scattering 


by unpolarized deuterons. 
The differential cross section for elastic scattering by unpolarized deute- 


rons is given by 


— = ltr T*T (8) 


whence we get for forward scattering, using (7), 


do 


a0, = a*a+%(a* d+ad*)+34* d. (9) 
On the other hand the optical theorem (3) can be expressed in the form 


Supposing the experimental quantities do/d2, and op to be known we may 
calculate another quantity from dispersion relation (1) 


D = jtr D = Rea+$ Red. (11) 
From (9), (10) and (11) it then follows 


i = |at+3al?+gld?? = |a+ 3a)? (12) 
and according to (10) and (11) we can determine only the last expression in 
(12). We thus arrive at the result that a real test of the dispersion relation 
(without the aid of further relations) is in general impossible since the theory 
yields only an unequality as a necessary condition. Reliable answers can be 
given only if the quantity ($)|d |? may be neglected in (12) (which, according 
to section 3, is true in the impulse approximation) or if the unequality (12) 
may be proved to be invalid (in which case the statement is clearly negative). 


3. Comparison with the Impulse Approximation 


The impulse approximation *) assumes that the amplitude T for scattering 
of particles by a bound system can be written as the sum of the amplitudes ?, 
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for scattering by the corresponding free target particles, i.e., for the case of 
scattering by deuterons 

If one considers the matrix elements of 7 between the initial state ¢, and 
final state yp 


<bo|L lba> = <bnltploa>+ <Polénlba> (14) 
it may be seen *) that this approximation represents the scattering of the 
incoming particles by a wave packet of free target particles which has the 
same momentum distribution as the real bound state. In the pure-scattering 
model of Fernbach, Green and Watson °) for ~—D scattering expression (14) 
may be further approximated in the form 


(doll lba> = tan Zan teal an (15) 
where ¢',, and #4, are the matrix elements for pion scattering on a free proton 
and neutron but whose spin states are related to the whole P—N system. 


JF, and J‘, are some integrals depending on the special transition. The mattri- 
ces #®, and #§, have the well-known spin-structure 


t; = u,+1v,0,° (q’Xq) (16) 
where w, and v, are scalar amplitudes, a, the proton and neutron spin vectors 
and q and q’ the initial and final pion momenta. 

In the case of elastic forward scattering the integrals J', and J‘, reduce to 
normalization integrals, i.e., simply to unity, whereas the spin dependence in 
the matrices ¢', and ¢\, disappears owing to (16). Hence from (15) 

<dnlT a> = Maptear (17) 
and in particular for the total cross section one obtains according to the 
optical theorem (3) 

Op = Opt oy, (18) 
the approximate nature of which has been discussed in the introduction. We 
note that the spin dependence of the scattering amplitude disappeared and 
consequently also the difficulties discussed in section 2. 

Comparison of the dispersion relation with the results of the impulse 
approximation is now nearly trivial since in accord with (17) which contains 
only spin independent quantities it follows from (2) that 


D = Dp+ Dy. (19) 

Taking into account the charge independence of the theory we may write 
(18) and (19) in the form 

D= D,+D_, Op = 0,+0_ (20) 

where D,, D_ and o,, o_ are the Hermitian parts of the scattering matrix 

and the total cross section for scattering of z+ or a~ mesons on protons. 
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Now the amplitudes D, and D_ satisfy the Goldberger relations ®) 
D,(E)+D_(E)—[D,.(m)+D_(m)} 

















l © _, E'(o,(E’)+o_(E’)] E2?— m? 
— —(E*—m?)| dE’ 2 
= arin if. (E?— 3) (E2—m) 1 i Ea om (2?) 
K ~ \om 
D,(E)—D_(E)— = [D,(m)—D_(m)] 
“ 0, (E’)—o_(E’) E2-m? E | 
= — (E*—m*)E| dE’'—— + 4/2 —. (22) 
2? m (E’2— FE?) (E’2?—m?) pa (=) 
2M 


According to (20), i.e., within the limits of the impulse approximation, the 
relation (21) is also the dispersion relation for x+—D scattering and compari- 
son with dispersion relation (1) requires that the contribution from the non- 
observable part be the same in both equations. We shall demonstrate that 
this is indeed the case within the limits of our approximation. 

The contribution of the non-observable part in dispersion relation (1) 
becomes, using (4), 








ane y E*—m? 3.4 
— (E?—m?*)[F(E)—1G(E)] = —f? — a 23 
whereas the corresponding contribution in (21) may be written in the form 
, Em 1 E?—m? 2 
4/2 pao on (24) 


ia eal E? M 
2M 


where we have neglected the quantity (m?/27)? which is small compared to 
E2(E?2 => m* > (m?/2M)? = m?/13.57). Furthermore we take into account the 
fact that (24) and consequently (23) are small quantities whose values are 
within the limits of the present experimental data or of the impulse approxi- 
mation respectively. We notice that in the case of ~—P scattering an experi- 
mental determination of the coupling constant / is possible only because of 
the relatively large contribution of the non-observable part in (22): the 
ratio of the corresponding contributions in (22) and (21) is £(247/m?) = 13.5 
and the sum D,+D_ and the difference D,—D_ in (21) and (22) are in 
general of the same order of magnitude f. 


4. Conclusion 


In the last section it was shown that dispersion relation (1) for elastic 
forward scattering of pions by unpolarized deuterons is consistent with the 
results of the impulse approximation. However, a more detailed analysis 
revealed that the contribution to the dispersion relation resulting from inte- 


t Compare for the details figs. 3, 4, and 5 in ref. 1°). 
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gration over the non-observable part is only a small quantity over the 
whole range of energy: this is by no means trivial for it is quite impossible 
to make a simple estimation of the order of magnitude of this quantity 
because of the divergences which appear and of the necessity of carrying 
out explicitly the analytic continuation '). Thus it is desirable to investigate 
other ~—D processes for which a more detailed test of the theory would be 
possible, i.e., to perform a quantitative comparison of the contribution from 
the non-observable part. The inelastic and charge exchange ~—D scattering, 
which also can be treated in the impulse approximation, are not very suitable 
since their forward scattering amplitudes vanish (it thus being necessary to 
consider non-forward scattering or the derivatives of the scattering matrix 
in the forward direction). However, it can be shown that the simpler 
consideration of the elastic forward scattering amplitude for spin-flip is 
sufficient. To this end we recall first of all that contrary to the case of no- 
spin-flip scattering the contribution from the non-observable part is large in 
the dispersion relation for the sum D,°+D_* and small in that for the 
difference D,°—D_* where D> and D_* are the Hermitian parts of the spin- 
flip amplitudes for ~+—P and a~—P scattering !'). We now consider the 
general case of non-forward scattering and suppose the deuteron to be 
polarized perpendicular to the scattering plane. From (16) and (13) it 
follows for the spin-flip amplitudes using charge independence of the theory 
and again restricting ourselves to forward scattering 








Vi,tu = {<41,11T 141,1>— <X1,-1lT 141, -D Har =a (25) 


21\q’ x q| 
where x, , and y, _, are the usual spin functions for the triplet-states. The 
corresponding dispersion relation for D,*-+ D_‘ is given in ref.) and 2). (This 
last paper contains more general results, including non-forward scattering, 
but we can restrict ourselves, for practical purposes, to forward scattering. ) 
On the other hand, we can derive for this case dispersion relations along the 
lines of ref.1), andit can be shown that now the resulting contribution from the 
non-observable part has the same sign as the corresponding contribution to 
the dispersion relation for D,°+D_* (which should be the case if the theory 
is to be consistent since now the contribution from the non-observable part 
can be checked) f. A detailed evaluation of the integrals is in progress Tf. 


t Thus we may expect that it will be possible to determine the pion-nucleon coupling 
constant from the dispersion relation for the elastic spin-flip amplitude of pion-deuteron 
scattering (whereas from the dispersion relation for the corresponding no-spin-flip amplitude 
we can derive only an upper limit for the order of magnitude of the coupling constant cor- 
responding to /? = 0.1). 

tt Note added in proof: In the meantime the author has completed this work. The coupling 
constant was determined as g?/hc = 18, using Chew’s impulse approximation, with an error 
which is, of course, a little larger than that affecting the determination by means of pion- 
nucleon dispersion relations. The details will be published in the near future in Nuclear Physics. 
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Abstract: A classification of all angular momentum-isobaric spin functions which can be pre- 
sent in the ground state wave function of H® is carried out by methods of group theory. 
This classification, based on the behaviour of the functions under rotations of the co-ordi- 
nate axes and permutations of the three nucleons, yields three S-state functions, four 
P-state functions and three D-state functions. All ten states are present in H® if non- 
central forces exist between nucleons. 


1. Introduction 


The presence of non-central forces greatly complicates the wave function 
of the triton. Indeed, the only absolute quantum numbers left are 


(1) the total angular momentum, J = §, 

(2) the parity tf (even), 

(3) the isobaric spin, T = $. 

By contrast, with central forces only, we have as additional quantum 
numbers 


(1’) the orbital angular momentum L, 
(2’) the spin angular momentum S. 


Furthermore, if the central forces involved are a mixture of ordinary 
(Wigner) and space-exchange (Majorana) forces, permutations of the 
positions in space of the particles (without permuting their spins or isobaric 
spins) are permitted, and give rise to an additional absolute quantum 
number, the ‘partition’ quantum number: 


(3’) the partition of the space wave function. 


In the three-body system, there are only three possible partitions (three 
irreducible representations of the permutation group on three things). 
These are: the completely symmetric representation, the completely anti- 
symmetric representation, and one ‘mixed’ representation. The matrices of 


t Also supported by the Nuclear Research Foundation within the University of Sydney. 
tt Recent evidence for non-conservation of parity in weak interactions is of no importance 
for this problem, in which the interactions are strong. 


310 





CLASSIFICATION OF TRITON WAVE FUNCTIONS 311 


the three representations are given explicitly in appendix 3. We shall denote 
these three partitions by the symbols s, a and m, respectively. 

The ground state of the triton under the action of central forces which are 
mixtures of Wigner and Majorana forces only is a symmetric *S, state; 
that is, L=0, S$ = 7 and a fully symmetric space wave function. 

Although the quantum numbers (1’), (2’) and (3’) fail with actual nuclear 
forces, they can still be used to simplify and systematize the construction of 
the most general wave function for the triton consistent with the absolute 
quantum numbers (1)— (3). This is quite analogous to, say, the construction 
of the deuteron wave function, as a superposition of °S, and *D, wave func- 
tions which are coupled to each other by the tensor force. The value of L 
fails to be a constant of the motion, yet L is useful in constructing the most 
general acceptable function. In the deuteron, we start out with six space 
coordinates for the two particles; centre-of-gravity symmetry reduces this 
to three coordinates (the three components of r,—r,); by employing a 
classification according to a symmetry group (rotations of space coordinates 
only, quantum number L) which is not actually permitted by the problem, 
we reduce the problem from a partial differential equation in three independ- 
ent variables to a set of two coupled total differential equations for the 
radial functions «(v) and w(r). This is a tremendous simplification. 

This paper is devoted to making a similar simplification for the three- 
body problem. We start out with nine coordinates for the positions of the 
three particles. Centre-of-gravity symmetry reduces this to six coordinates. 
We can think of these six coordinates as three coordinates specifying the 
size and shape of the triangle formed by the three particles (for example, the 
three sides of the triangle: 7,5, 723 and 73,), and three Euler angles which 
are needed to specify the orientation in space of this triangle, relative to 
some standard orientation. The group classification carried out in this 
paper then serves to reduce the wave equation by eliminating the need to 
write down the Euler angle dependences explicitly. Instead of one partial 
differential equation in six independent variables, we arrive at a set of 
sixteen coupled partial differential equations with only three independent 
variables. Although there is clearly no hope of an exact solution of this 
reduced problem, the reduction is still most appreciable, and the reduced 
problem can and will be used as the basis of a variational calculation. 

In previous work on this problem '?+8) the classification has been less 
detailed, and the results of these authors are not easily comparable with 
ours. Gerjuoy and Schwinger, as well as Feshbach and Rarita, used as 
‘internal’ coordinates (by this we mean coordinates specifying the shape and 
size of the triangle) the distance 7,. between two of the particles, the distance 
p from the midpoint of 7,. to the third particle, and the angle 6 between 
these two directions. This choice is unsuitable if one desires (as we do) to 
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make use of the permutation symmetry of the problem: whatever coordinates 
are chosen, they should be chosen so as to behave simply under permutations 
of the particles. Clapp ?) does use more symmetrical coordinates, namely 
the sum of the squares of the sides of the triangle: R? = rj,+73,+73,, 
and two angular coordinates to specify the shape of the triangle. Apart from 
the fact that his two angles are necessarily somewhat unsymmetrically 
chosen, we prefer not to use Clapp’s coordinates because we are envisaging 
calculations with repulsive core forces. A repulsive core in the nuclear force 
requires that the wave function vanishes whenever at least one side of the 
triangle is less than the core radius 7,. This condition is stated most simply 
by using the side-lengths 7,5, 72, and 73, themselves as ‘internal’ coordinates, 
and that is what we have done here. Avery and Adams, and Pease and 
Feshbach *) used 7., 723 and 7; as ‘internal’ coordinates, but their ‘angular’ 
functions are appreciably less symmetrically chosen than the ones we 
adopt heref. 
2. Internal Wave Functions 


We intend to write the final wave function as a sum of products, each 
product containing three factors: 

(1) a factor depending on the three sides of the triangle: this is the ‘inter- 
nal’ wave function; 

2) a factor depending on the Euler angles which specify the orientation 
of the triangle in space: this is the ‘Euler angle’ wave function; 

(3) a factor depending on the spin and isobaric spin indices of the three 
particles: this is the ‘spin-isobaric-spin’ wave function. 

We shall construct these three types of wave functions separately, first; 
then we shall combine the factors (2) and (3) by the use of vector addition 
coefficients (Clebsch-Gordan coefficients) 4) into ‘total angular momentum’ 
wave functions of definite symmetry type (symmetric, antisymmetric or 
mixed). Finally, the overall wave function of the system is obtained by 
combining the internal wave functions with the total angular momentum 
wave functions. 

We shall use the following notation for the three sides of the triangle: 


XL = 123, vl, = 131, 3 = "12. (1) 


Permuting particles 1 and 2 interchanges 7,, = x, and 74, = 2,, and leaves 
the distance 7,, = 2, invariant. Thus a permutation of the particles corre- 
sponds directly to the same permutation carried out on the internal coordi- 
nates 2,, X,, x,. An arbitrary function /(%,, x, x,) may be symmetric, 
antisymmetric, or belong to one of the two rows of the mixed representation 
of the permutation group on three things. We can construct explicit examp- 


t Prof. J. B. French has informed us that a classification somewhat similar to ours has 
been carried out by Y. Shimamoto (thesis, Rochester University). 
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les by considering functions of product type. Given one function u(x), we 
can construct a symmetric function /: 


{g(%1, %q, Xz) = u(x) (ay) (23). (2) 


If we introduce in addition a linearly independent function v(a), we can 
construct three different functions /; one of them is symmetric: 


fg (X1, %q, Ly) = U(a,)U(Xq)v (ay) +4 (w,)V(X_)u (wy) +-V(x,)u(Xy)u(xy) (3) 
and the two other functions span the mixed representation: 
fm,1(%1, %2, 3) = 6~8[v(a,)u (ay) + (a,)v (arg) Ju (arg) — (§) 30¢ (ar )0¢ (arg) v (arg), (4) 
fm, 2(%1, %y, y) = 2-8[v(a,)u (ay) —u(a,)v(xQ) ju (xg). (5) 
The two functions /,, , transform into each other under permutations of the 
particles. 

Finally, if we have three different functions to start with, say u(x), 
v(x), and w(a), we can form six linearly independent functions each of which 
contains a sum of products, each product being of type wvw. These six 
linearly independent functions can be combined into one completely 
symmetric function, two sets of two functions, each pair belonging to the 


mixed representation in a way similar to (4) and (5), and finally one complete- 
ly antisymmetric function, namely the determinant: 


ua) (ag) (xs) 
fa(%1, %q,%y) = det}v(x,) v(x) (xz) |. (6) 
w(%,) Ww(xy) w(ws) 


This last function is a counter-example to the statement f that ‘‘there is 
no anti-symmetric S-function’’ for the triton. 


3. Choice of Normal Orientation of Triangle 


Next, we must specify a ‘normal’ orientation for our triangle with sides 
%,, %,, £3; thereafter the actual orientation of the triangle in space is ob- 
tained by rotating the triangle from its normal position to its actual position, 
and the rotation which achieves this is specified by three Euler angles 
a, 6, yin the usual way. For example, one could specify the ‘normal’ position 
of the triangle as one in which the triangle lies in the vy-plane, with its 
centre of gravity at the origin of coordinates and particle number 1 some- 
where on the 2-axis. Although such a specification appeals by its apparent 
simplicity, it fails to satisfy our criterion of simple behaviour under permu- 
tations of the particles: The first two statements (triangle in 2y-plane, 
centre of gravity at origin) are indeed invariant under permutations of the 


t R. G. Sachs, ref. *); as a result, Sachs gets two S-state functions, and three P-state 
functions, compared with our three S-state and four P-state functions. 
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particles, and we do retain them for our final specification of the ‘normal’ 
position. The third statement (particle number 1 on z-axis) is however 
blatantly dependent on which particle is called number 1, and is therefore 
unacceptable to us. 

Accepting that the triangle is going to lie in the zy-plane in its ‘normal’ 
position, with its centre of gravity at the origin, it remains to find a per- 
mutation-invariant specification of an ‘x-axis’ and a ‘y-axis’ within the 
triangle. There are two specifications which have the virtue of simplicity: 

1) We may compute the two principal axes of inertia of the triangle, and 
make the axis associated with the larger moment of inertia our z-axis. 

2) The x-axis may be chosen as the invariant ‘Euler line’ within the 
triangle; this is the line through the following three points: the centre of 
gravity, the intersection of the normals drawn from the three vertices to the 
opposite sides (orthocentre), and the intersections of the normals through 
the midpoints of the three sides (circumcentre). 

Possibility (1) has the disadvantage that the principal axes of inertia do 
not specify two directions in space, but rather two undirected lines; the 
x-axis is specified only up to a + sign, and the same is true of the y-axis. 
Possibility (2) above has the advantage that the a-axis is defined uniquely 
as a directed line in space; however, the final expressions obtained with this 
choice are appreciably more complicated than with choice (1). 

If one uses specification (1), some of the Euler-angle wave functions are 
double-valued; this is a nuisance, but it is less so than appears at first sight. 
It turns out that wave functions of even parity are necessarily single 
valued, and only these wave functions are of interest for the ground state of 
the triton. 

Later on, when we shall extend the theory to include scattering states of 
odd parity, it will still be possible to overcome the sign ambiguity inherent 
in the choice (1) by coupling it with choice (2) in the following way: The 
wave functions are determined with choice (1), but their phases are normal- 
zed by comparison with (2). We have not worked out the details of this 
approach in our present investigation, but we are convinced it can be done 
without excessive effort, and indeed with much less effort than would be 
involved in the full use of specification (2). 

We specify the z-axis of our triangle in its normal position as an axis 
perpendicular to the plane of the triangle (the xy-plane) and directed in such 
a way that traversing the triangle from particle 1 to 2, thence to particle 3, 
and then back again to 1, amounts to a counterclockwise walk around the 
z-axis. Hence the specification of the z-axis is invariant under even permuta- 
tions of the three particles, and the z-axis reverses its direction if any two 
particles are exchanged. 

The choice of the sense of the x-axis (the + sign) is left open; once this 
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choice has been made, however, the y-axis must have its sense adjusted in 
such a way that 2, y and z form a right-handed set of axes. We therefore 
have only one undetermined sign in our ‘normal’ position of the triangle, 
and it turns out that all even-parity wave functions are independent of the 
choice of this sign. 


4. Euler Angle Wave Functions 


Since the Euler angle wave function is by definition independent of the 
internal coordinates x of the triangle, we may as well consider the triangle 
rigid for this part of the investigation. The Euler angle wave functions for a 
rigid molecule are well-known, however *). They are just the representation 
coefficients of the irreducible representations of the rotation group. The 
Euler angle function for orbital angular momentum L, z-component thereof 
M,, and body-z-component yu is given by 








! )!(L—p)!(L+M,)!(L—M,)! 
Dé (a, By y) = Yaverer, Et) Em) (E+ Mi) (L—Mz) 
wM ; «!(L+M,—«)!(L—n—x)!(e+u—M,)! (7) 


x ef#* (cos $f) +ML-#-2« (sin $B) +4-ML IML 7; 








the index « takes all integral values between the larger of 0 and M,;—y and 
the smaller of M,+L and L—u. For each value of L, there are 2L+1 
values of « and the same number of values of M,. The 2L+-1 values of M, 
represent a necessary degeneracy, and these functions will later on be com- 
bined with spin functions with an index Mg, so as to give eigenfunctions of 
the total angular momentum J and z-component M,. On the other hand, 
the index uw labels different functions, which cannot be obtained from each 
other by rotations of the space axes (they can be obtained from each other by 
rotations of the ‘normal’ position of the triangle, but this is an ‘internal’ 
operation). Thus there are three essentially different P-states, five essentially 
different D-states, and so on. 

However, not all these states have even parity. For example, consider the 
P-states. We can construct three linearly independent P-states by forming 
three linearly independent vectors out of the two basic vectors ry, = ry—P2 
and fo, = r,—Fr, (the third vector, r,,, is the sum of ry. and r., and thus 
linearly dependent). Three such vectors are, for example 


Tie, Tog, and YPyoXPo3- 


All three are P-state functions, but clearly the first two change sign under 
inversion of the space axes, whereas the third one is unchanged by this 
operation (i.e. the first two are vectors, the third one is a pseudovector). 
We conclude that, of the three linearly independent P-state functions, one 
has even parity, the other two have odd parity. 
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In general, it can be shown that the parity operation //7 applied to the 

Euler angle function (7) gives 

ITD iit, (%; B, y) = (-1)" Dim, (%, B, y). (8) 
Thus functions with even yu have even parity, functions with odd « have odd 
parity. In the case of P-states, we have one function (u = 0) with even 
parity, and two functions (u = 1 and wu = —1) with odd parity. The even 
parity function is proportional to r,.f.3, the odd parity functions are 
linear combinations of the vectors rj. and fogs. 

Taking states of even parity only, we therefore have one S-state, one 
P-state, and three D-state functions, the latter corresponding to u = 0, 
fe = 2, and w = —2. Since the ground state J of the triton is $, and the 
maximum spin S is 3, the orbital angular momentum L cannot exceed two, and 
thus these five Euler angle functions suffice for the ground state of the triton. 

It will be convenient to define our basic Euler angle functions in such a 
way that they are ‘real’ under the time reversal operation ®”). In addition we 
require that the functions be normalized so that the integral of their square 
over all orientations of the triangle is unity. The functions are automatically 
orthogonal to each other. This leads to the following five basic functions: 


S-state: Y,°(s,0) = 24/47; (9) 
63 
P-state: Y,/(a, 0) = — Diu, B, y); (10) 
It 
(10)2 . 
D-state, wu = 0: Y,,?(s, 0) = — Dou (« B, v)} (11) 
1 
D-state, |u| = 2, symmetric: 
— 5% 
Yy°(s, 2) = has [D3 u(%, B, Y)+D 9 (a, B,y)]; (12) 
D-state, |u| = 2, antisymmetric: 
—15% 





Yu" (4,2) = [D3 w(*, B, y)—D2o, u(#, B,y)]. (18) 


IU 


We have used the notation Y,,"(P,, |u|) for a state with permutation 
symmetry P,(= s or a), and with body-z-component of angular momentum 
+p. (|u| = 0, 2,..., LZ or L—1). 

All these functions have even parity; the P-state function and the last 
D-state function change sign under odd permutations of the particles (i.e., 
they belong to the antisymmetric irreducible representation of the permu- 
tation group); the other functions are invariant under permutations of the 
particles. With our highly symmetric choice of the ‘normal’ position of the 
triangle, the Euler angle functions must be either symmetric or antisymmetric 
under permutations; the mixed representation cannot occur. 
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5. Spin-Isobaric-Spin Wave Functions 


The classification of the possible spin-isobaric-spin wave functions has 
been carried out in detail elsewhere t. The functions in question are called 
Vugx(P,, 7, S), where P, stands for the permutation symmetry (symmetric, 
antisymmetric, or mixed), 7 is the total isobaric spin quantum number, 
which must equal $ or 3, M, is the z-component of the spin, and « is the row 
index to distinguish the two different functions which appear in the case of 
mixed symmetry. The ¢-component of the isobaric spin is fixed by the 
requirement that the function describes a triton (or, alternatively, a He? 
nucleus); we have therefore omitted this index. 

These functions are given in detail in appendix 2. Here we merely list the 
possible values of P, and S consistent with 7 = 4: 

Doublet functions S = 3: 

one symmetric function, 

one antisymmetric function, 

one set of two functions of mixed symmetry. 
Quartet functions, S = 3: 

one set of two functions of mixed symmetry. 


6. Total Angular Momentum Eigenfunctions 


We now combine the Euler angle wave functions with the spin-isobaric- 
spin wave functions by the use of vector addition coefficients in the standard 
way *), so as to get eigenfunctions of the total angular momentum J and 
its z-component M,. We leave the details to appendix 3. Since the triton 
ground state has J = $, experimentally, this is the only value of J of concern 
to us here. Furthermore, there is no loss of generality in restricting ourselves 
to M, = 4, since the state with M, = — can be obtained from this by a 
rotation of the coordinate system. 

Since there are three distinct possibilities for doublet state spin-isobaric 
spin functions, and only one possibility each for Euler angle functions with 
L = 0 and L = 1, we get three distinct *S; states and three distinct *P; 
states. The three 2S states differ from each other by their behaviour under 
permutations of the particles, i.e., there is one symmetric 7S; wave function, 
one antisymmetric #S; wave function, and a set of two *S; wave functions 
which belong to the mixed symmetry representation. 

We do not count the two functions belonging to the two rows of the mixed 
symmetry representation as two separate functions, since both functions 
must be combined linearly in a certain, predetermined way in order to get 
complete wave functions (including the dependence on the internal coordi- 
nates of the triangle) which are properly antisymmetric in accordance with 
the Pauli principle. Thus the two functions of the mixed symmetry rep- 


t See J. M. Blatt ref. 8); especially the appendix. 
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resentation finally give rise to only one acceptable overall wave function for 
the system. 

On the other hand, there is just one spin-isobaric spin function for the 
quartet state (or rather, two functions which together span the representa- 
tion of mixed symmetry). Hence there is only one kind of *P, state, namely 
one of mixed symmetry. Since there are three distinct D-state Euler angle 
functions, there are also three distinct *D,; wave functions, all of them 
pairs of functions spanning the mixed symmetry representation. 


7. Over-all Wave Functions 


In order to get fully antisymmetric final wave functions, a symmetric 
internal wave function (e.g., (2) or (3)) must be combined with an anti- 
symmetric total angular momentum function (i.e. the anti-symmetric *S, 
function, or the anti-symmetric *P,). Such an internal wave function 
cannot be combined with the *P; wave function or with any one of the three 
4D, wave functions, since all these functions belong to the mixed symmetry 
representation. 

An anti-symmetric internal wave function, such as (6) for example, must 
be combined with a fully symmetric total angular momentum function, i.e., 
either the symmetric *S; function, or the symmetric ?P, function. 

Finally, a pair of internal wave functions of mixed symmetry type (e.g., 
the pair (4) and (5)) can be combined with a pair of total angular momentum 
wave functions of mixed symmetry type (e.g., the pair of wave functions for 
the *P, state) in exactly one way so as to produce an over-all antisymmetric 
function. 

Altogether we get ten different possibilities, which are listed in table 1 
below, and given explicitly in appendix 4. 


TABLE 1 


Classification of Triton Wave Functions 




















Spectroscopic P p Permutation Symmetry | 
Tl eal ati ps | 
— Internal Euler Angles | Spin-Iso-spin 
*S} 0 4 s s a 0 
0 4 a s s 0 
0 3 m s m 
*P3 1 $ s a s 0 
1 $ a a a 0 
1 4 m a m 0 
*Py 1 3 m a m 0 
*Dy 2 3 m Ss m 0 
2 3 m s m 2 
2 3 m m 2 
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8. Discussion 


Table 1 and appendix 6 contain the essential results of this paper. All the 
functions listed in table 1 may, and presumably do, contribute to the total 
wave function of the triton in its ground state. 

It is of interest, however, to estimate which of these ten functions are 
likely to be most important, i.e., which of them will give the main contri- 
bution to the total normalization integral. We have two clues for this: 

(1) the symmetry character of the internal wave function, 

(2) the symmetry character of the tensor force. 

In the absence of any spin-orbit coupling, the ground state of the triton 
is a pure *S, state. Furthermore, if the forces are not only central forces but 
also not explicitly dependent on spin (i.e., are mixtures of Wigner and 
Majorana forces) the symmetry of the internal wave function is a good 
quantum number, and the ground state of the system is one in which the 
internal wave function is fully symmetric. This point can be seen as follows: 
Other things being equal, a fully symmetric internal wave function need not 
be zero for any shape of the triangle. A pair of wave functions belonging to 
the mixed symmetry type (e.g., the functions (4) and (5)) is necessarily zero 
whenever the triangle formed by the three particles is equilateral, i.e., 
whenever 2, = #, = 2%,. Finally, a fully antisymmetric internal wave 
function such as (6) is necessarily zero whenever the triangle formed by the 
three particles is isosceles (for then two columns of the determinant (6) 
become identical). The more zeros a function possesses, the more it is forced 
to change, and hence the larger its derivatives and the larger the kinetic 
energy associated with such a function. Another way of saying the same 
thing is that we could form a fully symmetric internal wave function from 
just one function w(a#); we needed two independent functions, «#(x) and v(2), 
to form functions of mixed symmetry type; and we needed three independent 
functions, u, v and w, to form a fully anti-symmetric internal function. If 
these functions u, v, w, are chosen (for example) as eigenfunctions of some 
one-dimensional wave equation, then w(a#) has no nodes, v(x) has one node, 
and w(a) has two nodes. 

Thus in the absence of any spin-orbit coupling, and with central forces of 
Wigner and Majorana types only, the entire wave function of the triton 
ground state is of the type described by the first line of table 1. 

The main type of spin-orbit coupling in the triton is the tensor force f. 
The tensor operator is defined by 


Sio = 3(0, + €)(G,* e)—O, +O, (14) 


t A force proportional to L - S is generally believed to exist as well, but it is of very short 
range, and hence qualitatively of less importance. However, it is undoubtedly true that the 
presence of such a force will result in larger admixtures of P-states than can be expected 
with tensor forces only. 











320 G. DERRICK AND J. M. BLATT 


where @, is the Pauli spin vector for the z’th particle, and e is a unit vector in 
the direction from particle 1 to particle 2. This operator may be considered 
as the scalar product of two tensors of rank 2, one formed from the compo- 
nents of e, and the other from bilinear combinations of the components of 
o, and o,. A tensor of rank 2 formed from the components of one space 
vector corresponds to a reducible representation of the rotation group, with 
irreducible parts belonging to L = 0, 1 and 2 respectively. In the case of the 
tensor operator, the permutation symmetry of the tensor excludes the L = 1 
part, and the construction is made in such a way that the average over all 
directions of e is zero, i.e., so that the L = 0 part drops out as well. We 
therefore have a pure L = 2 operator. 

Since the ground state of the triton is pure *S, in the absence of the tensor 
force, we expect that the *S, state is also dominant when the tensor force is 
present. Since the tensor force behaves like L = 2, it couples D-states to this 
S-state, but does not couple in the P-states in first order; the P-states occur 
only in second order, as far as the tensor force is concerned. 

This argument leads us to believe that the most important components of 
the full triton wave function are the first line of table 1 (the dominant S-state) 
and the last three lines of the table (the three D-states). It would be nice if 
one of these three D-states were much more important than the other two. 
Unfortunately, this is not the case. The internal wave functions all have the 
same symmetry (mixed), and thus allow no discrimination on that score; 
and the matrix elements of the tensor operator to all three *D, states in 
table 1 are of the same general order of magnitude ft. Furthermore, earlier 
calculations *»*) indicate very strongly that explicit inclusion of all three 4D 
functions is necessary to get good results for the triton from a variational 
calculation ft. 

Finally, the states which are likely to be /eas¢ important in the triton are 
states with anti-symmetric internal wave functions, i.e., the second and 


t The matrix elements of the kinetic energy operator and of all the standard types of 
potential energy operators, including the tensor force and the L - S force, have been worked 
out and will be published later. 

tt Clapp 2) does distinguish between the D-state functions through a quantum number 
K; K = 2 for one of the D-states, and K = 4 for the other two D-states which Clapp uses 
in his calculation. His method of classification differs from ours in that his ‘internal’ wave 
function depends on only one coordinate, namely R* = a,?+a,?+2,?. Thus Clapp has in- 
finitely many D-states, fo which the three mentioned before are the ones associated with the 
lowest values of his quantum number K. The quantum number K is associated with the 
‘angular’ part of the kinetic energy, and a larger K means more kinetic energy, hence less 
importance for the corresponding part of the wave function. However Clapp finds that the 
S-state alone gives a binding energy of the triton of 1.80 MeV, the K = 2 D-state raises 
this to 3.88 MeV, and inclusion of the two K = 4 D-states raises this to 5.79 MeV. Furthermore, 
the K = 2 D-state contributes 2.6 percent to the normalization integral, whereas the two 
K = 4 D-states together contribute 2.0 percent. We conclude that the value of the quantum 
number K as a ‘significance index’ should not be overrated. 
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fifth entry in table 1. The kinetic energy associated with these states is 
likely to be so large that no serious error is made by omitting them altogether 
from a variational calculation, and this is what we intend to do. If desired, 
these states can be included at the end by a perturbation treatment applied 
to the variational function. 


One of us (G.D.) would like to thank the Australian Atomic Energy 
Commission for the grant of a postgraduate research studentship, which has 
enabled him to carry out this work. 


Appendix 1. 


THE IRREDUCIBLE REPRESENTATIONS OF THE SYMMETRIC GROUP OF 
DEGREE 3. 

The six elements of the group of permutations on three objects are (1), 
(123), (132), (12), (23) and (31), where we use the cycle notation. Of these 
the first three are even, and the remaining three odd. 

There are three irreducible representations of this group, the ‘symmetric’, 
the ‘antisymmetric’ and the ‘mixed’ representations *). The first represents 
all permutations by 1. In the antisymmetric representation the even permu- 
tations are mapped on to 1, and the odd permutations on to —1. The mixed 
representation is two dimensional, the matrices for the elements in the 
above order being 


(" ") (-% an: ( ide) 


01 hv3 —} —4y3 -} 
oe — own 3 
fod” Cyyve 3g) ya 9”): 


These are simply the two dimensional rotations and reflections which 
transform into itself an equilateral triangle with centroid at the origin 
and a vertex on one axis. 

In complete analogy with the Clebsch-Gordan coefficients of the Rotation 
Group, there exist a set of addition coefficients for combining representation 
base functions which involve coordinates of different type. Let well’, 2’, 3’) 
be a function which belongs to the row «, of the representation with permu- 
ation symmetry P, when we make permutations of the variables (1’, 2’, 3’). 
Similarly let ve(l”, 2’, 3’) belong to row x, of the representation with 
symmetry P, for permutations of the coordinates (1’’, 2’, 3’). These two 
different sets of coordinates (1’, 2’, 3’) and (1’’, 2’’, 3’”) might be, for example, 
the spin variables and the isobaric-spin variables. Then we can form ortho- 
normal linear combinations of products of the form 


were? =D (ete er(L’, 2, 3’)yea(L”, 2”, 3”) 
Ry Ks 
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which belong to row « of the representation with symmetry P for joint 
permutations of (1’, 2’, 3’) and (1”, 2”, 3’), i.e. where we carry out the 
same permutation on both sets of coordinates. 

The coefficients (({2,) are unique t apart from arbitrary phase factors, 


which are here chosen to make all coefficients real. The non-zero values of 
(PiP2P) are then 


SSs saa asa aas 

Gid-GidGid-Gaid= 

(ee) = (Pe) =v2(™ mn) =0 

lea Kk 1A kA 1 - 

(ee) = (ea) =—v2 (Be =? - 

i im k 1A kA l Ll O/«a 

et mmm mmm mmm 1 
-(NT =(Te2)—(s12)7(291) 7 oe 


The coefficients ({1£?,) satisfy the orthogonality relations 


P, P, P\ /P, P, P’ 
> ( om; )( hi |) = bow bee 
kik, \Ky Kok / \ky Kk 
> (3 rena ser) -_ oF x’ 0. K's” 
Pe \Ky Kok /\K 1K 9K se 
Appendix 2 


SPIN AND ISOBARIC-SPIN FUNCTIONS FOR THE TRITON 8) 

Let « and # denote the spin functions for a particle with spin up and spin 
down respectively. The spin functions of a three-particle system with M, =4 
may then be written 


G1 = 6-4[B(1)a(2)+-a(1)B (2) jae (3) — (J)? «(1 )a(2)B(3) 
Jz = 2-4[B(1)(2)—a(1)B(2) jx (3) 
93 = 3-¥[a(1)a(2)B(3)+-a(1)8(2)a(3) +B (1)a(2)a(3)] 


The pair of functions (g,, g,) belongs to the mixed representation of the 
permutation group, and has total spin S = }. The function g, is completely 
symmetric in all spin variables and has total spin S = 3. 

In an analogous way we can construct three isobaric-spin functions with 
T, = —¥: a mixed pair (v,, v,) with total isobaric spin T = 4, and a sym- 
metric function vg with total isobaric spin T = 3. 


t The reduced form of the direct product of two irreducible representations of the Symmetric 
Group of degree 3 contains no representation more than once, at most. However with Permu- 
tation Groups of higher degree the direct product of two irreducible representations may contain 
the same representation more than once, in which case the corresponding addition coefficients 
would not be unique. 
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From the three spin functions 9,, g, and g3, and the three isobaric-spin 
functions v,, V2 and vs we can form nine linearly independent combinations of 
products, each of which transforms under joint permutations of spin and 
isobaric-spin coordinates according to one of the three irreducible represen- 
tations of the permutation group. Using the previously defined notation 
Vugx«(P,, 7, S) these nine spin-isobaric-spin functions are (omitting the 
index « for one dimensional representations) 


Vy (8, $3) = 2-4 (0, 91 +292) 
V3 (s, 3, 3) = U3 93 
V3 (a, > 5) = 2-4 (0, 92-1291) 
V4,(m, 7 3) = —2-8(v,9,—V2 92) 
V 42(m, 5 5) = 2-8(0, G2+2 9) 
V4,(m, 5, 3) = 1193 
V32(m, 3, ) = 29s 
Vyi(m, 3,3) = 2% 
Vy2(m, 5, 3) = 392. 
Since we have assumed that the ground state of H* has the good quantum 
number 7 = 5 , the three 7 = 3 functions formed from v, will not be needed. 
Appendix 3 


THE TOTAL ANGULAR MOMENTUM-ISOBARIC SPIN WAVE FUNCTIONS 


We have to form linear combinations of products of the Euler angle 
functions Yur, (Pe: “) and spin-isobaric-spin functions Vy.,(P;, 7, S) 
which transform under ‘complete’ rotations and joint Euler angle-spin- 
isotopic-spin coordinate permutations according to a definite representation 
of the appropriate group. These total angular momentum-isobaric-spin 
functions will then be specified by the ‘total’ quantum numbers J, 7 and 
permutation symmetry P, with corresponding row numbers M,, 7, and x, 
and the ‘intermediate’ quantum numbers L, S, P,, P; and uw. We denote these 
functions by Yu,rzg«(J,L, S, P, Pe» P,, u). Then, using the Permutation 
Group addition coefficients (Pi? P) defined in appendix 1, 


Yu,tex(J,L, S, P, Pe, Pe, u) 


P P P re ™ 
-< 4 “ santibie V4, (Po. t)*Vasgns(Pe» Ty S)- 
M,Mskt 1 Kt K 
Taking J = 3, M; =3, T =} and T, = —} we obtain ten distinct 


states, where a sale of eiand representation functions is counted as one state. 
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Appendix 4 


THE OVERALL WAVE FUNCTIONS 
Our ten overall wave functions for the triton are of the form 


> a : ') fe (X> Yaa» %s1» 12) 44x (x) 
wk \K K 
where y stands for any of the ten possible values of (J,L,S, P, Pe, Pt, u) 
listed in table 1. In order that the Permutation Group addition coefficients 
(®,®*) be non-zero, we must choose the permutation symmetry P’ of the 
internal wave function /*(z, 73, 731, 72) ‘adjoint’ to the symmetry P of the 
angular momentum-isobaric-spin function Y3_},(z) 1.e. 
P’=a if P=s 
=s if P=a 
=m if P =m. 


The wave function for the ground state of H® is a linear superposition of the 
above ten functions. We may choose both the probability amplitudes and the 
internal wave functions ff real, since our functions Ym,r7, «(z) satisfy the 
reality condition 


UY, Tex (x) —_ (— 1)y—e se Y_uy a (X)> 


where U is the time and charge reversal operator ®’) 6, Ogy OgyT19 Tay Taq: 
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Abstract: An optical model of the nucleus is investigated in which a complex potential with 
a tail expressed by a third degree polynomial is employed. Parameters of the model which 
give the best fit between the theoretical cross sections o;, o, and o, and the experimental 
values for 14 MeV neutrons have been determined. The agreement is quite satisfactory 
for nuclei heavier than the chromium nucleus. The elastic scattering neutron angular 
distributions computed with aid of these parameters also satisfactorily agree with ex- 
periment. A preliminary investigation at lower energies indicates that in a relatively 
broad range the parameters depend only weakly on the energy. 


1. Introduction 


At present the model which has met most success in explaining the 
interaction between nucleons and nuclei in an extensive energy range is the 
optical model of the nucleus in which the latter is represented by a complex 
potential. The square-well potential employed in ref.) for the case of inci- 
dent neutrons led to at least qualitative agreement between the theoretical 
results and the experimental data. However, it has not been possible to 
simultaneously obtain consistent results for the total neutron cross sections, 
reaction cross sections and elastic scattering cross sections (the reaction 
cross sections are much too low ®:8)), P. E. Nemirovsky and subsequently 
a number of other authors employed in this connection a model with a 
diffuse boundary which led to some definite progress. Nevertheless, even at 
present there still seems to be some uncertainty regarding the choice of the 
shape of the potential and the magnitude of its parameters as well as the 
limits of applicability of the optical model. In P. E. Nemirovsky’s papers *) 
on the diffuse boundary optical model, low neutron energies were chiefly 
considered. The most recent paper devoted to this model *) refers to various 
energies up to 14 MeV. However, the parameters chosen by the authors were 
based on incomplete experimental data (obtained for four nuclei). 

In the present paper we investigate the simplest possible diffuse boundary 
potential which satisfies the condition of smoothness; it differs from all 
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other previously considered potentials. The diffuse region of the potential 
is described by a third degree polynomial. 

The aim of the present work was to determine those parameters which 
yield for 14 MeV neutrons the best agreement with the experimental data 
for the total cross sections o;, reaction cross sections o, and ratios of the 
scattering cross sections o, to the reaction cross sections ® 7-8») and which 
are independent of the mass number as much as possible. 


2. Solution of the Direct Problem 


A nuclear potential of the following shape was investigated: 





U(r) = V(r) +iW (r) = —U,(1+-2¢)f (7) (1) 
where 
1, r= R—d (lf) 
f(r) ={ 1+ fa a dan R—d <r<R+d (II) 
0, y > R+d (III) 


(see fig. 1). 

In regions I and III the equation for the radial part w (rv) of the wave 
function can be solved analytically, whereas in region II only a numerical 
solution is feasible. In numerically solving the equation it is profitable to 


change to the dimensionless independent variable « = kyr(ky = V 2MU,/h?), 
lower the order of the equation by changing to the logarithmic derivative 
and then separate the real and imaginary parts in the equation. After these 
transformations are performed the following set of first order equations with 
real coefficients is obtained: 





1(/+-1) 
v’, = v,"—v,*—a? —f (x 
V's = —2v, v.—Cf (x), 
where 
wu’ u' o> 
v, = Re—-, v, = Im—, a®§ = £,/U,. 
u u 


The amplitudes of the scattered waves 9, t can be evaluated if a solution 
of system (2) at the point x, = ky(R+d) is known which satisfies at 
x, = ky(R—d) the initial conditions computed from the formulas in ref. *). 

The following computation formulas for amplitudes 7, can be deduced by 
using the recursion relations for half-integral order Hankel functions: 


t The 7; are related to the cross sections by the well known equations 


co co 
O, = 2af? X (21+1)(1— Ren), of = 2A? & (2/4+-1)(1—[n,|?). 
1=0 1=0 
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D?— A2+ B2—C? ' 2(AB+CD) 
— , my, = 
(A-+-D)?+(B—C)? i (A+D)P+(B—C}?" (3) 


A = a%,—1;(%2)y,, B= ap,—v,(%2)b,, C= v9(%_)y,, D =v2(x2)6d;. 








Re 9, = 


Un) : 
Wir) 


| on 
_ 








-¢Y 




















Fig. 1. Shape of investigated nuclear potential. 


The quantities «,, 8,, y,, 6, were computed here by using the recursion 


formulas 
2:—1 ; 
74 FOS, Fe = See, =" y -Vir—Vi-g ( = 1,2, t) 
} 2i—1 
6.,=siny, 6g = —cosy, 0;= 7 b..,:—-6,..¢ (¢=1,2,...8) (4) 


i 
%=Mau——M P= 91- — 01, 
Y Y 


where y = aap. 
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Solution of equation set (2) for a large number of values of the parameters 
in it is a very cumbersome task. The calculations can be successfully per- 
formed only with aid of a high speed computer. For this purpose the “‘Strela”’ 
computer of the Moscow University was employed. All computations, not 
only of the amplitudes 7,, but of the cross sections as well, were made 
automatically. Numerical solution of set (2) was performed by the Runge- 
Kutt method according to a programme with an automatic choice of the 
step. The constants on which the accuracy depend were chosen so as to 
ensure the amplitudes 7, an accuracy to the fourth place after the decimal 
point. Summation over /in the formulas for the cross sections was carried out 
from 0 to J), the number /, being automatically selected by the computer 
from the condition max {(1— Re »,,), |Im 9, |} S 10-*. This number was 
found to vary from 4—5 to 12—13 depending on the nuclear radius and 
neutron energy. As was expected, /, increased with the radius of the nucleus 
and neutron energy. As a check all results were computed twice. 


3. Method of Choosing the Parameters 


The nuclear model under consideration involves four independent para- 
meters U,, ¢, d and R. Simultaneous variation of all parameters would be 
very difficult as then we would be dealing with four dimensional space. As a 
first step the well depth parameter was fixed at U, = 42 MeV. The main 
argument in favour of this choice is the existence of an ambiguity of the type 
U,—R 1°) in the choice of the parameters which apparently is independent 
of the shape of the tail on the potential (within reasonable limits a change in 
U, can be compensated by a corresponding change in R without any attend- 
ant appreciable change in the cross sections). 

The nuclear radius was calculated from the formula 


R = (7, At+6) x 10-8 cm. (5) 


The theoretical cross sections were determined for 8 values of 
R(R = 3.75; 4.05; 4.99; 5.39; 6.14; 6.63; 7.42 and 8.01 in units of 10-!° cm) 
and various values of d and ¢. The dependence of o,"° and o,"°°F on the 
parameter d for various values of ¢ could then be plotted for each value of R. 
The cross sections were found to strongly depend on d: o,°* and o,"er 
increase with d and the rate of increase grows as one goes over to heavier 
nuclei. Similarly the dependence of the cross sections on ¢ for fixed values of 
the diffuseness parameter d were also determined. The reaction cross section 
naturally increases with ¢, vanishes for ¢ = 0 and saturates at sufficiently 
large value of ¢. A peculiar feature is the weak dependence of o,'"° on 
¢ for a fixed d; with increase of ¢ the total cross sections slowly increase for 
some values of R and slightly decrease for other values of R. 

The method of choosing the parameters consisted in the following. For 








OPTICAL MODEL 329 


each given pair of values of 7, and 6(1 S 7) S 1.5) each of the values of R 
was related to a definite value of A by formula (5) and hence to definite 
experimental cross sections o,+4o, and o,+Ao, (4o is the experimental 
error). In those cases when no experimental data were available the cross 
sections were found by interpolation; a justification of this is that the cross 
sections vary smoothly from nucleus to nucleus and a comparatively large 
number of nuclei have been studied experimentally, especially in respect to 
their total cross sections (54 nuclei in the interval 2.8 < At < 6.2). Figures 
(which we can conditionally call ‘‘quadrangles’’) were then plotted on the 
¢d plane with aid of the graphs expressing the dependence of the cross 
sections on the parameters; these figures determine the region of values 
of parameters d and ¢ for which o,° and o,""° agree within the experi- 
mental errors with the experimental values. In order to describe the ex- 
perimental data for a possibly larger number of nuclei possessing the same 
parameters this procedure should be performed by varying 7, and 6 until the 
quadrangles approach each other as closely as possible (fig. 2). In this case 


b4 


3.0% 


‘ ~ 


iS 

















ys 





0.05 010 015 


Fig. 2. Evaluation of parameters b = kyd and ¢ for given values of Uy = 42 MeV, 7 = 1.25, 


l 
0.42 (the figures 1, 2...7 refer respectively to Ad = 220, 173, 121, 62, 19, 47, 24) 


the common “‘centre of gravity’ of the “quadrangles’’ determines the 
unknown values of the parameters. A certain ambiguity was detected during 
this procedure, viz.: different sets of the parameters 79, 6, d and ¢(d and ¢ lie 
in definite range) yielded satisfactory agreement between the calculated 
cross sections and the experimental values. In order to choose the most 
suitable set of parameters, another method was employed. The dependence of 
R on At was plotted for values of d and ¢ lying in the region defined above. 
In each given case d and ¢ were fixed, the unknown values being 7 and 0. 
The quantities o,'°°T and o,°*" were defined if R, dand ¢ were given. The 
experimental curve (e.g., for the total cross section) was then used to deter- 
mine from the condition o,"*°° = o,°*? the range of values of At which within 
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the experimental errors corresponded to this value of the cross section. 
The corresponding graph is represented in fig. 3. The most suitable value of d 
was first chosen by taking into account the weak dependence of o;,"° on ¢ 


R | 


4 


/ 4’ 


v =a ~ —~—— 


fe) 2 3 4 5 6 7 








Fig. 3. Evaluation of parameters 7, and 6 for Uy = 42 MeV, b = 2.5, € = 0.12. 


and proceeding from the requirement that agreement within the experimen- 
tal errors between the theoretical and experimental cross sections hold for as 
many values of R as possible, that is, that the segments on the plot R= R(A?) 
lie on straight line. The characteristics of this straight line naturally deter- 
mined parameters 7, and 6. The final choice of parameter ¢ was made by 
comparing the theoretical results derived for the obtained values of para- 
meters d, 7, and 6 and various values of ¢ with the experimental values of o, 
and o, = (0;/o,)—1 = (a;/o;). 


4. Results and Discussion 


On the basis of the analysis the following values of the parameters were 
found to give the best fit: 


b=khod=2.5; (€=0.12; 7,=1.27; b= 0.3. (A) 


However, after the cross sections for a large number of nuclei were computed 
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Fig. 4. Comparison of theoretical and experimental dependence of cross sections o; and a, 
(in barns) on mass number. 

theoretical cross sections computed for parameter values U, = 42 MeV, b= 2.5, 
€ = 0.12, 7, = 1.27, 6d = 0.8. 

—-—-- theoretical cross sections computed for parameter values Uy = 42 MeV, b = 2.5, 
€¢ = 0.12, 7, = 1.25, 6 = 0.4. 

I—experimental data from ref.*); ¢—data from ref.?); #—data from ref.§); {—data from 

ret.”), 
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Fig. 5. Comparison of theoretical and experimental ®) ratios of scattering cross sections to 
reaction cross sections as a function of mass number (U, = 42 MeV, b = 2.5; € = 0.12; 
¥9 = 1.27; 6d = 0.3). 
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with aid of these parameter values it was found that better agreement with 
experiment could be attained if the values 


%, = 1.25 and d= 0.4 (B) 


were accepted. Comparison of the theoretical cross sections o;, o, and oy 
with the experimental values is illustrated in figs. 4 and 5. Beginning from 
chromium the agreement is quite satisfactory for allintermediate and heavy 
nuclei. In the region of light nuclei the curve o,(A?) lies above the experi- 
mental values. It can be lowered by accepting a larger value of ¢ but then 
the agreement for heavy nuclei is less satisfactory. The discrepancy between 
theory and experiment for nuclei lighter than chromium may either be the 
result of dependence of the parameters on A for these nuclei or to the fact 
that the model proposed here is invalid for light nuclei. This problem requires 
a special study. 

The differential effective cross sections for neutrons elastically scattered 
on nuclei of Al, S, Fe, Cu, In, Sn, Ta, Pb, Bi (E, = 14.1 MeV) and Mg, Ca, 
Cd, Bi (E, = 14.6 MeV) were computed for parameter set (A) (fig. 6). For 
these nuclei experimental data are available (see refs.4%1!)), Although the 
parameters were chosen only on basis of the cross sections o;, o, and o, the 
angular distributions for elastically scattered neutrons were, as a whole, 
found to be in satisfactory agreement with the experimental values. The 
first maximum and the position of the maxima and minima are in good 
agreement. For not too very large angles the heights of the maxima comply 
satisfactorily with the experiment. The largest discrepancy between theory 
and experiment refers to the magnitude of the minima which are much deeper 
than the experimental ones; this fact is not connected with the shape of the 
tail on the potential as it also holds for other types of potentials (see, for 
example, ref.')). 

It is possible that other values of the parameters exist which yield better 
agreement between the differential cross sections and experimental data 
without appreciably impairing the agreement with the values of o;, o, and 
0. fo elucidate this problem an additional careful analysis of the dependence 
of the theoretical differential effective cross sections on the parameters of 
the model is desirable. Nevertheless, we do not believe that any radical 
improvement will be attained in this direction. In particular it does not 
seem that it will be possible to remove the deep minima in the theoretical 
angular distributions. A similar state of affairs is found to hold for a large 
variety of combinations of d and ¢. Variation of 7) and 6 also does not yield 
any significant improvement. For ) = 2.3 and ¢ = 0.125 a At dependence 
of the differential cross sections was found for all angles differing by 10° 
between 0° and 130°. The curves have deep and broad minima beginning at 
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Fig. 6. Comparison of theoretical angular distributions of elastically scattered neutrons with 
experimental data %1"). The angle (in degrees) is plotted along the abscissa axis and the 
differential cross section (in barn/sterad) is plotted along the ordinate axis in logarithmic scale. 


30° so that variation of 7) and 6 decreases the depth of the minimum of 
certain nuclei and increases it for others. 
5. Other Energies 


The experimental cross sections for 14 MeV neutrons employed to deter- 
mine the model parameters were chosen because a large amount of experi- 
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Fig. 6. (Continued). | 














mental data was available; in choosing the cross section values use was made 
of the fact that at the indicated energy the cross section for elastic scattering 
via a compound nucleus can be neglected !) and the experimental reaction 
and elastic scattering cross sections can thus be directly compared with the 
theoretical values. Some calculations for smaller energies were carried out by 
regarding d, vr, and 6 as energy independent parameters. The energy depend- 
ence of the parameters U, and € can be determined by comparing the 
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calculated cross sections with the experimental ones ® 8). Some preliminary 
results were presented in fig. 7. As in ref.®) the model parameters U, and ¢ 
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Fig. 7. Dependence of parameters ¢ and U, on neutron energy. 


were found to weakly depend on the energy in a relatively broad energy 
range. 


The investigation of the optical model of the nucleus carried out by us 
indicates that a large amount of experimental data on scattering of neutrons 
by nuclei can be explained by employing a model with a complex potential 
possessing a tail described by a relatively simple function. 


In conclusion the authors wish to thank Prof. I. S. Shapiro for suggesting 
the problem and interest in the present work and Prof. A. N. Tikhonov under 
whose guidance the computations were carried out. The authors are also 
thankful to G. A. Samoilova for help and the initiative displayed in coding 
the data and treatment of the results of the computations. 
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Abstract: In this paper we have made an investigation of the binding energies of nuclei by 
means of the statistical theory. We have assumed a static, charge independent, scalar 
meson potential, and have used high energy nucleon-nucleon scattering results to limit 
the parameters occurring in the potential. 

The weight factors obtained for the particular exchange forces are entirely different 
from the usual values. The mass of the meson used in the theory is close to that of the 
a-meson. Also the obtained mesonic charge is reasonable. The binding energies and 
the nuclear radii are in satisfactory agreement with the known values from A == 10 on. 
However, for the very light nuclei, the calculated binding energy is too high. The angular 
distribution of the differential cross section for n—p scattering also shows the short- 
comings of our assumptions. 


1. The Statistical Model and its Applications 


The essence of the Thomas-Fermi method for the investigation of a system 
of particles can be summed up as follows: it handles the particles forming 
the system statistically, i.e. it neglects the individual properties of the 
particles and treats their ensemble as a so-called degenerate Fermi-gas 
which is at absolute zero. The procedure is justifiable when the number of 
particles is large. 

Majorana !”) was the first to apply the statistical theory to nuclei. He 
obtained valuable qualitative results by the rather arbitrary assumption that 
between protons there is only Coulomb-interaction, between neutrons none, 
and between neutrons and protons only those space-exchange forces which 
are necessary to produce the saturation of the binding energy. Later Heisen- 
berg 1°) derived the expression for the potential energy using the other types 
of exchange forces. 

The energy of surface tension qualitatively justified by Wick ?* 6) was 
calculated by Weizsacker ?*-*4) asa universal inhomogeneity correction and 
good results were obtained with an exchange potential depending on distance as 


t In a generalised form the present work is part of a thesis completed at the Physical 
Institute of the Budapest University for Technical Science in 1956. 
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J (r) = ae", 

Similar calculations were carried out by Nakabayasi }*), Wang 2") and 
others. Their work is characterised by the assumption of a homogeneous 
density distribution and by the choice of the space-dependent part of the 
exchange potential once as 

J (r) = ae and then as J(r) = ae”. 

Fliigge *) elaborated a theory for light nuclei which went beyond the 
above mentioned ones. He did not assume anything about the density 
a priort but determined it by the requirement of energy minimum. 

We mention the papers of Ivanenko, Rodichev and Sokolov !*1%) among 
the more recent work based on the statistical nuclear model. The authors 
mentioned carried out shell structure investigations with ordinary spin- 
independent nuclear forces of Yukawa-type. 

Kompaneetz !*) examined nuclei of saturated spin and charge with a 
self-consistent method. The potential used by him was the product of the 
Yukawa-function and the Serber-operator (ordinary and space-exchange 
forces with equal weights). 

Roman *°) did his calculations with an exchange-free, ordinary Yukawa- 
interaction. Starting from a homogeneous and saturated density distribution 
he obtained good values for the binding energies in a semi-empirical way. 

In several papers Gombas ™»*) applied all the three functions featured 
above, namely 


Ji(r) = ae", Ja(r) = ae", and J,(r) = Ke 





Y 


for the space-dependent part of the interaction potential between nucleons. 
He assumed pure space-exchange, i.e. Majorana-type forces between 
protons and neutrons, and a Wigner cum Bartlett-type interaction between 
identical nucleons. The binding energies and the nuclear radii determined 
by the Ritz-method agree with the experimental values very well from the 
very light nuclei up to the heavy ones, though there was only one freely 
adjustable parameter in the theory. The results of the first approximation 
were refined further in the second one 7”), 

With the density so determined Gombas *) in another paper obtained 
results for the angular momentum distribution of nucleons in accordance 
with the magic numbers. 

A similar method was used by Yang 2”) for the same purpose. The statisti- 
cal model, of course, cannot supply the peaks in the binding energy curve, a 
fact pointed out by Paneth ’%). 

Gombas 7) and Kisdi*) using the results of ref. ) determined the effective 
interaction potential between nuclei and nucleons; furthermore Kisdi 1°) 
carried out valuable calculations on nuclear fission. 
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Inthoff ™") worked out the binding energy of a single nucleus (,,Pb?%) 
with a combination of Wigner, Majorana, Bartlett, and Heisenberg forces of 
Yukawa space-dependence. The weight of each force has been chosen rather 
arbitrarily, corresponding only to the requirements of the above nucleus. 

Kligman !*) used a potential of the same type. By making some mathe- 
matical and physical simplifications he predicted binding energies and radii 
for heavy nuclei which were in qualitative agreement with the measured 
values. 

It can be seen from this short résumé that while the earlier authors derived 
expressions valid only for either light or heavy nuclei, certain newer in- 
vestigations yield the binding energies and radii of most of the stable nuclei 
by a single theory. The assumptions of force applied here, however, stand in 
sharp contrast with the results of the medium and high energy scattering. 
Every attempt to describe this latter phenomenon correctly has led to 
discrepancies for the binding energies. 


2. The Investigation of Binding Energies on the Statistical Nuclear 
Model 


The neutron and proton gas collectively possesses the Fermi-type kinetic 
energy 


Ey = kp J (pp'+pi") do (1) 

where 
| 3\"" fe . 
— 10 “) M, ’ ( ) 


M, is the (average) nucleon mass, p, the proton, p, the neutron density 
function. The integration has to be carried out over the whole volume of the 
nucleus. 

Because of the non-homogeneous density distribution there is a certain 
correction to the Fermi-energy, the so-called Weizsadcker-energy 








d? d? 
Ey = ew | (& ~ - = Pa) dv (3) 
Pp Pn 
where 
j2 
— ‘ 4 


The total kinetic energy cannot be calculated simply as the sum of (1) and 
(3) because a certain part is taken into consideration twice t. By the method 
adopted by Hellmann, this deficiency can be approximately eliminated if we 


t A consequence of the statistical treatment is that a single particle itself occupies a finite 
volume in phase space. A particular consideration of these correction terms can be found in 
ref.*) or 7). 
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take for the total kinetic energy 


E, = kEy+Ew (5) 
where 
k = 1—(4/A). (6) 


The ordinary and exchange Coulomb energies of the protons are 


Ee = et | [PvP doy avy = de [Veledon(riid (7 
1 r,| 





and 





[Pp (Fi, r,)|? 
1 am 


respectively. Here V, denotes the Peer potential caused by the 
protons 


rs) 
Volt) =| fetta dy (9) 
With the usual statistical method (8) can be transformed into 
Ep = —xq| pit do (10) 
where 
ka = = (2) "« (11) 
1 


The success or failure of the model depends entirely on the assumption 
about the nuclear interaction. In spite of the numerous physical and mathe- 
matical restrictions the scope of the possible assumptions is quite large f. 
In this paper we choose a two-body, static, and charge-independent 
potential as follows: 


Ux = V (ra) (W+ MP, + BP, + HF, F,). (12) 


Here FY, and FY, are the well-known space- and spin-exchange operators 
respectively; W, M, B, H are the weight factors to be determined later for 
the Wigner, Majorana, Bartlett and Heisenberg forces. We can assume that 


W+M+B+H =1. (13) 


We choose V (r,,), the common space-dependent part of the interaction 
potential, to be of Yukawa-type 





» EXP (=Talto) . a 


V (ra) = —8 ; 
ik 


g is the so-called mesonic charge (the strength of the meson-nucleon cou- 


tT A detailed investigation of this can be found in ref. 2). 
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pling). Its value is to be chosen to fit the experimental results. 7) is the 
Compton-wavelength of the a-mesons f: 
h 
Io. (15) 
m,, 


The energy of the nuclear interaction can be calculated in the Hartree- 
Fock approximation for a nucleon gas in a well-known way. 

In the following we will restrict ourselves to nuclei with saturated spin. 
The physical reason for doing so is that the tensor forces responsible for 
non-central interaction are neglected; furthermore it seems meaningless 
on the statistical model to assign the resultant (and measurable) angular 
momentum of the nucleus to certain selected nucleons. 

Let us introduce the potentials in an (exchange-free) nuclear field, anal- 
ogously to the electrostatic potential (cf. eq. (9)) 


U,(r,) = { pp(ta)Vae dvg, U,(r,) = | pn(t2)V ae dg. (16) 


These potentials satisfy the Klein-Gordon equations of the static fields with 
sources, 


1 ] 
AU,— —, Up = —4z8? pp, 4U,— — "2 = — 4g? py. (17) 


Yo Yo 
Furthermore let us introduce the symbols 
Tpn = | f pp(ta, F2)Pn® (Fa, Fe) Vie dv dv, 
Ipp = | { lpp (ts, F2)[2 Viz do, dv, (18) 
Tan = | f lpn(ta, T2)|? Viz dv, dog, 


where py (Fj, 2) denote the mixed densities. With these the whole 
nuclear interaction energy can be written as 


a ope are ag} | to [pp (t)U p(t) +pn (U(r) do (19) 


B W M BH H 
‘ (w+ =) | po(r)Ua(r)do— nie —=+5— ;) (yp + Ian) + (+5 Vip 


If, as in statistical treatments, we assign a plane wave to the space- 


t In order to simplify the calculations we will not distinguish between the masses of 2°- 
mesons (Wigner and Bartlett interactions) and 7+-mesons (Majorana and Heisenberg inter- 
actions). Editor’s note: More accurately, 7, is the range of the assumed interaction, which may 
be connected with a “‘meson’’ mass by eq. (15). The Editor does not regard the coincidence of 
this meson mass with that of the m-meson, found by the author (see p. 349), as significant. 
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dependent part of each nucleon wave function, after some rather lengthy 
calculations we obtain 


g? 
I, = — F | Hos Wy 
"0 
g? 
Ipp = r | Ho», Wy) dv (20) 
"0 
2" 
Ion = — = J} Fn, @n)dv 
ro" 
where 
] 
f(@p, %)=F5 3 (wy? Wp +p Op®) — Mp Op +F[1+ 6 (2+ wp?) —3 (Wn? —@p?)?] 
x {In[1+ (@p+@,)?]— In [1+ (w,g—@p)?}} (21) 


—4(w,?+,°) arc tg (w+) +4(@_?—o,*) arc tg (w,—p)} 
with the dimensionless variables 


a, = (3x7?) '"* Yo pa”, oH= (3?) "0 Py". (22) 


3. The Choice of the Weight Factors 


Our next task is to draw some conclusions from the high energy scattering 
experiments regarding the weight factors. As our approximation assumes a 
central, charge-independent, two-body internucleonic potential, it is reason- 
able to take the neutron-proton scattering into account. 

In the energy range concerned, the Born-approximation seems to be able 
to supply the data with the necessary accuracy. 

We have calculated the differential cross section of the proton-neutron 
scattering on the basis of the Born-approximation ft: 


t For the sake of completeness we mention the similar result for proton-proton scattering 
neglecting Coulomb and non-central interaction: 


Fo = #4) +1 @e—8)|*+ 8] (0) — 42-0) |" 


mé {c+ 2+ B?+ H*—2(WH+ BM)—-WM+WB+ MH-—BH} 


1 l 
‘ O\2 + O\2 
(1 + 4k? r,? sin? =} (1 + 4k? ry, cos? 5) 


W?+ M?-+ B*4+ H?®—4(WM—WB—MH-+4 BH)—2(WH+ ma 








— 0 
1+ 4k? r,? sin*—~ 1 + 4h? 7,2 cos? — 
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do 
y = £l*f(P)|?+21 57 (8)/? 
W?+-WB-+ Bb M?+-MH +-H? 
=¢ 
é\? o\? 
(14.482 v2 sin® 5) (14.442 ro? cos® <) (23) 








2(;WM+BH)+WH+BM 
0 B\}° 
(1 + 4k? r,? sin? ) ( 1+ 4k? 7,” cos? -) | 


where # is the scattering angle in the c.m.s., & is the absolute value of the 
wave vector, and c is a certain constant. It must be pointed out that the 
similar calculations of Fliigge *) contain an analytical mistake; our re- 
sults are essentially different from his, which are not suitable for the 
explanation of the saturated binding energies. 

Let us observe that the first term of the { } bracket in (23) expresses a 
predominantly forward scattering, the second term a _ predominantly 
backward scattering, while the third one is symmetrical about # = 2/2. 

The known symmetry of the differential cross section about # = 2/2 
(see e.g. ref. §)) can therefore be expressed by the equation 

W?+-WB+ B? = M?+MH-+H#?. (24) 

This equation is indeed satisfied by the values W = M, B = H, but this 
assumption, which has usually been adopted, is but a special case and cannot 
yield saturation of binding energies. 

With our assumption the space-dependent factor of the interaction poten- 
tial is independent of the mutual states of nucleons; therefore, the ratio 
between the singlet and triplet potential for the deuteron is given by 

1U,, W+M—B—H 
1 30,, W+M+B+H 

In a characteristic way the value ¢ is roughly independent of the different 
assumptions regarding the space-dependent factor of the potential and is 
equal to 0.6—0.7 for square well, exponential, Gaussian, etc. functions. 

Rosenfeld (page 131 of ref. ?!)) has published a semi-empirical relation for g 
as a function of the mass of the meson associated with the nuclear field, 
in the sense that its Compton-wavelength appears in the exponent of the 
Yukawa-potential: 





= W1M—B-—H. (25) 


m,\* m 
4.67 x 10-4 (“") — 0.965 x 10-2 —* 
Me Me 
(26) 





q = 


m,\? m 
4.67 x 10-4 =) +5.57 x 10-2 —*. —0.535 
Me Me 


where m, is the mass of electron. 
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Eqs. (13), (24) and (26) imply 








l 
M = —W+ = 
3 3+92 
i (27) 
3—q 6— 29 
3 2 
7 = 3+ ~ a a 
3—G 3—q 


Our task will be to find the value of W, m, and g which yield binding 
energies closest to experience. A test of the theory would be that the values 
of m, and g obtained are reasonablet. 


4. The Determination of Binding Energies and Density Distributions 


We look for the proton and neutron density functions which yield a 
minimum for the total energy 
The accessory conditions are that the total numbers of protons and neutrons 
are given by 
[opdv=Z, | padv=N. (29) 


With the Lagrangian multipliers b, and 0, we obtain 
6(£+6, Z+b,N) = 0 (30) 


where the variation is to be carried out with respect to pp and py. Besides the 
differential equation given by (30) we have to satisfy the Poisson equation 
for the electrostatic field of the protons 


AV, = —4xepp (31) 


and the Klein-Gordon equations (17). 
If we restrict ourselves to spherical symmetry, the gradients of the 
densities have to vanish at the centre of the nucleus, i.e. 


er) (=f) 
—*} =0 —"} =0. 32 
( Cr / r=0 Or / r=0 (32) 


The densities themselves have to vanish at infinity. 


t We mention that ref.”) uses the following weight factors: 
force between nucleons of identical charge 


W=}34 M=0, B= —-% H=0; 
force between nucleons of different charge 
W=-0, M=1, B=0, H=0. 
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In the present calculations we restrict ourselves to trial density functions 
of the simple form 


e~a* r - Q« 
Pp = Ppo © ro, Pn = Pno& ta (33) 
where from (29) 
Za Na’ 
Ppo = x*y,3 3° Pno = ml) 3 , (34) 


After some lengthy calculations we obtain the following expressions f: 





Ey = = (2)"*(a/r9)* 4, (1+ n?) 
7m Q's ° 
Ew = 6ky(a/ry)? A 
os Dae ies 2(1—2n-+-n?) (35) 
© 4(22)'* 94° . 
4/s 
ER Kq (3/2) (3%) (4/70) sayz (I—Gn+ Hn’), 








ro Elona LI M88) a 
-<cbsnlSen afio (2) (ey) shee) (Et 


2 Ye 73 J d ’ 
+E (F)°S ael(F— B— 5) tng SE payin ¢ AE tent) (86) 


a! %, 6" 





_ 








a H 4 +b 1 
~ (1+ 3n4) ood (ao) ttt ih [ay(1—2n?) +- 40,7] 


_ 


_— 


d a, a” a; d® 
+ xa [4 (1— gn) +503?) + oe 0-9) + = am) >| 
where we have denoted the relative neutron excess by » = (N--Z)/A, 
the total number of nucleons by A = N-+-Z, and the error function by 
9 x 


(2) =-—— | e-* dt; 
(2) a 


wt 0 


Ay, 41, Ag, Ag, b,, by, b, are certain constants required in the approximation to 
the function (21), and for the sake of brevity 


d = (22)"aA". (37) 
With these we can rewrite (35)--(36) as follows ft: 


t Some details about the calculation of E, can be found in the appendix. 
tt The notation 0.5 means 0.555... 
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E = kEptEwtEctErtEa 


a\? - ° 
= {—) [1.10542 x 10-% kA**(1 +-0.5n?) +3.09834 x 10-°5 4 } 
"0 


a ‘ e . 
+ — [1.43587 x 10-4 42(1—2n-++-n?) — 1.54629 x 10-4 4‘*(1—1.3n-+-0.2n?)] 


‘9 


2 
— 6.24208 x 105 .. A4{( —n?) <[0.797885a3 + eV? 4 (1/4/2 a)]y,—ev™ ve) 


— Celli nt [1.27324at+ o¥™ Ee —24(2)| —2.25676ae™™"| 1 -9(,) | 


‘9 


—1.09936a<y,[0.197939—0.14777aA *+-0.0441592a? A “* —0.0047617a° A | 
+n2[y,(0.197939—0.229864aA *+-0.0981315a? A**—0.0142851a3 A) 


1 
—yo(0.0372117 — a, +-0,138651—0.115091aA “*+-0.0392526a? A “*—0.0047617a3A ) |> 
ae 3 


where we used the notations 
y, = 3W—§M+4,B—jH 
—— tW+ 5B 
v3 = i1W—4M+4B—4H 
vs = >W—2M+B-—H 
Y= 3W—M+B—5H 
¥6 = M+$H. 


To find the best values for the binding energies along the whole periodical 
system, we proceeded according to the following program executed on 
SILLIAC. 

We made a routine for calculating the total energy of a certain nucleus 
7X“ as a function of the variational parameter a. This function also 
involves three independent parameters which are the weight factor of the 
Wigner force W, the ratio « between the mass of meson partaking in the 
nuclear interaction and that of the electron, and finally the square 
of the mesonic charge g®. This routine supplied E{”;** which was then 
minimised with respect to a yielding E,y,in = E (a9) — the indices omitted 
for the moment. With the known binding energy (E47), we formed the 
relative deviation of the computed energy minimum from the experimental 
value e. To obtain the best fit we minimised the sum of the values e? over a 
certain number of nuclei. (We chose only 15 nuclei, shown in table 1, in 
order to save machine time.) 
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TABLE 1 
A mass number; Z number of protons; —Fg/A binding energy per nucleon 
A | Z | —Ep/A 
| 
10 5 6.443 
14 5 7.477 
20 10 7.999 
30 14 8.497 
40 18 8.556 
50 22 8.695 
60 28 8.752 
78 36 8.633 
99 44 8.594 
119 50 8.497 
139 57 8.336 
160 64 8.202 
198 78 7.879 
220 86 7.669 
242 96 7.488 
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This process yields 


Xoo — 273.23 
(g2/ro)o9 = 76.994 MeV. 


We should note a few facts in connection with (40). 
(a) The function > ¢? is very flat in the range 
2x4 


271 Sa < 274 
1.425 < W < 1.445 (41) 
76 < g/r, < 77.5. 


Thus the fourth figures of the values (40) are affected by the way in which 
the ‘“‘specimen”’ nuclei (table 1) are chosen (e.g. how many of them are of 
even or odd mass number, a property which cannot, of course, be reflected 
in the statistical theory). 

(b) The weight factor of the Wigner force is not at all equal to that of 
Bartlett force. With (68) 


W = +1.4311 
M = —0.6059 

(42) 
B = —1.4950 
H = +1.6698. 


(C) &» is remarkably close to the experimental value of the z-meson mass. 
(d) For the nuclei with A =7 there is no bigger deviation than 20 
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Fig. 1. Experimental (-) and theoretical (0) binding energies per nucleon in MeV as a function 
of the mass number. 
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per cent between the experimental binding energy per nucleon —E,/A and 
the calculated value —E,j,/A (see table 2 and fig. 1). For smaller atomic 
numbers the statistical theory does not seem to be adequate; however, 
these extreme differences from the experimental values may be due to the 
overcompensating of the effect of the Weizsacker correction (factor k in (5)). 

(e) In spite of the known deficiency of the Born approximation we com- 
pare the neutron-proton scattering formula (23) with experimental values. 
Fig. 2 contains the experimental data for 14.1 MeV and 17.9 MeV taken 
from ref.*®). The full line represents the theoretical curve fitted at the angle 
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Fig. 2. Differential cross section for n—p scattering in mb/sterad as a function of scattering 
angle in c.m.s. at 14.1 MeV and 17.9 MeV. The experimental values are taken from *). The 
full line given by theory is fitted at # = 0. 


# = 0. It can be seen that the agreement is rather poor and at higher energies 
it is still worse. The deviations cannot be due only to the inadequacy of the 
Born approximation but show the incompleteness of our force assumption. 

(f) We have chosen a light (,01*), a medium (,,Kr8°) anda heavy nucleus 
(g9Hg) to illustrate in fig. 3 the density distribution 


3 
pP = Poe °, Po = Prot Pno = El (43) 
m7 


We mention that p, is practically constant from A = 40 on. 
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Fig. 3. Density distribution for the nuclei ,O'*, ,,Kr®°, ,,Hg?; r is given in units 7, and pin r,~*. 


Following Gombas *) we may characterise such density distributions by 
two ‘radii’ R,, R, defined by 


Ry= Bd = | pinay = 28/V (ra), (44) 


4 


where we choose #6 = 2, which value is plausible from fig. 3, and 
9 = 4x | r*p(r)dr, (45) 


where 7 is some small number (7 = 0.25—0.5) representing the mean number 
of nucleons outside the radius R,. The value of R, is not very sensitive to 
the choice of 7. In the table 2, we have set out the values R,/A‘* and R,/A™*. 


Finally, the author would like to express his thanks to Professor P. 
Gombas (Budapest) for his interest in a part of this work, to Professor 
H. Messel (Sydney) for his encouragement, and also to the staff of the 
Adolph Basser Computing Laboratory for the excellent computing facilities. 


Appendix 


ON THE NUCLEAR INTERACTION ENERGIES 


Let us define the quantities 


EW = [Uy (r)pp(r)dv (A.1) 


= | Un(r)pa(r)do 
where p, and p, are the proton and neutron density functions (33) and U, 
and U, the nuclear potentials caused by them in an exchange-free nuclear 
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interaction (31). In the case of spherical symmetry, U,, for example, 


can be written as follows: 











e'To__e-N1/"o © 
Up (11) = —2a79 8° I. e~*2!"0 py (72) 72 dr 
1 
e"1'To ("1 en/To (% 
+ | e'!"0 py (72) 72 dr, — | eu"? py (72)%o ar,| *  (A.2) 
oe r, Jo 


If we take into account the identity 
co r - 
Jp et!" palrs)ra [”* e*™"* pp (ra)re Ure dry 
co coo 
=|. e""0 pa (74), dry [, eH!" Dy (7g)72 Arg 
co -- r 
i J is "U0 pp (71)"1 } e"!" pn (72)7%2 U72 dry 
and introduce the notations 
co co 
Py= loc! pplaindny, Pa =f. ec!” palra)ri drs, 
S =| e"!¥o 5 (r,)r, dr S, = [°° e-ralre (7,)7, dr 
Pp 0 Pp \/1/71 G71, no Pn\"4)71 "1, 
a r 
= I, eT", (74)71 Ie e720 5, (r2)%2 Arg d7,, 
_ “r 
n i on Pp("1)"1 fm Pn(%2)%2 U7. d7,, 
we may write 
EY" = — 82? 79 8°((Pa—Sn)SptTp—PaSptTal 
= —8n? 7, g?(T)+T,—Sz Sp) 
EY = —8n* 1, g?(27,—S,?) 
EY = —8x* 7, g?(27,—S;,?). 


(A.3) 


(A.4) 


(A.5) 


The above integrals can be performed without any difficulty with the 


exception of one which is of the form 


I= |), dyer dy. 


(A.6) 


To evaluate J we first differentiate the integral with respect to the parameter 


6 and then carry out the integral over y: 


si =J,,4 (y)2(y—b)e —(y—b)* dy— 14 (5 )e —b*/4 


~ —_ }oe-b44) 7/2 
wt) +758 


Integrating this with respect to 0b yields 


1 = 9 (5)+ + 4(7)+ bi 





(A.7) 


(A.8) 








_ 
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The constant of integration can be determined by comparing (A.6) and 
(A.8) for the value 6 = 0. This gives 


oo ; 4/n 
| d(yje dy = vee (A.9) 
0 


References 


1) J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley & Sons. 
Inc., New York, 1947) 

2) N. V. Findler, Thesis (Budapest, 1956) unpublished 

3) S. Fliigge, Z.f. Phys. 96 (1935) 459 

4) S. Fliigge, Erg. d. ex. Naturwiss. 26 (1952) 165 

5) A. Galonsky and J. Judish, Phys. Rev. 98 (1955) 1168 

6) P. Gombas, Die statistische Theorie des Atoms und ihre Anwendung (Springer; Wien, 
1949) 

7) P. Gombas, Acta Phys. Hung. a) 1 (1952) 329; b) 2 (1952) 223; c) 4 (1954) 267; d) 5 
(1956) 511 

8) P. Gombas, Acta Phys. Hung. 2 (1952) 247 

9) J. Hadley, E. Kelly, C. Leith, E. Segré, C. Wiegand and H. York, Phys. Rev. 75 (1949) 
35] 

10) W. Heisenberg, Rapport du VIle Congrés Solvay (Paris, 1934) 

11) W. Inthoff, Ann. d. Phys. 15 (1955) 376 

12) D. D. Ivanenko and D. Rodichev, Dokladi Akad. Nauk SSSR 70 (1950) 605 

13) D. D. Ivanenko and A. A. Sokolov, Dokladi Akad. Nauk SSSR 74 (1950) 33 

14) D. Kisdi, Acta Phys. Hung. a) 5 (1956) 519; b) @ (1956) 251 

I. Kligman, Zhurnal Exp. Teor. Fiz. 28 (1955) 297 

S. Kompaneetz, Dokladi Akad. Nauk SSSR 85 (1952) 301 

Majorana, Z.f. Phys. 82 (1933) 137 

. Nakabayasi, Z.f. Phys. 97 (1935) 211 

. R. Paneth, Proc. Phys. Soc. A 64 (1951) 937 

Roman, Acta Phys. Hung. 1 (1952) 107 

Rosenfeld, Nuclear Forces (North Holland Publ. Co., Amsterdam, 1948) 

S. Wang, Z.f. Phys. 100 (1936) 736 

F. v. Weizsacker, Z.f. Phys. 96 (1935) 431i 

F. v. Weizsacker, Naturwiss. 26 (1938) 209, 225 

C. Wick, Nuovo Cimento 11 (1934) no. 4 

C. Wick, Rendi Accad. Lincei 19 (1934) 319 

M. Yang, Proc. Phys. Soc. A 64 (1951) 632 


_ 
or 
— 
— 
a 


no 
_— 
FOOQOOMF UIC mP! 











Nuclear Physics 8 (1958) 358 


373; © North-Holland Publishing Co., Amsterdam 





2.C 











Not to be reproduced by photoprint or microfilm without written permission from the publisher 


EFFECTIVE RANGE EXPANSION OF THE 
SCATTERING MATRIX 


L. M. DELVES 
Clarendon Laboratory, Oxford, England 


Received 22 May 1958 


Abstract: The scattering matrix for the general N-channel reaction is diagonalized in the 
channel spin representation, and the eigen-phase-shifts and elements of the diagonalizing 
matrix are expanded in a power series about an arbitrary energy. Methods are given for 
calculating the coefficients in the series from numerical solutions of the wave equation, 
thus giving a complete generalization of the usual effective range theory to N-channel 
systems. 


1. Introduction 


The theoretical discussion of a binary collision a+X — Y+b becomes 
very involved when several closely coupled competing channels are present, 
so that the scattering matrix is not approximately diagonal, and the channels 
cannot be treated independently. Strictly this is always the case when 
reactions other than elastic scattering can occur; it may also be so for 
elastic scattering alone, if appreciable spin-orbit forces are present. It is just 
in these circumstances that numerical solutions become very laborious, so 
that a generalization of the usual single-channel effective range expansion of 
the scattering matrix !~*) to the N-channel case would be useful for mini- 
mizing the numerical work needed. Such an expansion has been given for 
neutral elastic scattering and N = 2 by Blatt and Biedenharn **). These 
results are extended here to the general case. All our formulae are applicable 
to any collision in which two particles (not necessarily elementary) enter and 
two particles emerge. 


2. The Scattering Matrix near E, 


Consider a general two-body reaction a+ X -» Y+b. We shall define the 
state of the system before or after the impact, i.e. in the external region, by 
the total angular momentum J of the system and its z-component M, the 
channel spin s, the channel orbital angular momentum /7, and an index 
p to describe the internal states of the two nuclei. Thus the reaction may be 
represented by 


JMpsl -> J’ M'p’s'I’. 
358 
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A given combination of /Mpsi is called a channel; and if there are P of 
these we say the reaction is a P-channel reaction. P is formally infinite, but 
we may usually neglect all but a very few possible /. If no external fields are 
present, J and M are conserved in the reaction, and the total scattering 
matrix is diagonal in J, M. This is usually the case; and then we will consider 
one value of J, M and call the number of possible combinations of p, s, / for 
this J], M the number of channels NV. Thus, when we refer to the scattering 
matrix it is understood that we refer only to a given value of J], M. We shall 
also usually replace the quantum numbers p, s, / by a single quantum number 
a to denote a channel, and we shall distinguish quantities proper to that 
channel by a subscript «. In the external region we can then write for the 
total wave-function of the system for total angular momentum /, z-compo- 


nent M@ 
we a PE 1 b.U (1a) The Sa (1) 


where ¢, is the product of the detain wavefunctions of the two nuclei in 
the channel «, 7, is the distance between their centres of mass, and #f That, 


is defined by 
Yj(Obs) = Y (lsm,m,\lsJM) (i Y" (66) ) x.” (2) 


m, mg, 
where Y,” is as defined in Condon and Shortley !*) and y,™* is the usual 
channel-spin function. This choice of phases is much the most convenient 
for scattering problems *). The wavefunction U,(r,) describing the relative 
motion of the two nuclei will then have the usual form 


M, 


Ualrs) = (F 


where m, is the reduced mass in the channel «, and k, is the channel wave- 
number, given by k,? = 2m,(E—E,)/h?, where E, is the energy at which the 
channel opens. /’, G are the conventional regular and irregular solutions of the 
force-free or Coulomb wavefunctions, depending on whether « is neutral or 
charged, that is to say, depending on whether the product (Z,Z,), of the 
charges of the nuclei in channel « is different from or equal to zero. F and G 
are defined to have unit amplitude at infinity. The wavefunction ¥ will not, 
of course, be expressible in the form (1) in the internal region where the two 
product nuclei overlap. 

Then we define the nuclear scattering or collision matrix S by the matrix 
equation 


“)"(4. F, (rz) —BaG;, (ra)} (3) 


B= SA; (4) 
S is unitary and symmetric, and can therefore be diagonalized by a real 
orthogonal matrix T in the form ®) 


S = Tle T (4a) 
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where @ is a real diagonal matrix whose elements 6, are called the eigen- 
phaseshifts of the reaction. The rows of T are the eigenvectors of S with 
eigenvalues exp 2746; thus if we construct a linear combination of channels f 
with amplitudes A, proportional to 7,,, such a state is changed only in 
phase by the scattering, by an amount 26,. Such a state is called an eigen- 
state of the scattering matrix; there are N such states corresponding to the 
N rows of T, and each is associated with an eigenphaseshift 6,. It is usually 
more convenient to work with T and 6 rather than S. 

We should like an expansion for S and for T and d, in powers of (E—E,) 
or some related parameter, about an arbitrary energy £,. In particular it is 
often convenient to expand S about some energy £, at which new channels 
are just opening; for these channels k, therefore tends to zero as E -> Ey. 
Having chosen an £, we shall call such channels ‘“‘new’’; channels which 
opened at an energy lower than E, and for which, therefore, k, remains real 
and finite at E, are called ‘‘old.” 

Channels which are not open at Ey, i.e., which correspond to exponentially 
damped components of the wavefunction, have k, imaginary at E,. We 
shall ignore such channels; they do not interact appreciably with open 
channels except for energies close to that at which they will themselves open, 
after which, of course, they cannot be ignored. This means that our expansions 
will be valid up to an energy slightly less than that at which the next new 
channel with the same total angular momentum / opens, although it may 
sometimes be a good approximation to ignore such further channels up to 
much higher energies. 

Let us define a standard wave number k by 


2m(E—E,) 
j2 


where m is some arbitrary standard mass and E is the total energy of the 
system. Then the variation of S with k at E, has been discussed by Wigner 
and Eisenbud ® 1°), Note that the scattering matrix of these papers differs 
from ours in the case of charged channels in that they have included the 
Coulomb phase-shift in the scattering matrix instead of in the asymptotic 
form of the wavefunction. 

We have from these papers the following form for S at E,: 


kt = (5a) 





Sap = €XP (102) (Oagt+t7a Rap ip) EXP (204) 


where the matrix R,, is real and symmetric and 6,, 7, are real. Ry, is in- 
dependent of k at E,, and 7, 6 vary with k& at E, in the way given in table 1. 
Note that k, is independent of k at E, if « is old, and is proportional to k 
if « is new. Also 


= M(2Z1Z9)a0*/h* ky (5b) 
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TABLE 1 


Variation of 7, 6 with & at E, 
































Ia 0, 
a old 1 l 
« new, neutral ktatt kilatl 
a new, attractive 1 1 
a“ new, repulsive | e~" "a e~27 a 
and near k, = 0 
je?7"a1| = ea if (2,Z,), is positive, i.e. a repulsive. 5c) 
, al . . : ; yc 
= | if (Z,Z,), is negative, i.e. « attractive. 


These results can be used to find the variation of T and 6 with k at Ep, 
but it is easier to start from a slightly different approach from that of 
Wigner and Eisenbud, which has been used by Guier and Hart !%) in dis- 
cussing thresholds of reactions involving more than two particles. The 
calculations are carried out in appendix A, with the results given in eqs. (6a) 
and (6b), and tables 2a and 2b; these may be verified by substituting into 
(4a) and carrying out the expansion, to regain table 1. g, and g,, are defined 
below in eq. (6); note that in all cases we have g, = 7,. 

From appendix A we then have the result that, near Eo, 


g, cot 6, = const, (6a) 
a 
Zaplag = const 


and we can therefore expand g, cot 6, and g,,74, in a power series in f? 
whose leading term is independent of k. We write 


£Z, COt 6g = Ayo +4, kh? +4,,k!+ ... 


Ld #8 ote pars. (6b) 
Sap! ap aa of aptilaph®+el apk*t+ see 


Comparing these results with the usual single-channel case, we see that the 
variation of the eigenphaseshifts with energy at E, is exactly the same as for 
the corresponding single-channel phaseshifts. The eigenphaseshift 6, is not 
however to be thought of as the phaseshift for channel «; no such real phase- 
shift exists. 

The question now arises as to how we can calculate the coefficients in the 
eqs. (6b) from numerical solutions of the wave equation. 
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TABLE 2a 


A table of g, 





























| a charged | a charged 
a neutral ‘ 
| | attractive | repulsive 
fy» & new Ratt | l e-27 2a 
£4, « old 1 | l | I 
TABLE 2b 


A table of Sap 





























pig a id | new, new, | new, 
oO 
B — | neutral | attractive | repulsive 
old | 1 | aCath | 1 | et 
new, neutral | k-( pth) | Aalta—tal | k-( pth) | RUA+E e7 2a 
Wy File Bir 
attractive | | | | 
ewe Bena hoor 
rat | gene | plathe™pe | ep | enlva—rel 
repulsive | | | 











3. The Leading Terms 


Consider the form of the wavefunction near EF, in the external region for 
eigenstates of the scattering matrix. That corresponding to the « eigenphase- 
shift is, from (1), (3) and the discussion following (4), 


Y° = ja > m,tk,-t T,,{cot 6, F,(r,)+G,(r,)}7,146, Fy (7) 
Y 


in which we can insert the leading terms for 7,, and cot 6, at Ey, and the 
asymptotic forms for Ff, and G, at Ey. These forms are listed for the various 
cases in appendix A. The 7, is a normalizing factor chosen to make ¥, 
finite at Ey. In general we will have, from numerical integration of the 
wave equation or by any other method, N independent solutions &,, say, of 
the wave equation at E,, with the form in the external region 


Pas _ > m,tk,—*{A ag r, (7,) — Bb, (7,)}% , Y, (8) 
y 


and from these we wish to form linear combinations of the £, with the form (7). 
We can do the following: 

Substituting in (7) for the F,, Gy, T,,, and cot 6, at Eo, the coefficients of 

$, Y,/7, in Y, are all of the same order. We can therefore take an arbitrary 

linear combination of the &, and equate coefficients of ¢,Y,/r, with those 

in Y,. This gives us a set of quadratic equations, which, together with the 
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orthogonality relations 
2 VayT py = 920 (9) 
Y 


can always be solved, giving the leading terms in the series for 7, and 6,. 


4. Relation between the Wavefunctions at Different Energies 


To find the second and higher terms in the series it is necessary to know 
the form of the Schrédinger equation which the system satisfies. With this 
knowledge the coefficients of the second terms can be calculated from the 
solutions at Ey. Assume the forces between particles can be represented by a 
potential. Then the wave equation takes in the most general case the form 





Ti. 
s = V l 
be 2m, V4 +E] ¥ “text? (10) 


where the sums are over the various particles in the system and V is the 
potential energy operator; if there are # particles VY is a function of 3(f—1) 
variables when the centre of mass motion has been removed, but we do not 
need to specify at this stage which particular set of variables we are using. 

Using a subscript x to denote quantities at an energy E,,, and considering 
the « and arene team we have from (10) 


h? 
Pop ly ; V;' ‘+E, Pia = PopVy Pia 

2m; 
gles (11a) 








Pia pray Pop = Pia V, Pop: 


If the forces do not depend explicitly on energy, the right hand sides of these 
equations are equal. Note this is true for any system of forces representable 
by a potential; we are not restricted in any way to two body forces. We then 
have on subtracting the two equations 


Yap S 5p. Vi Pia Vaa D5 Wi Pes = (Ex Ey) Ven Pap- (1D) 
If the forces do depend explicitly on energy we must carry the extra term 
on the right hand side, but this does not introduce any complicating factor. 
We can carry out the same process for the asymptotic wavefunctions 
given by (7), but these diverge when the relative coordinate 7, in any 
channel vanishes, unless /, = 0, and it is convenient following Blatt and 
Biedenharn first to define modified functions which do not. Returning to 
(1), define Y, by 


N 
My = 29 ‘ Day (ty), a, (12a) 


where 
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1..\ 4 2/,,—1)!! 
m,\? _ ( y I] 
ley : 


Day(?») = Vays) 84, lie (7 (y neutral) 





(k,r,) 
Uy : i (=): (2/,,)!|e2""y — 14 en 
ay(7y)—| -_ y,0-/ k, “7 Dy+¥ ab|n, [7th (k, ry (y charged) (12b) 
= U,,(r,)—Aay%y 7, say 
and | 


Uay(ry) = jam,th, *T,,{cot 6, F,(r,)+G,(r,)} | 
on comparison with (1) and (7). 
The U,, obey the differential equations 














h? d? Li (l 1 me 
= by +0) +%,2] fa 
2m, dr,? Fe" 
Fae Ae pel h?k.,? é 2 
= ( 2)ye Dey—Aayry | r — (21 ore) (13) 
Ty 2m, ly 


and are finite at 7, = 0. 
The ¢, obey differential equations of the form 


h2 
[5 v+Eimey] $y = VS, 


j om; 
where the number of dimensions is three less than for ¥ and V’ on the right 
hand side refers only to sets of particles in the same nucleus. 
We can carry out the same operations on (13) as on (10), to obtain 


H2 7” d2 “i a d2 re tite 
am, [0 ay,3 UO reg U aey ay,2 Dap, | + (E,—£,)U,,, U spy 


2m 2AY dy 
a Ay Dey Asay Dap, (13a) 
= 17 | SO Asp Viay— | — Atay Uap " 
2m, Aaa 3m oat 


— (2,24), e757) [A yy UO 2gy—A apy Ur0y]- 


Multiply (13a) by 7,°¢,?%,?, sum over y and add the resultant sum to 
(11b) and integrate over the whole of the configuration space. We have 


h? h? 
{{ Pop 2 2m, V? 1 Pra > om, V; Pop 
ot tet 


i? y,? ae ie 
SBT, Oe, Uy hay | 


2hy 2 
Ms Ny r,* dr, 





= [Ey— Ey) | (Pre Pap Pan Pag) (14) 





(Z, Zz) ,e6,29,2 
+3/% x ” [Aegy Urey— Aj_,Uog,]dt 


a 


$Y, 2 kj, he ms ke. he 7 
-z] 7 ip 2n » Atay Utey~— 7 A,., Dapy| dr. 





2m, 
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The first part of the lefthand side can be transformed by Green’s theorem 
to a surface integral; the second part can also be put in this form, using 


See af, 20: p, 222) 


an O,— Uae Uy eh 1 0, et 0, a 15 
2dr2 1} lat *® dyL * dry! ar et 


The contributions from the hypersphere at infinity cancel, since here 
Y = W. At the origin that from ¥ is zero, and the contribution from the 


barred functions is 








h? k,,B kB 
° . yi*y2 PRs: ket.) 
Die ] p2 2(k,, kt T py2 anes cot 0,; Bo, cot bps | 1, 9 (16a) 
where 
B, = 1, y neutral 
= |e?*%7—1|4|n,|-#,  y» charged. (16b) 


On the righthand side of (14) the second integrations can be carried out at 
once; together with (16a) the total result is 


| (E,—£,)[Yy. Pog— Pra Pop \dt 
2 (17a) 


= > Jai) p2 2(k, Roa)? Vay T pygkiy'y) Ry *4) 12Py[Qy1 COt 6.3 —Qy2 Cot dpa] 
Y oN yl 2 





where 

wry = 1 y neutral, /, 40 
= ki ky y neutral, J, = 0 (17b) 

= By, By» y charged, 1, 40 

= kYRAB,, Bye y charged, J, = 0 

and Q,, = kyr y neutral, 1, 40 
=k, y neutral, /, = 0 (17¢) 

= kyr BY y charged, 1, 40 

ky BH y charged, /, = 0. 


Now consider (17a) for the case « = £. Dividing each side by E,— FE, and 


taking the limit as FE, — E,, we have, dropping energy subscripts, 


h?T? d 
2 2 on wae ee Pa 
{ (. _ )dr DI 2k,y-3 YdE 





(Q, cot d,]. 


(18) 


A glance at the expansion (6) for cot 6, shows that what we are looking for is 


an expression for 


d 
ie [8a cot da ]|r,. 
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Now g, = 7,”; and we have the identity 











d 2m, Q, 2m, l 
dp Cr Cot Oa] = Fa Cot Oasys + Fa Ba Oy Cot Oe ars (-") 19 
4 ey d r (28a) 
-——|9,C 
hg, dk2 8a O al 


obtained by writing Q, cot 6, = g,Q, cot 6,/g, and differentiating by parts 
twice. On substitution into (18) this gives for the righthand side 


dQ 
dels ay Ry srt? P, im, cot rT 
d (1 mQ, d 
+g, mM, cot 6,0, —— dk, (<) -+ > a (g,cotd,];- (19b) 
Now we have for FE, = £,: 
P,Q,k,-*r*8 = 1 for all y, J,, (19c) 


so the second and third terms in (19b) contain y only as >, T2,, = 1; so (18) 


can be rewritten 





i d 
| (wa—Pajar = 5 (<.72 k,-2'y+3m., P_, cot 6, er) 


ay’’y OT 2 
Y dk, 


. (g, cot d,). (19d) 


d 
—m, cot 6, —~ 
M,, CO (g..) +m — TE 


* dk,? 
We want to take the limit of (19d) as E — E,, when, from (6), 


d 
dk2 (8a cot 6 a) |x, _ A,,. 


But in this limit terms with y now diverge on both the left and right hand 
sides. The lefthand side contains the integral 


| U2, dr, = | (Usy—Aayty'7)? dr, 


and if y is new, so that k, — 0as E — Eo, the cross term in 7,~'y F, which 
occurs is O(7,) and the integral of this diverges. We therefore subtract on 
both sides of 18) 


m ‘.. 
ip Qi (“)'r, , cot 6,44, F,(r,)r,-1 726 29,2 dt 
y 
(7 
k 


Y 


4 
= =2 Qi. T,, cot 6,A,,R, 
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where ky'y-1 
R, = (i aT (y neutral) 
~ — *. 


_ 2'yttad|n,|'yt+thk, 7 


|e2”7y — 1|4(2/,)! 





(y charged). 


Note this term is zero if /, = 0 due to the factor (1—d1, 9) in A,,. Adding 
this term to both sides of (18) then puts the lefthand side in a form regular at 
E = E,, so that (18) can be rewritten, together with (19d) 


5 
| wa—Pt4 2, TyyAay Cot b, (™ :) F,(r,)r,-'y*4,? Y,?)dt 
Y Y 


1 
cot 6,/—m, cot 6, ~ — (g,) (21) 





21,1 qa (! 
o 72 vis MBS —— { —— 
+ ~ 8a 1a, my, cot d, | 2,2 + 8,* an (5-3) 


where we have used the identities 




















m,, 5 
flay Ry =] ; bey ey *(1—9d, J (all y, 2,) 

 , 

dQ, " d l 21,,—3 , " 
P ” dk, 5 = hy BY Yop a(s5) + — : kyr > (i, #0) (22) 
d 1 k.,-5 
aa ~—3 2 Y nie 
fa dk,? (5-3) eit ales 


The required result then follows by taking the limit of (21) as E > E,. 
The righthand side becomes 


1 d 


MA ,.4—Mz Aa * — 
0" 2, dk,? 


(Sa) lz, 


' A. [ 2l,+1 d 1 
2 ao Y > é 
+ 2 of ayy a ant 1° ape er) , “ 


and all the quantities entering into this are known except 4,,. For « neutral 
the last term is always finite; the second and third terms are also if « is old, 
but if « is new both these diverge. However, in the third term only those 
members of the sum diverge for which y is new and /, = /,; thus we can 
subtract from the third term a part 


al 











T?,,m (27,+1) (27,+1) 1 d 
0“ « a a 
~ - 4a 2k, 2 = 2 Tay” ay — Mz A ag g, dk,2 (22) 


which includes all the diese parts of the third term, leaving a finite sum, 
and cancels with the second term. Similarly the right hand side is in fact 


finite for « charged. 
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To get a similar result for the 7,,, we return to equation (17a) for « #8, 
and add to it the corresponding equation with «, 8 interchanged with respect 
to suffixes 1 and 2. We obtain on rearranging the result, dividing both 
sides by E,—E,, and taking the limit as E, — &,, 

— jg? h? TS, d { j2Q, cot daT ay 
2(F, ¥,—¥.¥,) dr = 5 | p, =. 
J ie t 7 L 2k, 24-3 "dE jel py (29) 


ia? PTL P, d pre cot a . 

















2k,2y-3 dE Jal ay 
Now 
a is Tar Qy cot “) nS TayQy A (i = “1 4 Je ” 0, d [-erfxt (24a) 
dE ip] py Tp, GE\ J ip «GEN ly, 


Substitute this in (23); then using (19c), the coefficient of (d/dE) {j7, cot 6,/7,} 
has the form 
X ap > Sov T py => X ap Sap (24b) 
Y 


and we are considering the case « #£. Moreover we may write identically 


d [-sr¥x} d [fer—or . rb) 

















dE \ T,, dé Bayt py Bay 
2mQ d a 2mQ,T a, d 
_ 2° x 2 [gay lL eyl— ar * a5 dk? [ey T py] (24c) 
h T pySay dk by 8 By 
2Mgay Lay d (sheet 
h? gpy Tpy AR? \ gay 


Substituting (24b) and (24c) into (23) we find after some rearrangement 


2 | (P,P ,—P, P,)dr 











—T ae : (ay Lexy) (Sey T py) 
=> mjajplayl sp (cot 6,—cot dz) | — : (25) 
Y hes Say! py Spy lay 
, , P , 
4. Say _§& =| + (cot 6,-+-cot d,) rer] 
Spy Say ky Y 


where a dash denotes differentiation with respect to k?. 

As before, the lefthand side may diverge at EF, in this form; we therefore 
put it in a form regular at E, by subtracting on both sides of (25) the 
integral of 


. (m,\*. _ (m,\3 
2> 14. € T 4, Cot d,Agy+)¢ 7 T gy cot dgA,, 
Y Y Y 
. (1-6, Iry'y? FY (ry) ¢,? Y? (26a) 








EFFECTIVE RANGE EXPANSION 369 


which is 


a i ae 
2 DiahelayT py (cot 6,+cot dg)(1—4,, 5) (26b) 
Y y 
so that (25) becomes 


ca ie _ (m,\4 _ [m,\t.. 
2 {¥, P,—P.Pst+ > E (2) Tay, COt 6, Ag y+] 2 (“) Tg, cot da, | 
y 


Y 


x (1-6, )ry'7* Fy (ry)oy* v,1| dr (27) 





ae: ey 7 ay)’ (g¢ Ts )’ g's Se 
= > mjaislayl p (cot d,—cot dy) | — er 4 ere 
Y on Gayl py Spy Lay Spy Say 
PiU 2m.,,k,—* 
ee wanes (1—dr,,,) |}. 


se eg m 





+ (cot 6, + cot d,) 


As before, the right hand side of (27) is always finite at Ey; and we have 


(ay Vay) lz, — a! ey? (Say Tpy)'le, — if py: 


Thus taking the limit E — E, gives 4N(N—1) equations for the different 
pairs of «, 8 involving only known quantities apart from the ,7,, which we 
wish to calculate. This is sufficient together with the orthogonality condition 
on T, which implies ™) that ,T is skew-symmetric, i.e. ,7 4, = —,T 4a. 
Note in particular that this means ,7,, = 0 for all «. 


5. Third and higher Terms in the Series 


We have from (6) 

d2 
d(k?)2 
- d* ws 
ol agp= 4 d(k2)2 [apt alle, 





Ans - 3 [Ba cot Oa lle, 


(28) 


and thus expressions for .7°,, and A,, follow very simply from (27) and (21) 
by differentiating these with respect to k? before taking the limit as E —> E,. 
To carry out the differentiation of the lefthand side of the equations we must 
know the second term in the expansion of the wavefunctions about E,; 
if we write 


VW = Wot WV, ke+... (22) 


where Y,, is the wavefunction at Ey, then (d/dk*)(¥,)|-, = Pay. 

Thus for a knowledge of the third terms in the series it is necessary to 
know ¥,,. This must be computed numerically in general, and the amount 
of work necessary to do so will be similar to that necessary to find Yo. 
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Y, obeys the wave equation 


h? h? k? . 
I> “he Vi+ " - v| Pat —— .. ~e (29) 


9 ‘ 
7 2m, 2m 





together with the boundary conditions ¥, = 0 at the origin, and has the 
asymptotic form given by the expansion of (11) in powers of &. 


6. Effects of Antisymmetrization 


In the foregoing we have not made any explicit reference to the need to 
use antisymmetrized wavefunctions in accordance with the Pauli principle. 
We have only used an explicit form for the wavefunction however in the 
external region, and here the exclusion principle cannot change this form 
since the wavefunctions of the two nuclei by definition do not overlap in 
this region. The form of ¥ in the internal region will of course be affected by 
the requirements of antisymmetry, but Y appears in the formulae only as a 
parameter to be determined by numerical integration of the wave equation, 
or by other methods. 

Thus none of the foregoing is changed by explicit consideration of the 
Pauli principle; the accuracy of results obtained using the theory will how- 
ever depend on the accuracy of the wavefunctions inserted into the formula, 
and this of course includes the accuracy with which antisymmetrization of 
the numerical wavefunctions is carried out. 


7. Summary 


We have here generalized the usual effective range theory as applied to 
single channel nucleon-nucleon collisions to cover the case of the collision of 
complex particles reacting through an arbitrary number of channels. The 
expansions can be carried out about any energy of interest; it may often be of 
most interest to choose an energy at which new channels are just opening. 

The advantages of the effective range expansion of the scattering matrix 
are slightly different in the many-channel case from the single-channel case. 
It is no longer true to call the use of the first two terms in the series the 
shape-independent approximation, since we now have more than two para- 
meters to fit, and indeed we expect the manybody problem to be shape- 
dependent even at low energies. The use of the expansions given here is 
rather to extrapolate results obtained with great labour at one energy to 
a range of energies. The question is then important: for how large a range of 
energy are the first two terms likely to give a good approximation to the 
total series? For nucleon-nucleon scattering it is well-known that the 
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first two terms give a reasonable fit from 0 up to at least 10 MeV. Some 
numerical work on n—d scattering in the presence of tensor forces 1) using 
a two-channel approximation and the effective range expansions of Blatt 
and Biedenharn **), indicates that for more complex systems the conver- 
gence is not as good as this. In this particular example the third terms were 
already important at 0.5 MeV neutron energy. 


I should like to thank Dr. R. J. Blin-Stoyle and Dr. G. R. Satchler for 
many helpful discussions during this work, and the Shell Petroleum Company 
for the award of a Shell Scholarship. 


Appendix A 


THE ENERGY DEPENDENCE OF T AND 6 AT THRESHOLDS 


The energy dependence of T and d is determined solely by the asymptotic 
form of the wavefunctions, although of course the absolute magnitudes 
depend on the interaction at short distances. Consider an eigenstate ¥, of 
the scattering; in the external region this has the form (7), i.e. 


Y,° = constant x > (“) T,,(cot 6, F,(r,)+G,(r,)) oy a 


y \Ry ly 





(Al) 


The forms of F and G are well-known. They are finite for finite k,7,; for 
large kyr, >J1, they have the forms 





Lia 

F, (ry) = sin (i,7,— sd y neutral 
Lia 

= sin (:,7,— a —ny log 2h yr +a) y charged 

‘ (A2) 

l3 

G,, (7) = Cos (z,7,— 12) y neutral 
L.3 

= cos (i,7,— x i —n, log Dy + ey) y charged 

where 
M.,(2, Zo) ye? , 
Ny = 7 {1 22) y > a, = arg I‘(/,+1+727,). 





We shall be concerned particularly with the form as k, — 0; in this case 
the condition kr > / is never fulfilled. F and G have the following forms for 


kyty <l,: 
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_ (kyr,)'y** 

Fy (ry) = @l,+ 1) y neutral 

-_ atyt bat |ny|'vt8 (ky ry) charged 
[e**¥y—1]8(21,-+1)! — laa 
(27,—1)!! (A3) 

G,, (ry) = (k,7,)" y neutral 

271y — 1 |#(2/,,)! 
she y charged. 





m 2'y+tat\n,|'yt+t(k,r,)' 


Now in the external region Y must not become infinite nor vanish identi- 
cally over a finite region of configuration space }*). This condition must 
indeed be fulfilled everywhere if the potential energy is everywhere finite, 
but in the internal region it will not hold in the presence of infinite repulsive 
cores. In particular the condition is fulfilled in the external region for any 
k, — 0, and this is sufficient, with (A3), to determine the behaviour of 
T and 6 at such a threshold. 

There are several cases to be considered: 

1) If « is old, cot 6, has a finite value at Ey, as does k,. Then (Al) 
together with (A3) show that 7,, must have the following variation with 
k at E,: 





T,, — const y old 
— const xk,'yt+4 y new, neutral (Ada) 
k.,'y+4| n,|'y+4 
— const x — iy y charged, new. 


|e277y — 1|2 
2) If a is new, we have firstly 7,, is O(1), and therefore at Ey 
cot 6, > const x k,~@'at)) « neutral 


|e27 7a — 1| (A4b) 


— const x k,~*atl ae a charged. 
nal *e* 


And moreover the constant in (Al) is seen to be 





const X k,'«+t « neutral 
k lat+4 lat4 A4b 
const X — "a « charged ae 
|e27%a — ]|4 


whence we see that at E, 


T,,—> const Xk,'«+4 y old, « neutral 
— const x |e?” —1|-3 y old, « charged 


— const x k,!!e-! « neutral, y new, neutral. 





— const 


— const 


— const 


— const 


— const 


— const 


— const 


— const 
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x k,'ath|e277y —1)4 
x ky Vatd | e271 — 1|-4 
x hy | e247 — 1-4 
X k,'y+b e274 — 1/4 


x ent lta—Ny! 


xX e7~™4a 


xX e-* ty 
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a neutral, y new, charged 
attractive 

« neutral, y new, charged 
repulsive 

a charged, repulsive, 

y neutral, new 

« charged, attractive 

y neutral, new 

a charged repulsive, 

y charged repulsive, new 
« charged attractive, 

y charged attractive, new 
a charged repulsive, 

y charged attractive, new 
« charged attractive, 

y charged repulsive, new. 


Here we have used the facts that 9 oc 1/k, and that for k, > 0, 


le2777—1| = 1 


= ef ty 


y attractive, i.e. (A4d) 
Hy negative 


y repulsive. 


Results (A4) are those given in table 2 in the text, together with the defini- 
tion (6a) of g, and gy,. 
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Abstract: Dispersion relations are obtained for a reaction involving a variable number of 
particles (a fermion and boson prior to the reaction and a fermion and two identical 
bosons after the reaction). Cases are indicated for which an unobservable energy region 
is absent in the dispersion relations. A justification of the dispersion relations in the 
absence of an unobservable energy region is presented for the particular process 


Yy+p > 2y+p. 


1. Introduction 


Much attention has recently been directed to further development of the 
theory of the dispersion equations. After the investigations of Bogolubov ') 
it has become apparent that the dispersion relations can be regarded as a 
corollary of some general principles of local field theory. Consequently an 
experimental test of the dispersion relations should cast light (assuming the 
relations to be violated) on the problem of localizability of elementary 
interactions. Apart from the conclusions of principle which can be 
drawn from an experimental test of the dispersion relations, their further 
study would also seem to be desirable, so as to include an investigation of 
the unobservable region in previously obtained dispersion relations as 
well as to extend the method to encompass reactions involving a variable 
number of particles. 

An attempt to deduce the dispersion relations for reactions with a variable 
number of particles has been made in ref.?). However, the method applied 
in this work is not convincing and many serious objections can be raised. 
In the present paper we follow the general procedure employed in ref. 1%). 
We shall consider some aspects of the theory of dispersion relations for 
reactions with a variable number of particles of the following type: 
y+tp—>2y+p, y+p—->2a+p, azat+p—>2a+p, aza+p—> 2y+p. Electro- 
magnetic corrections of higher order will not be considered and only the 
chief amplitude term will be taken into account. 
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2. Construction of Causality Amplitudes 


In ref.4) N. N. Bogolubov proposed a general formulation of the causality 
principle which was expressed as an explicit condition on the scattering 
matrix f: 








—“__.= 0, 2’ s x, where 7,(x) = 1 - S , 
. 12) = 5 @) pp) 
Formulation of the causality principle in this way is especially effective 
for construction of retarded amplitudes. However, in order to construct 
advanced amplitudes it is more convenient to write the causality principle 
in a somewhat different form: 


dA, (x) _ Ost dS 














——, = 0, 222, A(x) =1 S = —2ST . (2.2) 
OP p(x") O” »(X) dy, (x) 
It is easy to show that conditions (2.1) and (2.2) are related as follows: 
OA p(t) _ _ op Mel®) 5 (2.3) 
OP p(%') Oy p(x) 


In the future we shall study reactions of the type 


ytp—>Ppt2y, a+p>pt2y, A+p>ptea, y+rp—> prea 
in which a nucleon and boson exist before the reaction and a nucleon and 
two bosons after the reaction. 

We now proceed to construct the causality amplitudes for the indicated 
reactions. Let # and #’ denote the momenta of the initial and final nucleons, 
q and q’, g’’ the momenta of the initial and final bosons. The matrix element of 
the process can then be written in the form 


Sa,0(95 9 9") = (22)8B'S' pe? (Q' ep? 7") SP_'(g)|s>- (2.4) 
Here |fs»> denote the state amplitude of the scatterer and the indices « and 
«w, Which refer to the initial and final states respectively, include all quantum 
numbers characterizing the system except the momenta of the initial and 
final bosons. Transposing the creation operator ,‘*)(q) to the extreme left 
position in (2.4) and taking into account the stability of state |ps>, 


St|ps> = |ps>, 
we obtain 
—1(22)8 
Vx 
whence after transposing the absorption operators to the extreme right we 
get 


Sa,0(93 99") = feo se a'ro (7°") p(x) |ps pdx 


t In the following by a field p(x) we shall understand real meson or electromagnetic 
fields. 
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a TP 677 
deh, one me AES [esa x tan ¢p' s"| J p(x) - lps) dada’ dx’. (2.5) 














V89'09''0% OP p(X" )O@ px (22"’) 
From translational invariance considerations 
. "7 a) i(p’—p)a rot 6*7 (0) 
<p s'| Jat ipa = ot-oC's| 10 ___ pe, 
P p(X’ OP p(x") OP p(X’ — 2) O—p p(w" —ax) 
and expression (2.5) can be written as follows: 
. , ”? 1 (27)* , ’ ” re / ” 
Sa,0(95 9s 9") = F=———— Ob + 9-8-9 FTG 79") (2-8) 
V 890707 0 


where 


SS ae ate 677 (0 
Th: q', q'’) —_ — [et a’+q"'a2 \dar’ da’ <p’ s’| 1 p( ) 


OY p: (2) OP p(X’) 


By taking into account the causality condition (2.1) it can readily be seen 
that integration in (2.5) is carried out in the region 


s >¢ o> G6 (2.7) 





ips). 


The advanced amplitude is related to a matrix element of the following type: 
S3,0(95 9,9") = (20) 8p s'1@P (7')9—? ("StH (g)|Ps>. (2.8) 
Hence, taking into account (2.2) and employing the same technique as that 


used in deriving (2.6), we obtain 


(27)4 0 , , vt T adv js , ut 2 9 
= O(b+9q-P—-F—F TGs 7 7") (2-9) 
V 890707 0 





Sti(g¢',q") =i 








where 


To09 79") = } eft e442") dey! dar'’<p' s'| 


a”) 





Integration in (2.9) is carried out over the region 
e<=0, 2” <0. (2.10) 


With the help of (2.6) and (2.9) the anti-Hermitian part of the process ampli- 
tude can be written in the form 


l “adv / 47 
A,w(93 97,9") = ay (Pavelg q,9")—-T34(G7,¢7')). (2.11) 


_ 


Before analysing in detail the anti-Hermitian part of the amplitude we 
shall first examine the kinematics of the process. 
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2.1 KINEMATICS OF PROCESS 


According to the law of conservation of energy-momentum 


p+qa=p'+qtq'. (2.12) 
In the future we choose a reference system in which 
p+p’ = 0. (2.13) 
Instead of vectors qg’, g’’ we introduce the vectors Q, A defined as follows: 
_ 1 , ” 
= 3(7— 7"). 


It is easy to see that Q is a time-like vector. If the four dimensional square 
of vector ( is fixed then 
GO? = Mo. (2.15) 


In the reference system chosen by us the law of conservation of energy- 
momentum (2.12) can be written as follows: 


q—2Q = —2p (2.16) 
(q—2Q)(q+2Q) = 4m,?*—m? 


where m is the mass of the initial boson. Hence after elementary calculations 
we obtain 


q = je—(l+e)p, 2Q = Ae+(l—e)p (2.17) 
where e is a unit vector orthogonal to vector p, 


4m,*—m= =}? 
9 me etkegee —= E2—m?—1(1—e)*p®. (2.18) 
Here £ denotes the zero component of vector Q. In the present paper we 


consider reactions in which bosons with equal masses are created: 
gq’? = q'2 = m2. (2.19) 
Taking into account (2.15) and (2.19) we get 
A? = —m,?+m,?, Q4 = 0. (2.20) 


In the following we shall consider the analyticity properties of the process 
amplitude with respect to the variable E. The dispersion relations are 
especially interesting in the absence of an unobservable region. In this case 
they relate only observable quantities. 

If the dispersion relations contain a large unobservable region they are of 
less value not only because it becomes much more difficult to prove them 
rigorously, but also because it is much more difficult to derive from them 
any information on physical processes. 
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In the reactions considered by us one can, by suitably choosing vector A, 
obtain dispersion relations in which the unobservable energy region is either 
totally absent or is not very significant. 

Let the direction of vector 4 be chosen orthogonal to vectors p and e. 
From conditions (2.20) it then follows that 


A,=90, 4? =m?—m,?, m,”? 2 m,’. (2.21) 


Thus, in the coordinate system chosen by us the process amplitude will be a 
function of the variables EF, e, p, 4, vectors e, p, 4 being fixed when variable 
E changes. 


3. Analysis of Anti-Hermitian Process Amplitude 


We now proceed to investigate the anti-Hermitian part of the process 
amplitude. Consider the expression 














Age =-— fishies [esx eda’ da 
V 8907'07 0 (3.1) 
Lp’ .! 0° 7 ,,(2) 0? A, (2) a | 
NE | Op ge (®")OQ per (a0"”) © BP gr (20) BQ yrr(2e") |" A 





By comparing (3.1) and (2.11) it will easily be seen that 











Agsga” = Ga (649-8 —-7 -9' Aa (9 7 7): (3.2) 
V 89097 07 0 
Taking into account the equation 
A, (x) = — Stj,(x)S (3.3) 
and also the stability of states |sp>, |s’p’> it is easy to obtain 
re 0° 7 (x) 6° A, (x) 
9" s'| — —— a + a 7 \Ps> 
OP p(X" OW »(x") Pp” (2°) Op» (x") 
= 1¢P'S'|Do, px (#, #') p - VAD p, pr (®s &')7 px (2e"’) (3.4) 
+] (x )D oy, p” A(x’, gs) Dy, p’ A(x’, ar 'M p(%)—J p(2")Dp, on (x, ar ‘) 
= yr ("")D ,, py (x, u ‘)|ps> 
where 
07 (x 
Da ples) = 4 te 5 He(22) 
Op (x') dy, (x) 


Inserting (3.4) in (3.1) and using (3.2), the anti-Hermitian part of the 
amplitude can be represented in the following form: 
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Ag o(9i 91,9") = 2X [ dk, {96 +4’ hy Ve, P)Dasar(b, m) 


—d(p— b,)De a(, p')Vo(p, 2) +0(b'+9" —k,,) Dg, ¢ (b, m)Vqr(n, p’) 

—0(p— 9" ky) Dag (PV (B, m) (3.5) 
FOP +E +g —Ry)D_e, a (, PV g(P, ™) 

—4(p—q'—q" —k,,)D_g,a(b, n)Vq(n, 0’) } 


'- 
q 


where 
(22)*0(p—g'—k,,) Da; (", P’) 
= [ete 6' sD. 9 (,2"”)|n> dada”, Vy (n, p')=<'s'|j,-(0)|m>. (3.6) 
The translational invariance properties of the matrix elements and also 
the assumption that the energy-momentum operator possesses a complete 


system of state operators were employed in deriving (3.5). Performing the 
integration in (3.5) we obtain 


Ag wld") = 22> {Vo (n, p')Dg,¢(b, 2)5(f'o+9'o— V M,2+ (p’+q')?) 


—8(po—4'o— V M,2+ (P—Q')*) Dg, ar(m, £') Var (b, 0) 
+Vq(n, P')Da;a (p, n)d(P'9+-9"9—V M,?+ (p’+q’’)?) 
Daa (%, P' V(b, 2)5(bo—G'o— V M,,?+ (P—Q’)?) 
+D_¢, q(t, P'WVa(b, 2)5(P'o+-7'o+9"o— V M,?+ (p’+4'+q")*) 
—V,(n, P')D_o,a(P, 2)3(bo—7'o—9"" — V M,?-+ (P—a'—Q"")”) }. 
Consider the 6 function of expression (3.7). It can easily be demonstrated 
that in a reference system in which the sum of the nucleon momenta before 


and after the reaction is zero, 6 singularities of the functions under consider- 
ation will occur at the energies 


M,2—M?+mg2—m,2—1 m?—p? 











(3.7) 

















EB’ =+ ———— 
2V p?+ M2 (3.8) 
M,?—M?—2m,2?—2p?—1i m* 
E”U=+ a 2 “ 
4V p?+ M2 
Taking into account (2.21), it can readily be seen that 
JE"| < |B". (3.9) 


On the basis of (3.8) 6 singularities of functions M, = M will occur 
respectively at the energies 


2 2__ 1,2 2 
m m,"*—z=m"—p 
1 
E'"; =+-" 
1 


4 
2V p?+ M2 


m,?+p?+ 5m 





(3.10) 
—_ + 





2V p?+M? 
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If no bound states of the meson-nucleon system are assumed to exist 
between M and M--u we obtain, assuming in (3.8) M, = M-+u, that the 
continuous spectrum lies in a region for which 





9 —_— 2 
E| > Mu+p?—2m,?—2p*— fm (3,11) 
arin M2 
If | 
(mgt Dt) < Mat gut 3m), ail | 


the continuous spectrum will lie above the single-mucleon poles and the 
energy spectrum of the anti-Hermitian part of the process amplitude can 
then be diagrammatically represented as follows 

















“FE, EQ HE EF, &o 
Hee HAHAH AHR oe —_ eo CEES 
E. 
Fig. 1 
pe _PEtmttbnt—mot ptt Lm?-t-mg! 
’ o/ptt+M2 7° 2V p?+ M2 
M a = 2__ m3__ 1 a8 
Een ETEK Mo —P-3* 3,18) 
2V p?+ M2 


It should be remarked that the observable energy region extends from E, 
(threshold energy value): 
m,2 
E,2=m?+i(1—e)*p?,  e = = (3.14) 
There will be no unobservable region in the dispersion relations if the 
continuous spectrum starts above the process threshold: 


E,=E (3.15) 


ed 


Condition (3.15) restricts the possible values of m,? and p?. In order to 
write these restrictions in an explicit form we shall consider some concrete 
examples. 
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3.1. DOUBLE COMPTON EFFECT (y+p > 2y+p) 
Assuming m — m, = 0 in formulae (3.13) and (3.14) we obtain in this 
particular case 


_ p?—mz,? ar P.+m,” ae Mu+ 5 2—m,?—p? 

oVp?+M2) so oV/p2+ M2 2V p?+M? (3.16) 
E, = }(\P|-+m9°/|P|). 
Hence the condition of absence of an unobservable region, (3.15), can be 
written as follows: 

2 2 eae 2_ m2 

ip +Mo < Mutt Mo”°—P : (3.17) 
2 |p| 2V p?+ M2 


Ey 

















or after some elementary transformations 
p*(M-+-4)?+p?[2m,?(M+-$u)?—p?(M+$u)?+ $12 mo?] +m! M?S0. (3.18) 


The condition which ensures that there will always be suitable values of 
p”, for which inequality (3.18) will be valid, can thus be written as follows: 


mo? < 5p. (3.19) 


It should be noted that if m2 = j®, there will be only one value of the 
momentum, 





Pp,” = ze 3 ) (3.20) 








Fig. 2 
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of values of p? which includes point ~, and ensures validity of enequality 
(3.18) (fig. 2). 

The following important fact should be noted. In ordinary scattering of 
mesons on nucleons the unobservable region is absent only if forward 
scattering is considered, and similarly the unobservable energy region will 
also be absent in the case under consideration only if some restrictions are 
imposed on the physical quantities determining the kinematics of the process 
(p?, m,*, 4?). Consider the anti-Hermitian part of the process amplitude for 
the energy range |E| < E,. It can readily be seen from (3.7) that in the 
region under consideration A, .,(g; q9’,q') can be written as follows: 


Ay (0 4'.0") = 2 (1-2) Ve", P Dee?" 


” ’ ” £; ag , ¥ 
+Velb", P')Dg¢(b.b"))0(E+Ey)— (i +) Duet PMP P) 9 91) 


+ Deel" Welbs P'NWE-E,)+4(1— 4) Deel?” P) 


V(b, P'){E+Es)—V,(6", P')D_g.e-(b, 6" 0(E—E,)}} 


where summation is carried out over the spins of the intermediate single- 


nucleon state. 
In the following the dispersion equations will be written in terms of the 


variable E. Employing the results obtained in this section, viz., (3.21), we 
can evaluate the contribution of the region |E| < E, to the dispersion 


integral 
{a (3 —E, i- StA, .(£’) 
—E, 














P-i/  W-# 
= 3 (By eee (Eo=E S201. Ae) (5 9 
(Ae L\E,+ E; E,+E E,—E, E,—E —| (3.22) 
where 


Ry (p, A, e) —_ (1 3) [Vilp ’ p Da. a(b P )\+Vel(p ’ p Da. a(P: p ) 
2E, 





Ry(P, Ae) = —3(1— 5) D geld", PV ald, 9") — 


2Q,(p, A, e) — (1 £) [Daa (P ’ p )Ve(p, p )+Dy.¢( ’ p Vaerlb, p )] 


2E, 
Q,(p, A, e) = —3(1— 4) V0", P Deeb") 
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S, is the symmetrization or antisymmetrization operator with respect to e 
(see section 4). Let us inquire as to the meaning of the operators V and D 
encountered in expression (3.23). From (3.6) we have 


Ve lb", B) = <B'S'|7,-(0) |S"). (3.24) 

From considerations of relativistic invariance and taking into account 

that p’? = p? = M?, q’* = 0 we find that the matrix element of the electro- 
magnetic current operator can be represented in the form °) 


<p's'li-(0)|p"s"> = Oy (P')fetpyy +e + 31(b'—2") + v, Yv)}U (6"). (3.25) 
Here e is the renormalized electric charge of the nucleon and yp = p'pty 
+_T, Where uw’, “py are the anomalous proton and neutron magnetic mo- 


ments and 
1+Ts; lo. 


, Ty = 
2 . 2 





Tp 


’ 


U,(p’) is the Dirac spinor. 

We now turn to a study of operator D. As an example consider the 
operator D,..(p", p’) which, according to (3.2) and (3.6), is defined as 
follows: 

ore 67 , (x) 
, — woe D.. ; in a ser x2 —iqz s'| - p - 
6(p'+-9"—q—P" Daa (b's P) = 3 <P | 8p ye (a) 
0} yx (22’") 
dy , (x) 

It is evident from here that operator D is identical with the Hermitian 
part of the scattering amplitude of photons on nucleons *). The vertex 
operator V,(p, p’’) as well as operator D,,,.(p", ~’) possess a matrix 
structure in spin and isotopic space. The spin structure of operator D 
consists of several independent combinations of vectors g, g’’, p’’, y. The 
structural functions of the Hermitian part of amplitude D®.;” are in- 
variant functions of two independent invariants: 


y= 4$(p'+p")q", = $99"). (3.27) 


On basis of relativistic invariance considerations operator D can be 
represented as follows: 


Diya (b"» b') = Y 2,(r, 4) (P') Riv (vy, @ 9" BU ("). 


Dispersion relations in the variable v7) can be written for the structural 
functions 2,(y, v,). It should be noted that in a reference system in which 
p’+p” = 0 the structural functions will depend on the variables E, and 
p,”, where 





+ |p’ s’’>dadax’’. (3.26) 


y= p?, v= E,Vp2+M?2, (3.29) 
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the index A indicating that the quantities refer to the system in which 


p’+p” = 0. Comparing these expressions with the values of invariants 7, 
and » in the (p+p’ = 0) system we find 
_ 2 2 
Py = 2(P?+m,°) (3.30) 


Vpe+M?- E’, = Vp?+M?- E,—me. 
Account has been taken here of the circumstance that the Hermitian part 
of D,.q(p'’, p’) has been computed for energy values E = &,. It can be 
seen from formula (3.30) that p’, and £’, are real. This permits one to 


express the structural functions of the Hermitian part of D,._.(p", ~’) 
through the dispersion integral. It may be mentioned that if §) 


(M+ p/2)? 
(M+)? 


the dispersion integral will not contain an unobservable energy region and, 
generally, speaking, it can be used to compute the structural functions of 
Dy.q(p", p’). It should be noted that for energy values + £,, +£, (lying 
below the threshold of the p+y— 2y+p reaction) the vectors gq, q’’, p”’ 
entering Xi, are complex, the imaginary part of these vectors being due to 
the vector component directed along e. However, because of symmetrization 
or antisymmetrization with respect to e, the inhomogeneous term in dis- 
persion relations (3.22) will not contain these components. 

The considerations applied above to D,.,.(p", p’) can also be repeated in 
the analysis of Dy. (p, 2"), Do.g(P, £), Daw(h’"’, ~’). In conclusion we 
consider operators D_y.q(p, p), Diy.g(p", ~’). It is easy to see, for 
example, that the operator D_,.,.(p, p’’) is the Hermitian part of the 
amplitude of the fictitious process p > p+2y, involving the conservation 
law p = q'+q''+”". It is quite obvious that the conservation law is valid 
only for complex momenta. Hence operator D_y,,.(p, p’) cannot be ex- 
pressed in terms of observable quantities. 


(3.31) 





Py = 3(P°-+m,*) S$? 


3.2. PHOTOPRODUCTION OF TWO a MESONS (y+p — 2a+p). 


On basis of (3.13) and taking into account that m = 0, m, = mw one can 
write the poles of the lower boundary of the continuous spectrum and the 
threshold of the process under consideration as follows: 

p?+?—m,* p?+m,” 
E, = ? E, = ’ 
2V p?+ M2 2V p?+ M2 


Mut }u2@—m,2—p* m 
= oa 2, OE = $(Ipi+ “1b 














(3.32) 








E. 


2V/ p?+ M2 
Inasmuch as for the given process the reaction threshold and lower limit 
of the continuous spectrum are identical with the similar quantities for the 
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double Compton effect, the condition of absence of an unobservable region 
will have the form 
mo? < tp. (3.33) 

However, for mesons mg? will evidently always be greater than $y. 
Thus, the condition for absence of an unobservable region will not hold and 
therefore the dispersion relations will always contain some unobservable 
regions. 

With regard to operators V and D which enter the inhomogeneous term 
in the dispersion relations, one can again apply considerations similar to 
those employed in the preceding section in the analysis of the corresponding 
operators. 

It can readily be verified by performing the relevant analysis that in the 
problem under consideration along with matrix elements of the electro- 
magnetic current operator, V,(p, p’’), V,(p", #’), matrix elements of the 
meson current operator V,(p", p’), Vo(p, ), Va (Pp, p’) and V,.(p, p’’) 
will also be encountered. 

From relativistic invariance considerations and by taking into account 
pseudoscalarity of the a meson field and also that 


p= p2?= p= M2, g?=72?=/22 
one can write the matrix element of the meson current 7, in the form °) 


<p’ s'|j,(0)|bs> = gUy(')yst,U, (6) 
where g is the renormalized meson charge. 
It is not difficult to verify that the operators 


Diab) P"), Dawlb"s P'), Daelb, P"), Daa (b", b’) 
can be considered as an analytic continuation in the unobservable energy 
region (with aid of the photoproduction dispersion relations) of the Hermitian 
part of the photoproduction amplitude of a mesons on nucleons, and the 
operators D_y w(p", ~’), Dy. (pb, p’’) can be considered as analytic 
extensions of the Hermitian part of the amplitude for fictitious decay of a 
free nucleon into a nucleon and two a mesons, 


3.3. CREATION OF MESONS IN THE SCATTERING OF MESONS ON NUCLEONS 
(x+p -> 2x+p) 

Putting m = m, = uw in formulas (3.13) we obtain the following expres- 
sions for the poles of the lower boundary of the continuous spectrum and 
for the reaction threshold: 














p _Ptaeme! p+ge+m¢? Mu+zu?—m,?—p? 
* 9a/p2+ M2 2V/ p?+ M2 2V p?+ M2 
4m,2—p? (3.34) 
E,? = meth (ep, e=—2—. 
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The condition for absence of an unobservable region 
E,j]E, (3.35) 


after elementary calculations can be written as follows: 
p? = (3u2—m,*) ——_. (3.36) 


It can be seen from this formula that if there will always be a momentum 
value for which the unobservable region will be absent. However, recalling 
that for mesons mg? is always larger than $u*, we see that condition (3.36) 
will not hold and hence an unobservable region will be present in the dis- 
persion relations. The process 2-+-p — 2y-+p should particularly be men- 
tioned. For this process the lower boundary of the continuous spectrum and 
the reaction threshold coincide with the corresponding quantities for the 
process (x+-p — 2x+-p). Thus in this case the condition of absence of an 
unobservable region can be written as 


p? = (3 2__ mp?) ilitaiids (3.37) 


Since the final particles are photons for which m,? can be larger or equal to 
zero one finds that for 


mo? < =u? (3.38) 


there will always be a momentous value defined by formula (3.37) for which 
the unobservable region in the dispersion relations will be absent. 


4. Analytic Properties of the Process Amplitude and the Dispersion 
Relations 


In the present section we shall give a strict deduction of the dispersion 
relations (within the restrictions imposed in section 2) for the particular 
process y+p — 2y-+p. 

The Fourier transforms of the retarded and advanced matrix elements of 
the reaction under consideration on basis of (2.6) and (2.9) can be written as 
follows: 








2, 
Te ’ ” ’ oo’ +0" aw” , ” _ ] (0) 
TeoG 979") = — [et tare) da’ da!’<p's'| on We 
Op p(x )Op yx (% ) (4 1) 
. , 7 4? LA . (0) 
To Gn q', q’’) _. few a+q" x ) dar’ da’’<p’s’| Pp \ps>. 
OP, (x )dy (x ‘) 


Integration in (4.1) is carried out in the region 
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ag => |x'|, 29 |} |x” |, 


, ? = (4.2) 
zg, % ge 
for the retarded amplitude, and in the region 
z’,| =} ix’|, |2".| = |x” 
je’o] = Ix’, “ol 2 I" sii 


Bes Bs <= 0 


for the advanced amplitude. 
Changing the integration variables in expressions (4.1) in accord with the 
formulas 


, u+Yy " t—Y 
M x 








, 











2 2 
we obtain 
Te(E, Q, 4) = —2-+[ eeu Ret (a, y)dady 
(4.4) 
Te(E, Q, 4) = +2-4 | e@erau Fete (x, y)dady 
where 
527 (0 
FEt (x, y) = p's" 169) ips) 
x+y x—yYy 
boy (75) boy (75%) 
(4.5) 
sai ~p" 6°A ,(0) 
Fo"; (2, y) —_ <p Ss | e \ps>. 





x+y x—y 
ore (S*) ore (F") 


In accord with the causality condition, integration in (4.4) with respect to 
the variable x should be carried out in the region 


x = |x|, 2% > 0 (4.6) 
for the retarded amplitude and in the region 
lwo = Ix], 2 <0 (4.7) 


for the advanced amplitude. 
E and Q are usually related by the condition 


E? = Q?4.m,?. (4.8) 


At present E and Q will be considered as independent variables. Vectors 
A and p are then assumed to be fixed. Functions 7%, and 73%%, are defined 


everywhere on the real axis for |E|>E, (process threshold). Consider the 
function 


T(E, Q, A) = T™*(E, Q, 4)—T**(E, Q, A). (4.9) 
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The energy spectrum of this function is given by fig. 3, 





_m™ xX 
™m 
mM 





Fig. 3 
where the poles + £, and +£, are defined by the equations 
4E*(p?+ M?)—[Q?+A?+ 2p ° Q)?? = 0 
E*(p*+M?)—[Q?+P - Q] = 0. 
An analysis of the 6 singularities of the anti-Hermitian part of (4.9) 


indicates that the continuous spectrum of some terms of the anti-Hermitian 
part has the form of fig. 4, 


(4.10) 





a” 
-Ee 








El=-PyMMaph a” 


Fig. 4 


whereas for other terms it is that of fig. 5. 


-£ E 


some i er 








2 Eg =~ Por(Msp2) 


Fig. 5 


It is easy to verify that 
E".= 3(—fot+M+p) = E,, p? S 2Mu+p’. (4.11) 
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By using (4.11) and (4.10), the energy spectrum of the anti-Hermitian 
part can be represented as in fig. 6. 





1 
£5 (MH Po) 
-E, -Ep -E; 
wv —ye——— 9 1 9¢—__9¢___ ttt 
E, &5 Eo 
Fig. 6 


We construct a function T(E , Q, A) which vanishes for |E| < E,. To do this 
we replace the functions F™*(x, y) and F**’(a, y) entering (4.4) by functions 
F(x, y) and F***(x, y) as follows: 


ret 2 


PY" yy) = [4(p2 +a) a. + [ot D,*+ 2 (,5-)] | 
2 


2 
02, F 
O ret 


. | oi (5, ~)|+ (p?-+M?) il F***(a,y) (4.12) 


or in the momentum representation 


ret 


Pug, Q, A) —_ {[Q?-+-A?+ 2p ° Q)}?—4E?(p?+ M?)} 
‘ {(0?+p + Q)?—E*(p?+- M?)} T(E, QA). (4.13) 


The polynomial in (4.13) has been chosen so that the 6 singularities of 
function T(E, Q, A) at +£,, +£, disappear. It is obvious that 


T(E, Q, A) = T(E, Q, A)—T**"(E, Q, A) = 0 (4.14) 

if 

JE|< ££, ImE=0. 
Recalling that 
T(E, Q, A) = —| edetidy B(x y)dady (4.15) 
it is easy to deduce on basis of (4.14) and in virtue of independence of E and 
Q the following important relation: 

[et#*#4" P(x, x; y)daydy = 0 (4.16) 

if 


IE| << E, ImE=0. 


We introduce the functions ¢'(E, e, p, A, p) and ¢*(E£, e, p, 4, p) in the 
following way: 
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¢'(E, e, p, A, p) 
= —S4 | Fret(x, y) exp {iEx)—ie - x V E?— E,?—ix * py +iAy—px*}dady 
¢*(E, e, p, A, p) (4.17) 


= S| Fad (x, y) exp {iEx)—ie- xV E2—E,?—ix - py +1Ay—px*}dady, 


where p > 0, 7 = $(1—m,?/p?); Sz is the symmetrization or antisymmetri- 
zation operation with respect to e: 


i 


Sif(e) = f(e)+#(—e), S_f(e) == (He)—H(—e)) 





which is required to remove the double value of the square root V E?— E,?. 
In writing (4.17) it was assumed that a relation of the type E* = Q?+-m,? 
exists between Q and E; Q has been replaced by the expression (see section 2) 


A a 
Q=}ietnp, >= V E2—E,?. 


Functions ¢', ¢* are analytic in the upper (lower) half-plane of energy E£. 
On basis of (4.16) it follows that 


¢'(E,e, p, A, p) = g*(E, e, p, A, p) (4.18) 
for 
|E| < E,, ImE = 0. 


Then there exists a function 


¢'(E,e, p, A,p) ImE > 0 


4.19 
¢*(E,e, p, 4,p) Im E < 0 ( 


¢(E,e, p, A, p) = 


which is analytic throughout the energy plane excepting the cuts 
—o<ReE<-—-E,; E,<ReE<o; ImE=0. _ (4.20) 


On the upper sides of the cuts the values of ¢ are equal to ¢* and on the 
lower ones they are equal to ¢*. 

If the degree of growth of function ¢(E, e, p, A, p) for E + o is not 
higher than ~+-8, one can apply Cauchy’s integral theorem with the integra- 
tion contour depicted in fig. 7 to the function 


$(E,e, P, A, p) 
(E—E,)"** 





where E, is a real parameter, |Ey| < E,. 
If the radius of the large circle is made to approach infinity and the radii 
of the small semi-circles to approach zero, one obtains 
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$(E, e, p, A, p) 
_ (E—E,)"** (-*« d(E’+10, e, p, A, p)—¢(E’—10, e, p, A, p) dE’ 
7 20t J -0 (E’—E)(E’—E,)"** (4.21) 
E—E,)"+® (*° 4(E'+70, e, p, A, p)—4(E’—70, e, p, A, 
( : 0) o( BE’ P. p) kal Pp P) aE’4 P(E). 
QriS siz, (E’—E)(E’—E,)"*9 
ae E, 





Fig. 7 

It should be emphasized that in the case under consideration (absence of 
an unobservable region), E, > £, and integration in (4.21) is performed 
over the observable region. 

However, since the functions ¢* and ¢* are also defined in the observable 
region for p = 0, we may put p = 0 in the integrals. It is obvious that the 
right hand side of (4.21) will then be an analytic function over the entire 
plane of complex variable EF, excluding the cuts (4.20). However, it follows 
from expression (4.21) that for p = 0 the right hand side defines a function 
$(E, e, p, 4, 0) which is analytic throughout the entire E plane, excluding 
the cuts (4.20). However function 4(E, e, p, 4, 0) differs from the function 


_ {SsT™t(E,e,p,4) ImE>0 
— |S, T*V(E,e,p,4) ImE <0 


only by factors which vanish at E = +E,, E = +E,. The function 
SiG(E, e, p, 4) will therefore be analytic over the entire plane of the com- 
plex variable FE with first degree poles at the points EF = +F£,,E = +8, 
and cuts extending from — oo to —E, and from E, to oo. The degree of 
increase of SiG(E, e, p, A) is not higher than ». Thus Cauchy’s theorem 
with the integration contour depicted in fig. 8 can be applied to the function 


S.G(E, e, p, 4) 
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S,G(E, e, p, A) 
(E-Ey)"* 











° oo see 
Eq -Eo-E 


4 


Fig. 8 





If the radius of the large circle is made to approach infinity and the radius 
of the small semicircles are made to approach zero one obtains, taking into 
account (3.22) and (3.23), 


(E—E,)"" S,7™(E’)—S, T(E’) ,-., 
dE 
|E'\2E 























S,G(E, e, Pp, A) —_ Qn (E'—E)(E’—E,)"* 
E,—E \"*'S, R; (p, A, e) 
ez (GsyEReZ? um 
i=1,2 0 i Z 
E,—E ye S,2;(p, A, u] 
P(E). 
aa x EE +P, (E) 


We now change to real values of E. Noting that 


lim S, G(E+ie) = S,T™ (E) 


oe a Im E = 0 (4.23) 
Mang, O18 64) = S$,T(E) 
and taking into account the definition of the Hermitian and anti-Hermitian 


parts 


Da w(E) =4(Te(E)+Te(E)), Aao(E) = (Te (E)—Teu(E)), (4-24) 


2i 


the following dispersion relations can easily be obtained: 
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E—E,)"*} Pr , 
S,D,,4(E) = ( o) | d ,__ Sa4aol(E) 
; nt |E’|>E, (E’—E)(E’—E,)"+ (4.25) 
E,—E " SR, (p, A, e) (=—— S,2;(p, A, =) 
+ 2, ee E,+E r E,—E, E,—E +P,2). 


In the derivation of (4.25) account was taken of the fact that, in accord 
with (3.16), the anti-Hermitian part of amplitude A, ,(£) vanishes in the 
energy region EF, < E< E,(E, < E,). The negative energy region in 
dispersion relations (4.25) can be excluded by using the symmetry properties 
of the anti-Hermitian part of the amplitude in the form 


4. (E) = —P.y A*, (—E); (4.26) 


“*@,@ 


P., is the transposition operator of the nucleon spin states. Symmetry 


SS 


property (4.26) can easily be deduced from (3.1). 


In conclusion the authors express their deep appreciation to Academician 
N. N. Bogolubov for valuable discussions and to N. A. Chernikov for 
fruitful conversations. 
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BOOK REVIEWS 


S. FLUGGE and E. Creutz (Editors), Handbuch der Physik — Encyclopedia of Physics, vol. 45 
(Nuclear instrumentation II) (Springer, Berlin-Géttingen-Heidelberg 1958. vii—544 pages. 
128 DM). 


The present volume of the Encyclopedia deals with the various instruments used for the 
detection of nuclear particles and processes: ionization chambers, Geiger counters, scintillation 
and Cerenkov counters, proportional counters, coincidence methods, cloud chambers, bubble 
chambers, nuclear emulsions, devices for detection of neutrons of low or high energy. Each 
type of apparatus, as one would expect, is described very fully, with a wealth of practical 
detail and auxiliary tables and graphs. The theory of the processes involved is also adequately 
discussed to the extent necessary for the estimation of the qualities and limitations of the 
methods of measurement. On the whole, the treatment is rather dry, as befits the primarily 
practical aim of the volume; a welcome exception is afforded by the chapter on the bubble 
chamber, whose author (inspired by justified fatherly pride, perhaps) gives a very interesting 


account of the history and development of this wonderful apparatus. 
L.R. 


J. W. DuNGEy, Cosmic electrodynamics (Cambridge University Press, 1958. ix—183 pages. 
32s. 6d.) 


The peculiar phenomena exhibited by ionized media interacting with electromagnetic fields 
are coming more and more within the horizon of the nuclear physicist, although the scale at 
which they are hitherto mainly displayed is the cosmic one. The present monograph belongs to 
the Cambridge series ‘on mechanics and applied mathematics’: an old-fashioned label for such 
a modern development, but it may remind us thatin this quantal age classical physics is still as 
powerful as ever in its proper domain of applicability. 

The scope of cosmic electrodynamics is clearly defined by the author, who shows how the 
relative smallness of the displacement current provides a criterion for separating the processes 
which he discusses from those of radio-astronomy, which he excludes from consideration. The 
underlying theoretical conceptions are then those of magneto-hydrodynamics, and their basic 
simplicity, as well as the wide scope of their applications to cosmic phenomena, are perfectly 
brought out in this well-written treatise, which distinguishes itself by outstanding didactic 
qualities. The author’s insistence on considerations of order of magnitude and on the peculiar 
causal sequence of electromagnetic and mechanical effects resulting from the dominant role of 
the magnetic field is quite helpful for the reader’s orientation into an unfamiliar domain; 
some of the pitfalls into which he might stumble are also kindly pointed out to him. The 
exposition is sufficiently detailed to be easily accessible to students; and it wisely avoids 
unessential mathematical developments which would obscure the trend of the argument: 
for these, the reader is referred to the appropriate papers. 

The emphasis is decidedly theoretical: the general theory is developed with great elegance in 
the first half of the book, and then successively applied to the origin of the cosmic radiation, 
solar phenomena (sunspots, corona, prominences, flares, M regions), magnetic storms and 
aurorae, and the ionosphere. Although the empirical data are only quoted to the extent required 
for the theoretical analysis, enough is said to convey a clear idea of the physical processes 
involved in these phenomena. In this way, we are not only presented with an account of cosmic 
problems of fascinating intrinsic interest, but also with a neat and concise exposition of the 
basic concepts and formulae which may be of great help in the treatment of related questions 


raised by well-known recent developments at the laboratory scale. 
L.R. 
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J. I. FRENKEL, Prinzipien der Theorie der Atomkerne (translated into German by ]. Bartels) 
(Akademie-Verlag, Berlin, 1957. xiii—201 pages. DM 26.00.) 


This book reproduces in almost the original form a course of lectures given at the Leningrad 
Polytechnic in 1947. After the author’s death, the Russian edition was edited by J. Smoro- 
dinski. The lectures were aimed at the “scientifically educated reader, the physicist or engineer’. 
There are outlines of the constitution and structure of the extra-nuclear atom, a sketch of 
quantum mechanics, and an account of the properties of nuclei in the ground state. These 
sections prepare for the kernel of the book, a chapter each on fission and on the statistical 
theory of nuclear reactions, topics on which Frenkel himself had contributed. There are also 
short sections on the deuteron, the role of nuclear reactions in stars, and some technological 
applications of nuclear energy. 

In spite of the book’s being written before the great advances in the understanding of 
nuclear structure of the last ten years, the treatment seems fresh and interesting even now. 
The book will probably appeal most to an undergraduate near the end of his course, to whom it 
should serve as a good introduction to more recent works. He will find his interest maintained 
throughout, with everything within his range, and the large number of simple numerical 


estimates helping him to familiarity with the subject. 
A. Herzenberg 


W. J. Price, Nuclear Radiation Detection (McGraw-Hill Book Co., New York, 1958. vi—382 
pages. 70 s.) 


The book is intended for reactor engineers; many of its features, however, make it a good 
laboratory handbook not only for research workers in the nuclear field, but also for teachers 
and students of nuclear physics in laboratory courses. The author has collected a large body of 
practical data which are useful for the laboratory worker in the design and application of 
nuclear detectors. Furthermore, the book contains a comprehensive and nicely illustrated 
survey of up-to-date detectors which will be particularly interesting to the student. 

Special emphasis is of course laid on the subjects which are important for reactor engineering. 
Thus, a large chapter is devoted to neutron detection methods, and the use of various detectors 
for dose measurements is described in some detail. Other detection methods, which are 
equally important for the research physicist, are treated more superficially. This is the case 
with cloud chambers, bubble chambers, and photographic emulsions which are discussed in a 
brief and poorly illustrated section. In conclusion, the book presents a chapter on electronics 
for nuclear detection systems, the treatment of which, however, appears to be so summary 
that it will be of limited use only. More recent developments are mentioned only in passing, 
and it is especially regrettable that no general account is given of the many available types of 
multichannel analysers which have become so important for almost all branches of experi- 


mental nuclear physics. 
O. Nathan 


T. F. MAGNER, Manual of scientific Russian (Burgess Publishing Co., Minneapolis, 1958. 
102 pages. $ 4.60 spiral-bound, $ 4.00 unbound) 


This elementary Russian primer aims only at providing a clue to the reading of Russian 
scientific texts, and accordingly leaves out many grammatical and phonetical complications 
and irregularities. Moreover, the author, working on the flattering assumption that his readers, 
being scientists, have no need of the “‘slow, shock-avoiding approach of the multi-purpose 
textbook’’, has presented his material with extreme concision. The result is quite satisfactory 
within the self-imposed limitations of this radically utilitarian approach. The most original 
feature of the book is a ‘‘finder’’ section, consisting of a series of lists of verbal forms, and tables 
of endings, intended to facilitate the identification of the words and their grammatical function. 


L.R. 
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NEWS ITEM 


SYMPOSIUM ON NUCLEAR FUEL CYCLES 


The Institute of Physics, one of the constituent bodies of the British Nuclear Energy Con- 
ference, announces that it is arranging a Symposium in London on Nuclear fuel cycles on 
22 and 23 January 1959. 

The program is as follows: 

Session 1: (a) Long term reactivity changes 

(b) Theory of once-through fuel cycles 

(c) Perturbations due to fuel cycles. 
Session 2: Optimization of fuel cycles for nuclear power stations. 
Session 3: Fuel cycle operational problems. 

The papers which have been invited will cater mainly for persons working in the field, and 
will deal with the applied physics aspects of the fuel cycles which form the basis of the immedia- 
te nuclear power program. Abstracts (but not preprints) of the papers to be read or presented 
at the Symposium will be available early in January. 

Application forms for tickets to attend the Symposium are obtainable from the Secretary of 
The Institute of Physics, 47 Belgrave Square, London S.W. 1, and should be returned as soon 
as possible. 

The Symposium will be published in the Journal of the British Nuclear Energy Conference. 





10.E ERRATUM 











L. R. B. Elton, A Semi-empirical Formula for the Nuclear Radius, 
Nuclear Physics 5 (1958) 173. 

In the last term of eq. (A4), for 6 read 3 and in the last term of eq. (7), 
for 8 read 24. This leads to changes in eqs. (9)—(12) as follows: 


b = 1.115+0.005, a = 0.540+0.015, (9) 
c = 1.115 A*—0.860 A+, (10) 
R = 1.115 A*+ 2.151 A-*—1.742 A-, (11) 
t = 2.38+0.06. (12) 


The fit to the experimental results is as good as before except for C!? where 
now Reatc — 3.35. 


My thanks are due to Dr. L. J. Tassie for pointing out to me the error in 
eq. (A4). 
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ON SCHWINGER’S THEORY OF THE MUON 


W. S. COWLAND 
Department of Mathematics, Imperial College, London 


Received 3 July 1958 


Abstract: The muon self-mass and the contribution to the anomalous muon magnetic moment, 
arising from an interaction with a heavy Bose particle (0) postulated by Schwinger, are 
calculated in lowest order perturbation theory. The parameters involved are then investi- 
gated to see whether a large muon self-mass is compatible with the observed magnetic 
moment of the muon. It is found that, with some reservations, they are compatible when 
the o-particle has scalar space-time character. 


1. Introduction 


Schwinger ') has recently proposed a comprehensive scheme for the classifi- 
cation of elementary particles and their interactions. A striking feature of 
this scheme is the introduction of a hypothetical o-particle, a massive spinless 
particle with the properties of a charge singlet in isotopic space — so far 
unknown among Bose-Einstein particles. Two of the main functions required 
of the o-particle in Schwinger’s scheme are: 

(i) It should interact with both leptons and the strongly interacting 
particles, thereby establishing a dynamical relation between them; 

(ii) It should serve to explain the very striking mass asymmetry between 
the charged leptons by attributing the large mass of the uw-meson to a 
comparatively strong interaction with the o-particle. 

However, as Schwinger points out, any proposed interaction must be 
reconciled with the apparent absence of appreciable non-electromagnetic 
interactions of the u-meson. Specifically, perturbation calculations applied 
to the interaction of charged particles with an external electromagnetic 
field will give for the anomalous w-meson magnetic moment 





a 

w= (1+ 5 +.) 
“It 
= f9(1.001), 


where « = e”/4z is the fine structure constant, and uw, = Dirac magnetic 
moment. This theoretical result is to be compared with the latest experimen- 


tal result ?), 
lu = fo (1.002-+-0.001). 
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In the development of his scheme, Schwinger initially accepts the o- 
particle as either scalar or pseudoscalar under space-reflection. Subsequently, 
however, he postulates scalar character of the o-particle in order to develop 
other ideas. The position adopted here is to leave the question open and 
consider both cases (with non-derivative coupling). 


2. Calculation 


In order to test Schwinger’s theory, the following investigations have been 
carried out using perturbation theory: (i) The second order u-meson self- 
mass 6m arising from the hypothetical o-interaction is calculated in the form 


6 A 
* . 4(«,4), 
m m 
where 


m = observed mass of the u-meson 


= 207 me, 
x = mass of the o-particle, 
g = coupling constant for the yu-o interaction, 


and 4 = momentum cut-off parameter. 


(ii) The bare mass, m,, of the u-meson is assumed to be approximately equal 
to the electron mass, 
Mo = Me - 


If the o-interaction gives the uw-meson its observed mass 
mM = M,+0m, 
then the following condition is imposed on the parameters g, x, A: 
om A 
om mw 1 = gt (=). (1) 
m m 


(ili) The contribution to the anomalous uw-meson magnetic moment due to 
the o-interaction is calculated in lowest order in the form 


Ou = Mo 
with 
B = g?h(k) 
and 
_ é 
Mo = an” 


(iv) Finally, we investigate whether or not it is possible to choose values of g 
and « such that 


O(g) < 0.001 
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while satisfying the condition (1) for some value of the cut-off 2. 
The results of these investigations are given below for the two cases. 


2.1. SCALAR o-PARTICLE 
In this case it is found that if A? > m?, then 











om g? 
om = 5 | —s 10g +4(0)| (2 
and 
g? 1 a3 4 
= — 3 
B al x*-+-(1—2x) ad ( ) 
where 
* a(4—2) (}n—2) 
— 5 d 4 
$n) = $+) ae 4) 
with 
Ke 
7; = po . (5) 


Now, 6m must be positive. The fact that the cut-off dependent term 
appears as — log(A/m) is therefore a serious drawback to the attempt to give 
the u-meson a large mass by virtue of its interaction with a scalar o-particle. 
However, 6m can be made positive in the following way. It is found that 
#(y) increases monotonically with 7, so that we can consider the asymptotic 
form of ¢(y) when is large. The integral in (4) can be evaluated explicitly 
and we obtain 





3 19 1 19 1 
$(n) = 3 log y+ 127 +0 (=) - =3 log — yn “os 127 +0 (<). 
Thus, if dm is to be positive, 9 (i.e., «) must be large, in which case 
m . K 19 
sl 5 tis! “ 
by (1). 
When 7 is large, 
-£ — (log n—3) (7) 
It is found that the condition 
O(B) s 0.001 
will only be satisfied if we allow 
A<k. (8) 


This is an undesirable feature, since we would like to have the momentum 
cut-off 4 greater than or equal to any physical mass occurring in the inter- 
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action. Suppose, however, we disregard this objection. Then, keeping in 
mind the assumption 4? >> m?*, and making «/A as low as possible, we find, 
for example, the following set of figures: 


2 2 
m 1 g 


aed annie Pe 
22 10 4a 

K 

— = 30 x 3 nucleon masses 
m 

n = 900 A ws nucleon mass 
K 

7 = V9 B 0.002 


£8 can be made smaller by increasing «; increasing A would require increas- 
ing « to maintain 
O(B) < 0.001. 
For a fixed value of A, increasing x decreases g? and so enhances the validity 


of a perturbation expansion. 
As regards a scalar o-particle, the conclusion is the following. Within the 


framework of perturbation theory and accepting the condition (8), the 
existence of an interaction of the w-meson with an extremely massive scalar 
o-particle would not be incompatible with the observed u-meson magnetic 
moment. The necessary o-particle mass would be 


x > 3 nucleon masses. 


2.2. PSEUDOSCALAR o-PARTICLE 
With again the assumption /? > m?, we obtain for this case 














6 . A 
moat 8g —#0 °) 
and 
__ st (t_at@—2) 
om EI, x*-+-(1—z) ” (10) 
where 
S mae 
z(n) = a+ | ree d (11) 


and 
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Neglecting O(1/n*) compared to I#y condition (1) becomes 





mI A 1 1)| 
l a a X 3 = & 12 
reat [198 — > og nH) (12) 
and 
8] = © - + Gog +32) (13) 
Srr2 ” 127° 


Consider the following values of « and A in nucleon masses for different 
orders of magnitude of g?, given that 


O(|8|) = 0.001; 
g? 
> = 10, n w 104, Kk w 10, A w 35; 
1 
g? 
gain, n w 10°, Kk ew 3, Aw 3x 108: 
. 
g? 
—* ro n ~ 10°, k wl, A = 10°. 
Sg 


These figures indicate that a reasonable value of « and a value of g? 
compatible with perturbation calculations only vindicate the o-u theory 
when a totally unreasonable value is placed on the cut-off 4. It is concluded 
that an interaction of the w-meson with a pseudoscalar o-particle is incompa- 
tible with the observed uw-meson magnetic moment. 


It is a pleasure to thank Professor Abdus Salam and Dr. P. T. Matthews 
for suggesting this problem and for helpful discussions. 
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LIFETIME MEASUREMENTS OF THE FIRST EXCITED STATES 
OF TP? AND Ra™ 
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Abstract: Half-lives Ty = (2.6+1.0) x 10-™ sec for the 40 keV state of Tl? and 7, 
(7.0+-1.0) x 10-!° sec for the 85 keV state of Ra®** have been measured by the line shift 
method ?»*) using extremely thin sources especially prepared for these measurements. 
The method has been checked by determining the latter half-life also from a delayed 
coincidence measurement, which gave 73 = (7.5+1.5) x 10~'® sec in good agreement with 
the first value. 


1. Introduction; the Line Shift Method 


L-conversion electrons de-exciting the first excited states of T1?°° and Ra?*4 
were focused in a magnetic lens spectrometer onto an anthracene detecting 
crystal; a thin (0.1 mm) plastic scintillator placed behind the source detected 
a-particles feeding these states. Coincidences were recorded between these 
a-particles and the conversion electrons. The conversion electrons selected 
in this way are emitted by recoiling nuclei shot out of the very thin sources 
within a certain solid angle. Their velocities are increased on the average by 
an amount 


V = j* (M,/Mexe. nucl.) 7 Fu (1) 


where M refers to mass, V to velocity and where / is a factor determined by 
geometrical conditions and source thickness; / would be unity in the ideal 
case of an “‘infinitely”’ thin source and if the coinciding «-particles and con- 
version electrons would always move in exactly opposite directions. In this 
case Doppler shifts of the conversion lines of 0.36 % for T1?°8 and of 0.18 % 
for Ra?*4 would be found. 

In practice, / is reduced by two effects which can be taken into account by 
writing / as a product of two reduction factors /, and f,: 

f, is the geometrical reduction factor, calculated from the solid angle 
subtended by the «-detecting scintillator (about 23 % of 47) and the average 
acceptance angle of the magnetic lens (27°). A value /, = 0.69 is found. 

/, is the factor by which the recoil velocity is reduced as a result of the finite 
thickness of the source and its penetration into the source backing. Values 
for /, will be given in sections 2.1 (T1?°8*) and 3.1 (Ra?®4*),. 
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In our experiments the position of the centroid of the L-conversion line 
coincident with «’s is compared with that of the L-conversion line anti- 
coincident with «’s (obtained by subtracting the coincidence spectrum from 
the single count spectrum). Since some electrons with a small component of 
the recoil velocity contribute to the anti-coincidence line, this line will also 
have a small Doppler shift. It is calculated that as a result of this effect the 
distance between the centroids of the coincidence and the anti-coincidence 
line is smaller by 12.3 % than expected from (1). The Doppler shift of the 
conversion line may be reduced by placing a very thin foil at a small distance 
@ in front of the source. This foil does not affect the conversion electron 
velocity appreciably, but stops all recoiling nuclei. By measuring the reduc- 
tion of the line shift as a function of source-to-foil distance, lifetimes down 
to 10-!" sec can in principle be estimated. 

In this way Burde and Cohen ') found 7; = (1.0.5) x 10~-™ sec for the 
40 keV state of Tl*°°, but as we have pointed out *) this value should be 
corrected considerably for penetration of source atoms into its backing, 
which occurs when the source is prepared by the usual recoil collection 
technique. It appeared to be worthwhile firstly to repeat the measurement 
with a source prepared in such a way that no penetration could occur, 
secondly to compare a result of the line shift method with one of the delayed 
coincidence method for a case within range of both methods. Such a case 
is met in the a-decay of Th**8 to the 85 keV state of Ra*** (Ty = 7.5 107"? 
sec) 4). In the next sections details and results of the line shift method and 
the delayed coincidence measurement are given. 


2. Half-life of the 40 keV Level of TI?” 


21. EXPERIMENTAL PROCEDURE 


Fig. 1 shows the source assembly mounted in our spectrometer: The 
source-holder (S) is screwed into a rigid plate (1); the stopping foil-holder 
(T) is mounted on plate (2) which is tightly fixed to the backing-plate at 
one end. In this way the second plate forms a rather hard flat spring. On 
this a very much softer one (3) is screwed, that can be bent by turning the 
screw C (pitch 0.33 mm). By turning C over 10° the axis C’ is displaced by 
9.2 uw and the stopping foil by about 0.2 u, the movement being quite linear 
for the range needed. The source foil consisted of 4 layers, the stopping foil 
of 1 layer of about 5 uwg/cm? zapon lacquer. Both foils were covered with 
about 15 ug/cm? Al, the aluminized sides facing each other. According to 
measurements by Cohen e¢ al.*), this thickness of the Al-layer is sufficient to 
stop all recoiling nuclei. 

Our Th(B-++-C) sources were prepared in the following way: with a drop of 
very pure HNO,, diluted in some drops conductance water, the activity was 
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extracted from a carefully cleaned Pt-electrode on which some Th(B+C) 
had been collected from an emanating RdTh source. The liquid took a fair 
part of the activity from the Pt-electrode. A droplet of this liquid was put 
on the source foil and evaporated just to dryness under an infrared heating 
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Fig. 1. Mounting of source and stopping foil and mechanism for varying the distance between 
these foils in the range of 1 yw. 


lamp. In order to avoid the forming of a ridge along the edge of the drop, 
this edge was shielded somewhat from the heating lamp. In this way we got 
sources of sufficient activity, invisible under a microscope. From the obser- 
ved maximum line shift, a mean velocity loss of the recoil-nuclei of about 
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10 &% of the initial velocity was deduced (f, = 0.9), showing that the sources 
were very thin. 

After screwing the source-holder (S) into the backing-plate, plate (2) 
with stopping-foil holder (T) was fastened tightly to it. The stopping foil 
was adjusted parallel to the source foil with three screws B (one of 
them is drawn in fig. 1) looking at the interference pattern with a simple 
interferometer. Both foil-surfaces had to be absolutely dust-free, since dust 
particles would prevent us from bringing the foils in contact over the whole 
surface at the same time. 

As the exact location of the source could not be seen, it proved to be very 
useful to be able to shift the source assembly perpendicular to the axis of the 
spectrometer. This movement was provided by excentric pins at the ends of 
the shafts A, and A,. Thus the source could be adjusted from the outside to 
give a well-shaped conversion-line; the F-line of ThB was used for this 
purpose. The diaphragms were set to give a line-width of about 1 % (trans- 
mission about 2 %). 


2.2. LINE SHIFT RESULTS 


Fig. 2a summarizes the measurements with two sources. The horizontal 
errors include the inaccuracy in the zero foil distance setting. The line shift 
as a function of the stopping foil distance d from the source is expressed by 
/(d). (f{(c) = f.) In a first approximation one expects a dependence 1 — 
({(4)/f) = e~4 with 4 = dln 2/VT, (broken line in fig. 2b). A more careful 
analysis, accounting for the contributions of the various directions of recoil 
nuclei to the Doppler shift yields a theoretical dependence of /(d)/f on A 
represented by the solid lines in figs. 2a and 2b. Using the value V obtained 
from eq. (1) by putting / = /,/, = 0.69 x 0.90 = 0.62 the best fit between 
the broken line of fig. 2b and the experimental points is obtained for 
Ty = 2.6 10-™ sec with an estimated standard deviation of +1.0 10-™" 
sec. 


3. Half-life of the 85 keV level of Ra? 
3.1. MEASUREMENT WITH THE LINE SHIFT METHOD 


As this half-life is about 300 times longer than the former, the distance 
between source and stopping foil must be made larger by the same factor. 
Therefore we did not use the flat springs (2 and 3), but attached a holder 
carrying the stopping foil directly to axis C’. 

Sources were prepared by adding some drops of conductance water to 
carrier-free RdTh (obtained from Harwell) and putting one droplet on an 
0.8 mg/cm? mica foil. This was dried under an infra red heating lamp. 
Then the mica foil was pressed against a tungsten ribbon and heated in 
vacuum to a temperature of about 1000° C. In this way we managed to get 
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rid of impurities and of a part of the decay products which could give rise to 
a lower value of V and to a background of betas. 
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Fig. 2. Result of the line shift measurement of the 40 keV level of T1?. 
a. observed line shift relative to the maximum shift plotted as a function of source-to-foil 
distance d. 
b. line shift plotted on a logarithmic scale as a function of the source-to-foil distance expressed 
in A = dln 2/VT ,. The best fit is obtained for Ty = 2.6 x 10-1! sec. 
The solid lines give the theoretical dependence of /(d)/f for this value of 7}. 
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As a figure of merit for the degree of purification of the source foil from 
decay products we used the ratio of the intensity of the well-known F-line 
and the measured 66 keV L-lines. 

This ratio was somewhat smaller than 4 of the value found for a source in 
which the decay products are in equilibrium. The activity of the sources was 


of the order of 1 wC. The diaphragms of the magnetic spectrometer were 
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Fig. 3. Result of the line shift measurement of the 85 keV level of Ra®*. 
a. observed line shift relative to the maximum shift plotted as a function of source-to-foil 
distance d., 
b. line shift plotted on a logarithmic scale as a function of the source-to-foil distance expressed 
in A = dln 2/VTy. The value Ty = 7.0 10-' sec gives the best fit. 
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set to a linewidth of 1.2 % in the first measurement and of 0.9% in the 
following two series of measurements. 
V was derived again after each series of measurements by comparing the 
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Fig. 4. Prompt (Co®) and delayed (RdTh®**) coincidence rate as a function of the inserted 
delay. Chance coincidences have been subtracted. 


observed maximum shift with the calculated one. The average velocity loss 
was (12+ 12) % for the three different sources used (/, = 0.88-+- 0.12). This 
value was used in composing fig. 3 from the three series of measurements. 
From these 7; = (7.0+1.0) x 10-1 sec was deduced in the same way as 
described in section 2.2. 
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3.2. MEASUREMENT WITH THE DELAYED FAST-SLOW COINCIDENCE METHOD 


For this measurement a fast slow coincidence circuit similar to that intro- 
duced by Bell, Graham and Petch ®) was used. The magnetic lens spectro- 
meter, now adjusted to 6 % transmission, again selected the L-conversion 
electrons, and a plastic scintillator, now 2 mm thick, accepted the «-particles 
within a solid angle close to 30 % of 42. Some details of this measurement 
have been given previously *). 

The delayed coincidence curve of RdTh was carefully compared with one 
obtained from a Co® source by measuring coincidences between /-particles 
focused on the electron detector and Compton electrons accepted by the 
plastic scintillator. A 80 mg/cm? Al-absorber was placed between source and 
plastic to prevent any f-particle from reaching the scintillator. Exactly 
the same adjustment of the whole apparatus was used in both cases. The 
centroid shift of the RdTh-curve relative to the Co® curve (fig. 4) which 
equals the experimental lifetime *) was found to be 


Texp = (10.2+1.6) x 10~" sec 
while a Newton‘) analysis yields 

Texp = (11.4+1.6) x 10-" sec. 
Averaging these two values we obtain 


Texp = (10.8-2.2) x 107° sec 
or 
Ty = (7.5+1.5) x 107° sec. 


4. Discussion 


We see that the measurements of the half-life of the 85 keV excited state of 
Ra**4 using two different methods are in good agreement, which adds to our 
confidence in the result for the half-life of the 40 keV state of T1?®. 

Asaro, Perlman and Stephens §) find an experimental total conversion 
coefficient «to, = 16 for the 85 keV transition in Ra?**, Using this value we 


propose a lifetime t, = (17.7-+2.5) x 10~® sec, as an average of both measure- 


Y 


ments. From this an intrinsic quadruple moment |Q,| = (7.2.0.7) x 10~*4 
cm? is deduced for the nucleus Ra‘, fitting well in the Qj versus A curve 
given by Alder et al.®). 

From the experimental lifetime found for the 40 keV excited state of 
T1?° we deduce t, = (1.20.5) x 101° sec assuming a conversion coefficien- 
Xtot = 19.6. De Shalit 1°) has calculated lifetimes for several possible cont 
figurations of the nucleus Tl]? on the basis of the shell model. Our result 
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agrees best with the value rt, = 1.8x10~™ sec which is found for a 
(sy, gg)-configuration. 


5. Final Remarks 
5.1. RESIDUAL LINE SHIFT 


A small line shift remains for d = 0. (The figs. 2 and 3 are corrected for 
this residual shift.) In our measurements this is about 5 % for T1?°8* and for 
Ra?*4* about 10 % of the maximum shift observed. This residual shift can 
be explained by 

a) different absorption of the conversion electrons emitted by “‘coincident”’ 
and “‘anti-coincident’’ nuclei respectively, 

b) the additional velocity of the very small fraction of electrons emitted 
by excited nuclei in the source- and stopping-foil respectively before they 
have come to rest. 

The latter effect becomes smaller as the lifetime of the excited state 
becomes larger and may be entirely neglected in the Ra**4* measurement. 
Using for this case a figure of Paul and Steinwedel “), we find that this 
residual shift corresponds to an energy difference of ~ 20 eV of the coin- 
cident and anti-coincident electrons. From this a mean recoil range = 4 
ug/cm? for the Ra?*4* nuclei in mica and Al is deduced. This agrees reaso- 
nably with the value reported by Cohen e¢ al.*). 


5.2. DUST-FREE SOURCES 


It is hard to make dust-free sources, therefore all foils and sources have 
to be prepared in a dust-free box. Yet, only 2 out of more than 20 Th(B+-C) 
sources made for the T1* lifetime measurement proved to be clean. 


5.3. APPLICABILITY OF METHOD 

The most important difficulties arising in this kind of experiments are that 

1) the measurements consume a long time, and that 

2) the sources must be very thin. 

These circumstances limit the applicability to cases in which the parent 
nucleus has a lifetime not shorter than about one day nor longer than a few 
decades. The transition considered should be fed by a nice «-branch and it 
should be appreciably converted. 

In some cases the result may be affected by «’s feeding a higher excited 
state that decays by y or e~ emission to the excited state considered. In the 
RdTh-decay the 217 and 253 keV states are such, but here the correction for 
these ‘‘false’’ coincidences is negligible. 

In table 1 cases are summarized where the line shift method as described 


above is applicable. 
Using a double focusing electron spectrometer with extreme resolution as 
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TABLE 1 
Multipole 
Energy (MeV) transition Maximum |  ralf-life Half-life . 
Parent | Daughter : de-exciting shift in oo ine : According 
RRR ppiee st: vine of « feeding en shin observed expected to 
the state (sec) (sec) 
(keV) | % | for | 

Bi2!! | T1207 6.273 | M1(+E2)| 353 0.11 | ex | Ss 3x 10-’ | 33 x 10-" s.p. model 
Biz | T1208 6.04 Ml 40 0.36 | e, 2.6 x 10-12) 4x 10-12 de Shalit ') 
Ras | Rn 5.704 M1(+E2)| 154 0.23 | ex 0.25x10-™ | s.p. model 

5.569 M1(+E2)} 268 0.18 | ex 0.55 10-12 | s.p. model 
Ac?5 =| Pr22t 5.6 - 220 | 0.14] e~ | < 10-9 
Th? Ra??? 6.220 E2 111.1); 0.17} eg |< 1.5x10-° 
Th??? Ra*?s 5.972 E2 61.6 | 0.24 | e 
= | Ra?*4 5.338 E2 84.47; 0.18 | e, | 7.2 x 10-1° 
[280 | Thee 5.813 E2 72 0.21] e w 10° coll. model 
us =| «Thee 5.261 E2 57.9| 0.23 | e, | < 210-8 
Purse =| [282 5.75 E2 45 | 0.31] e, | 
Puss U2 5.452 E2 | 42.6) 0.29| e, | << 5x10-1 












































described e.g. by Siegbahn and Edvarson !*) to measure line shifts, lifetimes 
might be determined for some additional cases. 


The authors owe Professor H. Brinkman a great debt of gratitude for 
having made it possible for them to perform these measurements and for 
reading the manuscript. Many thanks are also due to Mr. A. J. Wagner, 
Mr. K. G. Dik and Mr. G. T. Pott for their able and untiring assistance 
during various stages of the experiments and calculations. 
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CORRELATION ANGULAIRE DES PAIRES DE CONVERSION 
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Abstract: The multipolarities of the 6.09 MeV transition in C' and of the 5.69 MeV transition 
in N!*, obtained by bombarding C!* with 1.2 MeV deuterons, are determined by measuring 
the angular correlation of internal conversion pairs. As the resolution of the internal pair 
spectrometer utilised does not allow one to distinguish between these two transitions, 
the correlation is studied together for the two transitions, their relative intensities being 


measured with an external pair spectrometer. 
The experimental results are compatible only with the spin / = 1~ for the 6.09 MeV 
level of Cl and agree with the value / = 1+ for the 5.69 MeV level of N*. 


La mesure de la corrélation angulaire des paires de conversion interne a 
déja été utilisée pour déterminer l’ordre de multipolarité des transitions 
électromagnétiques +7), Nous avons mis au point un spectrométre beta a 
scintillation destiné 4 mesurer la corrélation angulaire des paires provenant 
d'une transition bien déterminée. La partie électronique de ce spectrométre 
est décrite dans une communication précédente %). 

La boite de corrélation est une grande cloche a vide (1 métre de diamétre 
et de 1 métre de hauteur) dans laquelle se trouvent les scintillateurs plasti- 
ques (50 % du rendement lumineux de l’Anthracéne) destinés a détecter les 
négatons et les positons, les photomultiplicateurs et les ,,cathodes follower’. 
Aucune matiére n’est ainsi disposée entre la cible et les cristaux et en outre 
les bords de la cloche sont trés éloignés de ces derniers; ceci a l’avantage de 
réduire au minimum toute diffusion possible des électrons et ainsi de per- 
turber le moins possible la corrélation angulaire. La position angulaire des 
photomultiplicateurs est réglable de l’extérieur. 

La résolution de ce spectrométre est de 12 °{ pour la raie monopolaire de 
O16 (5.03 MeV). Cette résolution ne nous permet pas toujours de séparer des 
transitions trop voisines énergétiquement comme cela est souvent le cas 
dans les réactions induites par deutérons. Aussi employons-nous la méthode 
suivante: nous mesurons 4a la fois la corrélation angulaire des paires de 
conversion interne provenant des deux transitions, l’intensité relative des 
paires étant déduite auparavant de la mesure de l’intensité relative des 
rayonnements gamma provenant de ces deux mémes transitions. Cette 
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derniére mesure est effectuée au moyen d’un spectrométre a paires externes 
a trois cristaux Nal. La résolution de ce spectrométre est de 5.5 % pour la 
raie 5.11 MeV provenant du rayonnement gamma 6.13 MeV de O"*. A cette 
énergie la proportion de ,,Bremstrahlung”’ des électrons dans le cristal Nal 
central est trés importante, cette proportion a été mesurée expérimentale- 
ment et trouvée comparable a celle calculée d’une fagon analogue a celle de 
H. I. West et G. Mann £). 

Nous avons appliqué cette méthode aux niveaux 6.09 MeV et de MC et 
5.69 MeV de !4N (60 keV) obtenus en bombardant par des deutérons de 1.2 
MeV. A cette énergie le niveau 5.83 MeV du #4N n’apparait pas encore 5). La 
mesure au spectrométre a paires externes de |’intensité relative de ces deux 
transitions donne 65 % 6.09 MeV et 35 % 5.69 MeV (fig. 1). 
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Fig. 1. Spectre des rayonnements gamma obtenus en bombardant une cible de 18C de 60 keV 

d’épaisseur par des deutérons de 1.2 MeV. Ce spectre est obtenu au moyen d’un spectrométre 

a paires externes a 3 cristaux. Le forme des courbes pour les rayonnements gamma de 6.09 MeV 

et 5.69 MeV laisse apparaitre une grande proportion de ‘‘Bremstrahlung’’. Cette proportion 

est déduite du spectre du rayonnement gamma de 6.13 MeV obtenu par la réaction }®F (p, «) **O 
a E, = 340 keV. 


Pour la mesure de la corrélation angulaire des paires de conversion interne 
une discrimination de 2 MeV a été utilisée afin d’éliminer toutes coincidences 
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gamma — gamma et gamma — neutron provenant des niveaux 2.31 MeV, 
3.95 MeV, 4.91 MeV, 5.10 MeV et 5.69 MeV de #4N. 


La figure 2 montre les courbes théoriques qui sont calculées a partir de 
l’expression 
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Fig. 2. Corrélation angulaire des paires de conversion interne. Les courbes théoriques et les 
points expérimentaux sont normalisés a 75°. 
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ou y, sont les fonctions de corrélation théoriques correspondant a une 
transition d’énergie et de multipolarité données et a une répartition d’énergie 
donnée entre le négaton et le positon. 

Ainsi ces courbes théoriques tiennent compte de l’intensité relative des 
deux transitions, de l’influence de la différence d’énergie et de la multi- 
polarité de ces transitions sur le coefficient de formation de paires internes et 
enfin de la discrimination relative différente pour les deux transitions. 

Le résultat expérimental laisse apparaitre que la transition la plus intense 
(6.09 MeV) est dipolaire électrique et que la transition la moins intense 
(5.69 MeV) n’est probablement pas dipolaire électrique mais plutét quadru- 
polaire électrique ou dipolaire magnétique. 

Ces résultats sont donc en accord avec I|’attribution du spin J = 1~ pour 
le niveau 6.09 MeV de *C et attribuent d’autre part au niveau 5.69 MeV de 
14N la parité + et un spin J = 0, 1 ou 2. Le spin J = 0* est éliminé auto- 
matiquement par la présence d’une transition gamma menant au niveau 
2.31 MeV (J = 0*) et de plus le niveau 5.69 MeV se désexcitant dans 65 % 
des cas par l’intermédiaire du niveau 2.31 MeV (J = 0*) et seulement dans 
35 % des cas directement au niveau fondamental (J = 1*), le spin J] = 1+ 
pour le niveau 5.69 MeV est bien plus probable que / = 2+ ®). 
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A VARIATIONAL PROCEDURE FOR HARD CORE POTENTIALS 
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Abstract: A variational procedure proposed by Laurikainen and Euranto for the treatment 
of the deuteron problem has been generalized as to include hard core potentials. The 
procedure can, probably, also be applied, if tensor forces and LS-forces are introduced. 
Numerical results are presented for the case of pure central forces. 


Euranto and one of us (K.V.L.) have proposed a variational procedure for 
the numerical treatment of the equation *) 




















d*¢ | 2, “d+1) | 
— ——— —b —-|¢= l 
eC Uhl sta (1) 
and also for the equation system *) 
d2 —o2x =_ —T2& 
f° (a0) 4,4 2V2 yb jeg = 0 

dz? ox TH 

d? dy (x2 6 5) a 2/3 P = (2) 

da? a ox boty tx F(x) ( do—22) = 9, 


which appears in the theory of the deuteron in the case of tensor forces. The 
procedure is a generalization of the method, which Hulthén has used for 
eq. (1) in the case / = 045). The main idea is as follows: 

In the case of eq. (1) one has to search for a function ¢(2) which gives an 
extremum for the integral 


I=], (r+ (Hele @ 


with the accessory condition 








N =| is ¢* dx = const., (4) 
0 pe 
and, in addition, satisfies the usual boundary conditions, viz. (0) = (00) 
= 0. Analogously, the eigenvalue problem corresponding to the system (2) 
can be reduced to the following variational problem: 
Search for the extremum of the integral 


t On leave from University of Turku, Finland. 
tt Permanent address: Turku, Finland. 
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y=] (geragsrerdt (12+ 5) $4} ax (6) 
with the two accessory conditions 
N, = f » oe (ho?-+¢,”)dz = const., (6) 
0 ox 
N,=2 ‘ — j (x) (2V2 b9¢0—42)dx = const., (7) 


besides which ¢,(x) and ¢,(#) have to satisfy the boundary conditions 
$;(0) = $,(00) = Of = 0, 2). 

According to the method of Ritz, these variational principles can be 
employed to get approximate solutions for the eigenvalue problems connect- 
ed with eq. (1) or the system (2), if one chooses an approximate trial 
function ¢(x), or correspondingly trial functions ¢,)(#) and ¢,(#), which 
contain some adjustable parameters. These parameters are then determined 
according to the variational principle. The usefulness of the method depends 
essentially on the more or less successful choice of the trial functions. 

In the case of equation (1), the following trial functions have turned out to 
give very satisfactory results: 


n 


for 1 = 045): ¢=e"*(1—e*) Sh,e-* 














i=0 
» 1—e-* n 
for?=11): ¢@=e-*(1l—e-*)?/k+ : | > h,e-* (8) 
L. x i=0 
- 1—e-* __e-*\27) n 
for/=21): @?=e*(1—e~*)3 | k?+-3k +3( | > h,e-*. 
a i=0 
ho, Ay, ..., h, are the adjustable parameters. In the case of the system (2), 


the trial functions used in ref.*) are 


oy = e-*(1—e-*) > h,e-™ 


i=0 








1—e-* l—e-*\?] n 
gd, = e—**(1—e~*)? [At 3h +3 ( ; | > H,e™, (9) 
x j=0 
where again /y,..., h,, and Hy,..., H, are the adjustable parameters. 


Some calculations have now been made in order to generalize these 
variational procedures to the case of the hard core model. Here we only discuss 
the single eq. (1). If 2 = a, corresponds to the hard core radius, we have to put 
@ = 0 for 0 S x < a, and to apply the boundary conditions in the form 


$(%) = $(00) = 0. (10) 


The variational principle has now to be applied to functions which satisfy 
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these conditions, and thus the integrals J and N need only to be taken 
from 2, to oo. Hence the variational principle takes the form: 
Search for the extremum of the le 


with the accessory coniiidens 
© ome 


when the function ¢ has to satisfy the boundary conditions (10). 

In the neighbourhood of the point « = a», the function ¢ has to behave 
like the first power of (z—a,). (If the derivative ¢’ also vanishes at the point 
x = 2», the corresponding solution of eq. (1) vanishes identically.) We have, 
therefore, chosen the following trial functions (compare ref. *)): 


for] = 0: ¢=e-*(1—e-*) ¥ hye, 














i=0 
q 1—e-*] » 
for/=1; @ = e**(1—e-*) | k+ > h,e-*, (13) 
‘ g i=0 
j I—es fet} 2. 
for] = 2: ¢ = e**(1l—e-5) | k?+-3k P +3{ ~ > h,e-*, 
L. S i=0 
where 
& = 1—2X. (14) 
The integrals J and N are now of the form 
J =Leghih (15) 
i, j=0 
and 
N= Yd,h i h;. (16) 
i,j=0 


The coefficients c,,; and d,, can all be expressed with the aid of the integrals 
F,,( ) r Ss am (17) 
a\P» 9.7%, %) = 
’ q o gt (§+2)’ 


where y can be 0, 1, or 2. Without cut off, only the case ry = 0 appears. 
As an example, we give the expressions for the coefficients c,, and d,,; in the 
case l=1, k= 0, and w=1: 





¢,, = 2F, (4, 1; 2; i+7)+ijF (4, 1; 0; i+]) 
+F(4, 3; 0; i+7)+4F(2, 1; 0; i+7+2) (18) 
+ (i+7)F (4, 2; 0; i+7)—2(i+7)F (3, 1; 0; 2+7+1)—4F (3, 2; 0; i+7+1) 
d,, =e F, (4, 1; 134+7+1). 
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The variational principle leads now, if a Lagrange multiplier A is intro- 
duced, to the equation system 


O(s=0, 1, ..., #), (19) 


which is linear and homogeneous with respect to the parameters h,. If & is 
given, one gets the multiplier 4 from the determinant equation. This multi- 
plier turns out to be identical with the eigenvalue parameter b. (The alge- 
braically smallest root A, gives the lowest eigenvalue 0,.) The ratios h,/hg(t = 


1,..., #) can then be calculated from the system (19), and h, is determined 
by the normalization condition 
co n 
| ¢dz = > ¢,,h,h, = 1, (20) 
Lo i, j=0 


where again the coefficients e,, can be expressed with the aid of the integrals 
(17). 

We give here some numerical results which correspond to the casek=0, u= 1. 
In order to give an idea of the convergence, we have, successively, chosen 
n = 1, 2, and 3 in the trial functions (13). 

As the hard core radius we have taken the value 0.3 of the dimensionless 
quantity 2. 

TABLE 1 
The case k=0,1=0 












































8 | by hy|No | halho hho 
] | 3.255234 0.147 | _— — 
2 | 3.242175 0.489 —0.420 - 
3 3.24215 0.470 — 0.360 — 0.0456 
TABLE 2 
The case k=0,1/= 1 
n b, h,|No Nglho hg|ho 
l 10.47594 — 3.465 os — 
2 10.44979 0.182 — 0.501 — 
3 10.449745 0.173 —0.473 — 0.0197 
TABLE 3 
The case k=0,1=2 
we by hy|ho ha[ho hs|ho 
l 22.92978 — 0.643 -- —_— 
2 22.91305 — 0.332 — 0.320 — 
3 22.90896 — 0.0570 —1.184 0.5184 
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For the sake of comparison we give also results obtained in the case 
k = 0 without hard core *): 


l= 0: b, = 1.679812, 
l=1: b, = 9.08197, 
| = 2: b, = 21.89500. 


This variational procedure may also be applied if the hard core is intro- 
duced into the equation system (2). The numerical work can be reduced by 
more than one half if a table of integrals (17) is computed. Two such tables, 
one for the case y = 0, the other for the integrals needed for cut off poten- 
tials (y = 1, 2), will be published in the Annales Universitatis Turkuensis. 
In this connection we shall also investigate more closely the introduction of 
the hard core in the case of the coupled system (2). 

Another method of generalizing the variational procedure of ref. *) to the 
case of hard core potentials has been proposed by Pluvinage and Proriol ®). 


We wish to thank the NORDITA for the financial support which has 
made possible our stay in Copenhagen. Preliminary work in Finland has been 
supported by the Eemil Aaltosen Saatié and the State Commission for Natural 


Sciences. 
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ON THE CONNECTION BETWEEN DEGENERACY AND 
ROTATIONAL STATES IN THE NUCLEAR SHELL MODEL 
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Department of Physics, The Weizmann Institute of Science, Rehovoth, Israel 
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Abstract: A method, applicable in systems where a degeneracy exists between states having 
different angular momenta, is presented for constructing the collective angle co-ordinate 
required for the description of rotational states. It is shown that the collective description 
can also lead to rotational bands having only a finite number of states. 


1. Introduction 

1.1 THE CONFIGURATION-MIXING MODEL 

Elliott has recently shown !) that the characteristic features of rotational 
states can be obtained in a shell-model treatment of a system of particles 
moving in a harmonic oscillator well. By mixing configurations which happen 
to be degenerate in the harmonic oscillator case, one can obtain sets of states 
which have some of the properties of a rotational band. They are a series of 
states having the proper values of the total angular momentum. The 
expectation values of certain operators, such as the quadrupole moment, are 
related in a simple manner similar to that predicted by the collective model ”) 
for all states of the band. These states were found using the invariance of the 
harmonic oscillator Hamiltonian under the transformations of the three- 
dimensional unitary group. Furthermore, a particular residual two-body 
interaction has been found which removes the degeneracy and results in 
rotational spectra proportional to L(L+1), where L is the total orbital 
angular momentum. However, the number of states in each band is finite; 
there is a maximum value of L for each band, above which no states are 
found. This is not in accord with the usual interpretation of the collective 
model which predicts either an infinite number of states or a gradual break- 
down of the model at high rotational excitation, but not a sharp cut-off in the 
spectrum. 
1.2. THE BOHR-MOTTELSON CONDITIONS FOR ROTATIONAL SPECTRA 

Bohr and Mottelson **) have shown that rotational states exist in systems 
where an angle variable t operator @ can be found which satisfies the follow- 
ing two conditions: 

t The treatment presented here, using only a single angle and a single angular momentum 
operator, is applicable directly only to two dimensional rotations or to rotations in three 


dimensions about a single axis found in space. The generalization to the full three-dimensional 
case, however, is straightforward. 
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1. It should be canonically conjugate to the total angular momentum: i.e. 
it should satisfy the commutation relation 


2. Its time derivative must be the angular momentum of the system /, 
divided by some constant; i.e. it should satisfy the commutation relation 


[H, 0] = ik? J/F (2) 


where H is the Hamiltonian of the system. 

A variable 6 satisfying these conditions can be used to define a canonical 
transformation from the individual particle representation to a collective 
representation, in which % appears as the moment of inertia. 

An equivalent statement of these conditions which is more suitable for our 
purposes f is the following: We require the existence of a unitary operator 
exp 7M6, where M is any integer, satisfying the relations 


UJ, efMO) ai Met”? (1’) 
(H, gr) — hi? M ( Je*™?+-e™? J) /27. (2’) 


The purpose of this work is to show how an angle variable satisfying the 
Bohr-Mottelson conditions can be defined in certain cases, like that of the 
harmonic oscillator shell model, where there is a degeneracy of states having 
different angular momenta. This might imply that states having properties 
of rotational bands can be constructed whenever the system possesses a 
degeneracy characterized by the existence of operators which commute with 
the Hamiltonian but not with the total angular momentum, or whenever the 
Hamiltonian is invariant under a group of transformations which does not 
commute with the three dimensional rotations. 

The treatment presented here also shows how certain singularities in the 
angle variable can resolve the apparent contradiction between the infinite 
number of states appearing in the collective model and the finite number of 
actual states of the system which are obtained in certain cases, like that of 
the harmonic oscillator. 


2. Construction of the Collective Angle Variable 


In certain simple cases where degenerate states of different angular mo- 
menta occur, such as the hydrogen atom and the multi-dimensional harmon- 
ic oscillator, the degeneracy can be associated with the existence of an 
operator which is an integral of the motion (i.e. it commutes with the 
Hamiltonian) and which does not commute with the total angular momen- 
tum®*), The existence of an operator A satisfying the relations 


t It has been pointed out that certain difficulties are encountered in the use of 6 directly as 
an operator. These are avoided by the use of periodic functions of 8, such as exp iM@. 
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[A,H]=0 
[J, A] # 9, 


requires degeneracy between states having different values of J. In the 
representation with H and J diagonal, A cannot be diagonal and will have 
matrix elements connecting states having the same energy but different 
angular momentum. Operators satisfying the condition (3) always exist when 
there is a degeneracy between states of different angular momenta which 
is characterized by the invariance of H under a group of transformations. 

In a system where an operator A exists satisfying the conditions (3), 
then the operators JA, [ J, A] etc. will also satisfy these conditions of the 
Hamiltonian is rotationally invariant. From these operators one can con- 
struct a series of operators 7, which transform under rotation like an irre- 
ducible tensor of degree k, and all of which satisfy the conditions (3). 
From these tensor operators, one can construct the angle operators 6 
satisfying (2). One possible angle operator would be the function of the 
components 7), specifying the orientation of certain principal axes of the 
tensor with respect to a set of axes fixed in space. Since 6 is a function of the 
7s which all commute with H, @ also commutes with H. 


[H,60] =0 (4) 


@ therefore satisfies the Bohr-Mottelson conditions (1) and (2) corresponding 
to an infinite moment of inertia implying the existence of sets of states 
having rotational properties which are all degenerate. 

If the degeneracy is removed by adding an interaction, there is no guaran- 
tee that the rotational spacings proportional to J(J-+-1) will be obtained. 
However, it is very tempting to look for such an interaction in addition to 
the trivial one J?. This interaction should satisfy the relations 


[v,H] =0 
[v, 0] = —ih2J/%; or [v, e!@?] = h?M(Je™?+e™? J) /2s. 


One possible approach in looking for a suitable operator v is to use func- 
tions of the components of the tensor used to define 0. If the tensor is the sum 
of single particle operators, then quadratic functions of the tensor components 
will have the form of two-body forces (plus a self-energy term which can be 
added to the single particle potential). If these tensor components are 
infinitesimal transformation operators belonging to a group under which H 
is invariant, then the Casimir operator of the group will commute with both 
H and 9. Thus any linear combination of this Casimir operator and /? will 
satisfy the relations (5). 

In the simple example of the two-dimensional harmonic oscillator treated 
in the appendix, the operator @ and a possible interaction v are constructed, 
using this method. 


(5) 
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3. The Case of Spectra having only a Finite Number of States 


The method described in the preceding section is apparently applicable to 
cases, like that treated by Elliott, where there are only a finite number of 
degenerate states having a given energy. There can therefore be only a finite 
number of independent linear combinations having collective properties. 
However, in the usual interpretation of the collective model, the existence of 
a collective degree of freedom which is exactly separable from the other 
degrees of freedom of the system implies the existence of an infinite number 
of rotational states. In fact, the existence of a unitary operator exp 1M0 
satisfying relations (1’) and (2’) with 4% = oo would itself seem to imply the 
possibility of constructing an infinite number of degenerate states. This can 
be shown as follows: Let yyy ~, be an eigenfunction of the angular momentum 
J and of the Hamiltonian H with eigenvalues M’ and E’ respectively. Then 

or Yu’, E’ = Y(M+M’), EB’ (6) 
is another eigenfunction having the same energy and having the angular 
momentum M-+M’. By repeated application of this procedure, an infinite 
number of degenerate states can be constructed having angular momenta 
M’, M'+M, M’+2M, etc. Since the operator exp 7M is unitary, there is no 
possibility that any of these states can vanish. 

To see what actually occurs when the method described above is used in a 
case where only a finite number of states exists, let us consider the simple 
example of the rotation of a spherically symmetric system about an axis 
fixed in space. Let this axis be the z-axis. Since the system is spherically 
symmetric, J, commutes with H; but also J, and J, commute with H and 
they do not commute with /,. J, and J, are thus operators of the type “‘A’”’ 
in eq. (3) with respect to /, and indicate the existence of the well known 
degeneracy between states having different eigenvalues of J,. However, we 
know very well that there are only a finite number of degenerate states 
having angular momenta from —/J to +, where / is the total angular 
momentum. 

From the operators J,, J,, and J,, an angle operator can be defined by the 
relation 


ef? = (J2+tJy) (JA+J,*—J.)-*. (7) 


This operator satisfies the conditions (1’) and (2’) with 4% = o. 

Thus we might expect to construct an infinite number of degenerate states 
by repeated application of eq. (6). However, we note that when operating on 
a state of maximum /, in a given band (M = /), the operator (7) is equal 
to 0/0 and is undefined. This singularity does not prevent the operator from 
being used to generate the entire band from a single state and to define a 
singular canonical transformation to a collective representation. However, it 
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does prevent the construction of more than the proper number of states. 
The details of the behaviour of wave functions under singular canonical 
transformations of the type defined by the operator (7) will be considered in 
a subsequent paper. The results show that although an infinite number of 
rotational states can be written formally in the collective representation, 
only a finite number correspond to real states and can be transformed back 
to the particle representation. 

The same type of singularity is present in the case of the two-dimensional 
harmonic oscillator treated in the appendix. 


4. Conclusions 


We see, therefore, that in systems where there are sets of degenerate states 
having different angular momenta, one may be able to find a description in 
terms of rotational states. In particular, if there are several degenerate states 
for each value of the total angular momentum, one may expect to find linear 
combinations of these states having the properties of a rotational band. This 
may offer a possibility for finding a bridge between the shell model and the 
collective model which does not depend upon the incidental degeneracy of 
the harmonic oscillator potential. In any single particle model of the nucleus, 
there is a degeneracy of states having different values of the total angular 
momentum; namely those states in which the angular momenta of particles 
in the same shell are coupled in different ways. There may also be several 
degenerate states having the same angular momentum. If it is possible to 
treat this degeneracy by the method described here, one may be able to mix 
shell model states within a single configuration to obtain linear combinations 
having rotational properties. One may also gain insight into the specific 
forms of the residual interaction which lead to rotational energy spectra. 


The author wishes to express his appreciation to I. Talmi for stimulating 
discussions and for his reading and criticism of the manuscript. 


Appendix 


An example of a system having degenerate states which can be combined 
to form rotational bands is the system of particles moving in a harmonic 
oscillator well '). To illustrate the existence of the tensor operator satisfying 
the conditions (3), the angle variable satisfying the Bohr-Mottelson condi- 
tions (1) and (2) and a residual interaction satisfying the conditions (4), let us 
consider the two dimensional case, described by the Hamiltonian 


H = > (b5,+05,+%+9}), (A.1) 


where 2;, y;, p,,, and p, are the co-ordinates and momenta of the 7-th 
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particle and the constants of the oscillators have been chosen to make all the 
coefficients in (1) equal to unity. As has been pointed out ®®), the second 
rank tensor having components 


Cy = ¥ [(@at—y2) + (62-02) 1/24 
. (A.2) 
C,= > (2: Y:t+Pe,Py,)/h 
are integrals of the motion, commuting with H, but not with the total 
angular momentum L. In fact, they satisfy the relations 


[L,C,] = BC, 
[L,C,] = —21C, (A.3) 
[C,,Co] = BL. 


The angle variable 6 defining the orientation of the principal axes of the 
tensor C can be defined by the relation 


e2 — (C,+4iC,)(Cy2+C2—2L)-4. (A.4) 


It is evident by direct substitution that (A.4) satisfies the Bohr-Mottelson 
conditions (1’) and (2°). 

We note that the operator defined by (A.4) is singular in the same manner 
as that defined in the simple case of eq. (7). There will therefore be only a 
finite number of states in each rotational band. Furthermore, eq. (A.4) 
defines only exp 220 and exp 76 cannot be defined; thus the angular momenta 
within a band can jump only in steps of 2, and they must be either all even or 
all odd. 

To remove the degeneracy and obtain a rotational spectrum, we note that 
an operator v satisfying the conditions (5) can be constructed simply from 
the operators C, and C, by making use of the commutation relations (A.3): 


v = C,?+C,?. (A.5) 


The operator v is similar to the “‘two-body quadrupole interaction”’ intro- 
duced by Elliott and Mottelson *), but it depends upon momenta as well as 
upon the co-ordinates. The difference is necessary in order that v commute 
with H. The quadrupole interaction depending only upon co-ordinates does 
not, and it has non-vanishing matrix elements between different shells. 
This has also been pointed out by Moszkowski ’). 

The operators C,, C,, and L are the infinitesimal transformation operators 
of a group under which H is invariant, and for which the Casimir operator is 
just C,?+C,?+L?. Thus the interaction v is a linear combination of the 
Casimir operator and L?, as has been suggested above. 
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Abstract: The collective and shell models of the photoeffect are each idealisations for the 
complicated behaviour of many overlapping compound states reached by photon ab- 
sorption, and are not expected to agree in detail. We might, however, find agreement 
between the mean energies calculated from different models. This agreement in mean 
energy is found between the two-fluid collective model and the shell model (finite square 
well approximated as two Fermi gases). There is also agreement between collective and 
shell model calculations of the splitting of the giant resonance for deformed nuclei. 


1. Introduction 


A variety of models have been proposed for the nuclear photoeffect, each 
model having had appreciable success 4”) in the interpretation of certain 
experimental phenomena. In the next section we discuss each model briefly 
and also discuss relations already known to exist between certain models. 
We shall not concern ourselves with comparisons with experiment. From the 
approximate character of the various models we conclude that we should 
not expect to establish significant exact relations among the models. We 
investigate instead relations among the values of the mean energy for the 
photoeffect given by various models. In section 3 we show that the collective 
model of two oscillating fluids and the shell model of two Fermi gases give 
identical values for the nuclear polarizability and the corresponding mean 
energy W,,. We also discuss the splitting of the giant resonance for deformed 
nuclei. In the last section we summarise relations among the various nuclear 
models. 

In this paper we are concerned with the “‘giant dipole resonance’”’ for the 
curve o(W). Here o(W) is the cross section for absorption of a photon of 
energy W. The experimental o(W) curves have moderately narrow peaks, 
with resonance energy E,, about 20 MeV for medium nuclei such as copper, 
decreasing slowly to about 15 MeV for heavy nuclei such as lead. The full 
width at half-maximum (hereafter denoted as the width J’) is about 4 MeV 
for closed shell nuclei such as lead, and has an appreciably larger value for 
deformed nuclei such as tantalum. The peak in the o(W) curve is assigned as 


t On sabbatical leave from Lousiana State University; Guggenheim Fellow. 
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a dipole resonance since the experimental cross sections are in rough agree- 
ment with calculations for electric-dipole transitions; and therefore the cross 
sections are orders of magnitude larger than those calculated for other 
multipoles. 

The experimental data on o(W) are not very precise at present: there is an 
uncertainty of 15 % or more for any point on a o(W) curve, and an uncer- 
tainty of about 1 MeV in measurements of either E,, or I. 

Photon absorption in the giant dipole resonance produces excited states 
for which the levels of the compound nucleus lie very close together. The 
compound levels overlap appreciably for most nuclei; while for the lightest 
nuclei (6 < A = 17) they may just be resolved by present experimental 
techniques. 

The giant dipole resonance has been interpreted in terms of the collective 
model, and in terms of the shell model. In the collective model interpretation, 
the collective model in which protons oscillate against neutrons has a natural 
frequency which can be calculated from the parameters of the model. This 
natural frequency is identified as the resonance frequency E£,,/h. In the 
shell model interpretation, each transition in which a particle jumps from an 
occupied to a vacant state has a characteristic energy E,. If the energies 
E, of the principal electric dipole shell model transitions are nearly the same, 
then these shell model transitions are identified as forming the giant dipole 
resonance. 


2. Nuclear Models for the Photoeffect 


Goldhaber and Teller *) proposed two different classical collective models 
for the dipole oscillations of neutrons vs protons: 


C, : the two-fluid model, 
C, : the rigid-spheres model. 


In the two-fluid model the neutrons and protons are represented as two 
fluids confined inside a sphere. The electric field excites waves in which one 
fluid vibrates against the other. The boundary condition at the edge of the 
sphere determines the wavelength of the fundamental two-fluid oscillation, 
and the corresponding photon energy, which is identified as the energy of 
the giant dipole resonance. This model was extended to give a theory without 
arbitrary parameters by using the nuclear symmetry energy *); by including 
the effects of the Coulomb energy of the protonic fluid *); by including the 
effect of changes of the sum of the densities of neutronic and protonic fluids ®); 
and by using an ellipsoidal instead of a spherical nuclear surface 7). 

In the rigid spheres model the protons form one rigid sphere and the 
neutrons another. The electric field excites harmonic oscillations of one 
sphere against the other. 
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The classical oscillations of the two-fluid model can be quantized, giving 
us a quantal collective model: 


C, : plasma oscillations. 


A preliminary investigation of this model was made by Ferentz, Gell-Mann 
and Pines °). 

The shell model of a square well with spin-orbit coupling and a diffuse 
boundary has not been used for photoeffect calculations; though it has had 
significant success in calculations of nucleon scattering. Three drastically 
simplified shell models have been applied to the nuclear photoeffect problem: 


S, : simple harmonic oscillator shell model, 
S, : finite square well shell model, 
S; : Fermi gases model. 


The harmonic oscillator model was proposed by Wu ?°) and extended by 
Levinger 1"). The energy difference between levels in the harmonic oscillator 
well is determined from the nuclear mean square radius, and is identified 
with the energy of the giant dipole resonance. 

The finite square well model was used by Burkhardt }*) who found that it 
disagreed with the experimental value of the resonance energy. Wilkinson!*) 
has used it with much success for calculations of the width of the giant dipole 
resonance and of the resonance-direct emission of fast nucleons. Soga and 
Fujita 14) have made a preliminary study of the photoeffect in deformed 
nuclei. 

The Fermi gas model was used by Levinger and Kent }) for calculation 
of the mean square nuclear dipole moment. 

The sub-unit model has been used by Khokhlov !*), Levinger 17), Dedrick 1°) 
and Gottfried !*) for calculations of the high energy photoeffect, but is not 
applicable for the giant dipole resonance. 

Each of these different models represent a different drastic simplification 
of the dispersion theory formalism — e.g. Kapur-Peierls 2°) — which uses 
the properties of the very large number of compound nucleus levels reached 
by photon absorption in the giant resonance region. 

While the dispersion theory formalism is rigorously true, it is not of 
practical direct use in the region of many overlapping resonances. One can, 
however, hope that the very many compound levels contributing to some 
given process (e.g. photon absorption, or photoemission of fast nucleons) 
will cluster closely around the energy given by one of the idealised models, 
in which case that particular idealised model would be of practical value in 
photoeffect calculations °). 

While we see how the dispersion theory result might be approximated by 
one or another of the collective or shell models, we would like to understand 
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why the collective and shell models give reasonable agreement with each 
other for the properties of the giant dipole resonance. We would also like 
to see how any one of the models might be combined with the sub-unit 
model to give an idealised model for photon absorption applicable both for 
the giant dipole resonance and for the high energy photoeffect (100 to 300 
MeV). Relations between certain pairs of models have already been pointed 
out; but before examining these relations let us first examine which features 
of the photoeffect are sensitive and which are insensitive to the idealised 
model assumed. 

All the models find that photon absorption for a spherical nucleus occurs 
almost entirely in a small energy range, identified as the giant dipole reso- 
nance. Other multipoles than the electric dipole (E1) give only the order of 
ten percent of the integrated cross section. El absorption goes to a single 
excited state for the harmonic oscillator models (2 rigid spheres or harmonic 
oscillator shell model). In the other models there may be a spread in the 
transition energy due to two causes: 

i) the high degeneracy of the isotropic harmonic oscillator is removed; 

li) the quantum number may change by more than unity (or classically, 

overtones of the fundamental dipole vibration may be excited). 
The first does not occur in the two-fluid model and the second effect is small: 
the fundamental accounts for 85 % of the integrated cross section °). In the 
square well model the splitting due to the first effect spreads the resonance 
for spherical nuclei by several MeV #%) or about 20 % of the resonance energy. 
There is only a very small absorption for large changes of the principal 
quantum number. The Fermi gas model shows similar effects to the square 
well model. Much of the observed width of the giant resonance is ascribed in 
each model to the spread of energies of the model-like compound levels 
around the idealised model energy. This spread is interpreted as a viscosity in 
the classical models, or as an opacity of the nuclear potential in the shell 
models (see Lane, Thomas and Wigner 2!) for the interpretation of the opa- 
city of the cloudy crystal ball model in terms of the width of the distribution 
of strength functions). 

These models each predict a giant dipole resonance which can be characte- 
rised by three numbers: 

i) the integrated cross section oi), = f odW, 

li) the resonance energy Ey, 

iii) the resonance width J’. 

If we can show why these 3 quantities agree for the various models, we will 
have gone at least as far as anticipated in establishing connections among 
the models. 

The integrated cross section for E1 absorption is model-independent, if we 
limit ourselves to ordinary, velocity-independent forces between the nu- 
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cleons. The integrated cross section is increased appreciably by two-body 
Majorana exchange forces. This increase in o4p4 is understood semi-quantita- 
tively in a shell model as due to the velocity dependence of the shell model 
potential ?*), But the exchange force increase in 04); 1s only poorly understood 
in the various collective models **). Since the purpose of this paper is to 
compare different existing models we must compare with collective models 
in which the exchange-force increase in o;,; does not occur, and therefore we 
use the analogous shell models for a velocity-independent shell model poten- 
tial. We do not expect good agreement with experiment for oj); for any of 
the models considered in this paper, and we find as a trivial result that all 
models considered give identical values oj); = 0.0154 MeV-barn. 

We wish to emphasise that this model-independent character of oj; is 
characteristic only of El absorption. Its mathematical origin is that the 
integrated cross section is proportional to the double commutator 
[[H, @-r], €&-r]| of the Hamiltonian H of the system with the interaction 
term &-r with the electromagnetic field. If we use the kinetic energy term 
in the Hamiltonian, and the El interaction with the electromagnetic field, 
this double commutator [[#,?, z], z| is a constant. (An ordinary potential 
energy gives zero contribution to the double commutator.) Any normalised 
wave functions give us the same expectation value for the double commuta- 
tor, and therefore the same o,,; for El absorption. But the interaction term 
for any other multipole operator does not give a constant double commutator 
with the Hamiltonian, and therefore o,,; for other multipoles is model- 
dependent. Also, for El interactions, every other moment of the absorption 
curve is model sensitive: e.g. o, = [ (¢/W)dW is proportional to the ground 
state expectation value of the squared dipole moment, and thus involves the 
size of the system, and also the detailed shape of the wave functions. 

The purpose of this paper is to calculate the resonance energy for collective 
and shell models, and thus to show the relations among the models. We shall 
actually calculate not the resonance energy F£,,, but the mean energy 


We = (1nt/0~2)?. (1) 


Here the denominator o_, = [ oW-*dW is proportional to the nuclear 
polarisability. Since both collective and shell models have narrow resonances, 
equality of the W,, values for two models shows that the E,, values are very 
nearly equal. 

We shall not calculate in this paper the resonance widths J for collective 
and shell models. The intrinsic width is usually introduced phenomenologi- 
cally into the model, by introducing a viscosity into the collective model or 
an opacity into the shell model potential. The collective model calculation 24) 
of the viscosity and the shell model calculations 7°) of the opacity seem too 
crude to encourage a search for meaningful relations between the widths 
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calculated with the different models. We shall, however, discuss in section 3 
the splitting of the giant resonance for derformed nuclei, which appears 
experimentally as an increased resonance width for these nuclei. 

We have argued in earlier papers that certain photonuclear reactions 
would be sensitive to the respective validity of the collective or shell models 
used in their calculation: Levinger and Bethe **) claimed that the cross 
section for elastic photon scattering would be much less for a many-level 
calculation (e.g. square well shell model) than for the single excited level of a 
collective model. However, this argument was concerned with the photon 
scattering which we might denote as a ‘“‘compound-elastic’”’ process 2’). 
That is, the photon is absorbed, and Jater re-emitted in competition with 
other processes for decay of the excited system. Almost all of the photon 
scattering in the giant resonance region actually is ‘“‘shape-elastic’’, i.e. its 
cross section is determined by the photon absorption cross section 8). 
The imaginary part of the forward scattering amplitude is proportional to 
the absorption cross section at that energy, by the optical theorem. The real 
part of the forward scattering amplitude is given as a dispersion integral of 
the absorption cross section for all energies. Measurements of photon elastic 
scattering, then, are another way of measuring the absorption cross section, 
but are no more sensitive to the nuclear model than is the absorption cross 
section discussed above. More recently *) we argued that the observed emis- 
sion of fast nucleons in numbers far greater than predicted by the statistical 
model demonstrated that the state reached by photon absorption was 
largely a bona fide shell model state. Wilkinson !*) estimated the cross 
section oq for emission of fast nucleons as og = o/}/2W’, and showed that 
experimental results were in order of magnitude agreement with this 
formula. (Here J}, is the escape width for the fast nucleon in question, and 
W’ is the imaginary part of the optical potential.) Brown and Levinger ”°) 
have derived a similar formula for og from the Kapur-Peierls dispersion 
formalism. The very large numbers of compound states have their shell- 
model-like parts (proportional to their strength functions) selected out, 
when we measure oq in which the final state is a shell model state. The 
strength functions of the many compound states combine to give a value for 
dq as if there were a single shell model level in a complex potential. The 
argument is illustrated in fig. 1. Each cross shows the position of a compound 
level reached by photon absorption, and decaying by the emission of a fast 
nucleon. The abscissa is the real part of the energy, while the small ordinate 
is the negative imaginary part of the energy, corresponding to the lifetime of 
the compound state. The inverse distance from a cross to a given point B 
on the real axis is proportional to the amplitude for direct emission due to that 
particular compound state. If the incident photon has a high energy, 
illustrated by point A, the many crosses combine to give the same am plitude 
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as the circle at S. This shell model state in a complex optical potential has an 
energy with real part £,, , and imaginary part corresponding to the imaginary 
part W’ of the complex optical potential. Near point B (i.e. in the region of 
the giant dipole resonance) og is hard to calculate; but G4 averaged over an 
interval at least as large as W’ is about the same as the cross section at B’, 
where again the crosses combine to give the effect of the circle at S. (The 
above qualitative arguments are made more precise 2°), so that the accuracy 
of the approximation becomes clear.). 
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Fig. 1. Compound levels are indicated by crosses in the complex energy plane (Kapur-Peierls 
formalism). At photon energy 4, the compound levels combine to give a cross section for 
direct emission about equal to that of the shell model state S in a complex potential. 


We have now learned that neither measurements of elastic scattering of 
photons nor measurements of the direct emission of fast nucleons can show 
whether the shell model or the collective model is more nearly valid for 
calculations of the process of photon absorption. We shall return in section 4 
to the problem of the relative merits of the two models. 

Brink *°) has shown a detailed relation between the collective model of 
2 rigid spheres and the harmonic oscillator shell model. The wave functions 
for the degenerate excited states of this shell model can be combined to give 
precisely the wave function for the collective oscillation of 2 rigid spheres. 
This detailed agreement is of great interest for the idealised models, but its 
meaning is less clear as soon as damping is included in the models. Also, the 
two idealised models disagree in two respects: 

i) the ground state nuclear density distribution is different for the two 
models; 
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ii) if we follow the simplifications made by Goldhaber and Teller 3), 
then the collective model gives E,, proportional to A~%, while the shell 
model gives £,, approximately proportional !') to A~8. 

Brueckner, Eden and Francis *') and other have provided the framework 
for combination of a shell model for infinite nuclear matter with a sub-unit 
model. Dabrowski **) has introduced two-body dynamical correlations into 
a shell model of a finite nucleus. Dabrowski’s work may permit quantitative 
calculations for a model combining shell model and sub-unit properties. 


3. Relation between Two-Fluid Model and Shell Model 


We shall show that Migdal’s mean energy (1) has the same value for the 
two-fluid collective model, and the shell model of two ideal completely 
degenerate Fermi gases. Since two Fermi gases are an example of two fluids, 
this result is almost trivial, and in fact was stated earlier without proof **). 
We give a detailed proof here, since we also wish to extend the correspond- 
ence between the shell and collective models to obtain agreement for the 
splitting of the resonance for deformed nuclei. We shall also discuss qualitati- 
vely the effect of the nuclear surface and the small effects of the Coulomb 
energy of the protonic fluid or Fermi gas, the effect of nuclear compressibility 
and the effect of the nuclear dielectric constant. 

Migdal *433) calculated the change in the protonic and neutronic fluid 
densities (p, and p,) in nuclear matter for an external static, spatially, 
constant electric field & along the z axis. He found 

1 = Pp—Pn = (e&p/4h)z. (2) 
Here & is the coefficient of the symmetry energy term (N—Z)?/A in the 
Weizsacker formula. The symmetry energy is assumed divided uniformly 
throughout nuclear matter as a symmetry energy density ky?/p and the 
volume integral of the symmetry energy density and energy in the external 
field & are minimised, giving the result above. (We have neglected the 
Coulomb energy of the protonic fluid and assumed p = py+p, = constant.) 
From this value of 7 for nuclear matter, we find the polarisability for a 
sphere of radius R, and also o_,, and obtain 


Wy, = (40NZh?2k/A2M R2)3. (3) 


Steinwedel and Jensen *) independently calculated the resonance energy 
E,, in the two-fluid collective model and obtained essentially this value. 

In a shell model the nuclear symmetry energy can be interpreted as due to 
the change in nuclear kinetic energy as (N — Z) is varied, keeping the density 
constant. The increase of kinetic energy in the Fermi gas shell model agrees 
with the Weizsacker formula, provided the Fermi energy EF, = 3k. (See 
e.g. Bethe and Bacher *°), eqs. (165B) and (158B).) The value FE, = 35 MeV 
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from the nuclear density, and **) k = 23 MeV are in disagreement with the 
desired relation. Since in this paper we are not concerned with agreement 
with experiment, we need not use the numerical values for FE, and & given 
above; we merely stipulate that the relation EF, = 3 holds, and proceed to 
use & in Migdal’s classical calculation and £, in the shell model calculation 
below. (We note, parenthetically, that the problem of making FE, = 3k and 
the problem of making oj; > 0.015A MeV - barn are not unrelated. Both 
problems are solved semi-quantitatively by consideration of the velocity- 
dependence of the shell model potential.) 

If a constant electric field & is present, the proton and neutron densities 
will vary with coordinate z to keep the energy E, of the Fermi surface 
independent of z, as shown in fig. 2. Note that we use proton and neutron 








Fig. 2. Energy of protonic Fermi gas in electric field: the bottom of the Fermi sea slopes 
downwards to the right while the surface remains level. 


‘dipole effective charges”’ of $e and —Je respectively, since we are concerned 
with displacements relative to the nuclear centre of mass. The energy of the 
protonic Fermi surface for a linear variation of protonic density is (using 


Ey = 3k and pp = Ppt) 
3kpp*(pp+3n)i—Je&z = constant. (4) 
Setting the terms linear in z equal to zero we have 
n = (e&/2k)ppz = (e&p/4k)z. (5) 


This value for the rate of change of protonic density in nuclear matter is in 
exact agreement with Migdal’s classical result (2). It must be, since our 
present treatment of degenerate Fermi gases is just one scheme of dividing 
the nuclear symmetry energy uniformly throughout the nucleus, and then 
adjusting the value of 7 in an external electric field so as to minimise the 
nuclear energy. This Fermi gas treatment then gives Migdal’s value of the 
polarizability, W,,, and o_,, and thus establishes the agreement of Fermi gas 
and collective model calculations of the energy E,, of the giant dipole 


resonance. 
The collective and shell models used above make the same approximation 
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of neglecting surface effects. In each treatment we find the linear change in 
” = Pp—Pn for infinite nuclear matter. The nuclear surface enters only at the 
very end of the problem, when we integrate the dipole moment density 
5enz over the nuclear volume to find the total dipole moment produced by 
the external field, and the nuclear polarizability. 

For a large nucleus this Fermi gas model might be expected to be a good 
approximation to the finite square well model. However, these two models 
give results differing appreciably in calculations 1°) of the value of the mean 
square dipole moment, and the corresponding bremsstrahlung weighted 
cross section o,. Nevertheless, our Fermi gas calculation of o_, agrees rather 
closely with finite square well calculations !*15) of this quantity for copper 
and tantalum. (The numerical values are found for a shell model with 
nuclear radius parameter f 7, = 1.5 f and corresponding values of E, and 
of k.) For copper the finite square well shell model and Fermi gas model give 
O_9 = 14.2 and 12.6 mb/MeV respectively, while for tantalum the shell 
model and Fermi gas model give o_, = 84 and 72 mb/MeV respectively. 
Thus the Fermi gas model is low for the o_, calculation by only 13 % for 
these two examples, and this difference gives only a 65 % difference between 
the shell and Fermi gas calculations of Wy, = (o,,;/0_.)*. The Fermi gas 
model is a good approximation to the finite square well shell model for the 
o_, calculation, but not for the oy calculation, for the following reason. The 
principal approximation in the Fermi gas model consists in replacing a 
sum over discrete values of proton and neutron wave numbers by an integral 
over a continuous distribution of wave numbers. This replacement leads to 
small errors (if many terms are present in the sum) if we are summing a 
slowly varying function, but may lead to appreciable errors if we are sum- 
ming a rapidly varying function. In the o_, calculation we are summing over 
the nucleon’s kinetic energy, to find the position of the Fermi surface. 
The kinetic energy varies smoothly and not very rapidly with wave number, 
so the Fermi gas approximation is reasonably good for a large nucleus. In one 
part of the o, calculation }*), we sum the values of the single particle squared 
dipole matrix element. The squared dipole matrix element oscillates rapidly 
with the particle wave numbers involved. Further the sum over discrete 
values (which are chosen to join the inside to outside wave functions) 
selects just the wave numbers giving a maximum value for the squared 
dipole matrix element, while the integral over the Fermi gas distribution 
gives a much lower and unreliable value. 

Also, the value of £,, in the simple harmonic oscillator shell model 
agrees fairly well with that in the finite square well shell model. (The 
agreement is shown !") by explicit calculation and is made plausible by 
reference to the uncertainty principle.) Thus the three approximate shell 


t f = 10-38 cm. 
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models treated here (Fermi gas, finite square well and simple harmonic 
oscillator) give very similar values of E,,; and this value agrees with the 
value of £,, in the two-fluid collective model. 

It is easy to extend the calculation of polarizability in the two-fluid or 
Fermi gases models to the case of deformed ellipsoidal nuclei. We merely 
take 7 from eq. (2) and for this problem find the total polarization produced 
by integrating over the ellipsoidal volume. (We here assume that nuclear 
matter is isotropic, so that 7 has the same value irrespective of the direction 
of the external field.) Let R, be the length of the major (principal) semi-axis, 
and R, the length of a minor semi-axis. If the electric field is directed along z 
(the principal axis) the total polarization produced is 


[denzd®r = (e*Sp/8k) [ 2%d°r. (6) 


The polarizability, and hence o_,, for this direction of the electric field, is 
then proportional to the mean square value of z: 


(o_.), = az* = aR,?/5. (7) 
If the electric field is along the x (or y) axis, we find 
(o_.), = ax* = aR,?/5. (8) 


The proportionality constant is identical in (7) and (8). The different 
values of o_, are used together with identical values for o,,; giving a mean 
energy inversely proportional to the length of the appropriate axis of the 
ellipsoid: 

(Wy). = 0/R,, (Wy)2 = 5/Ry. (9) 


The splitting JE of the giant resonance is expressed by Okamoto *) in terms 
of the energy £,, of the resonance for a spherical nucleus of the same volume 
Em = 4/Ry with R,? = R,R,?. The relative splitting from (9) 


AE/E, = R,(1/R.—1/R,) = e(1—e/3). (10) 
In the last equation we have introduced the eccentricity, defined as 
e = (R,—R,)/Ro. (11) 


We have neglected terms in ¢* in the last expression in (10). Our (10) is 
almost the same as Okamoto’s result 4E/E, = e(1—e). Further, (9) is 
almost the same as Danos’s §) 


E,/E, = 0.911 R,/R,+0.089, 


where the resonance energy E, » (Wy), and E, » (Wy),. Recently Soga 
and Fujita!) have calculated the splitting for an ellipsoidal shell model, 
and obtain results similar to Okamoto’s or ours. Since 7 has the same value 
for the two-fluid and Fermi gas models, we see that collective and shell 
models should give very nearly the same value for the splitting JE. 
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Here, as in the Okamoto-Danos collective treatment of photon absorption 
by deformed nuclei, we have implicitly assumed that the nuclear principal 
axis has some definite orientation. Hence the eccentricity ¢ is taken corre- 
sponding to the intrinsic quadrupole moment Q, and (10) is applied even to 
nuclei of spin 0 or 4, which cannot be polarized. Danos 8) justifies this classi- 
cal approximation of a definite orientation of the principal axis by the 
argument that the quantal fluctuations in the principal axis orientation 
occur at a much lower frequency w, than the resonance frequency w,,= FE y,/h. 
Hence in photon absorption the nucleus acts as if it has a fixed orientation. 
We make an analogous argument here: we have in fact been considering the 
nuclear polarizability for an external electric field of frequency w, where 
W, <w <W,. At frequency w we can consider the principal axis as having a 
fixed orientation, but w is small enough that 7 will have very nearly the 
the same value as at zero frequency. 

Also, see Baldin *’) for a general treatment of effects due to the tensor 
character of the polarizability of an anisotropic nucleus. 

There are several small corrections to the calculation of the polarizability 
of a spherical nucleus due to: i) dielectric constant of nuclear matter, 
li) changes in the density p = pp+p,; ili) surface effects; iv) Coulomb 
energy of the protonic fluid. 

The first effect is less than a 10 % correction for all nuclei **), since the 
polarization density is small. 

The condition that the nuclear density p remains constant for the displace- 
ment of the two fluids occurs naturally if we neglect the Coulomb energy of 
the protonic fluid, and correspondingly consider a self-conjugate nucleus. If 
we use effective charges $e for each proton and —e for each neutron, 
the nuclear energy E is 


E= i) (kn?/p—Le&zn) dr. (12) 
Minimising E by taking a variation 67 we have 
| (2kn/p—feéz)dnd%r = 0. (13) 


We again obtain Migdal’s result for 7 given in (2): In fact all we have done is 
to repeat Migdal’s calculation, introducing effective charges and neglecting 
the Coulomb energy. With our use of effective charges it is clear that the 
condition p = constant is nof a constraint imposed by assuming that nuclear 
matter is incompressible. On the contrary, p does not appear at all in (12) 
or (13) except in the innocuous form of the denominator in ky?/p, and there- 
fore changes in the density p will not be caused by the external electric field. 
(However, see Migdal, and below, for discussion of the small Coulomb 
effects. ) 
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Measurements of the nuclear charge distribution show that the nuclear 
surface is a layer of some 3/ thickness in which the density p gradually 
decreases from its central value to zero. Effects of this diffuse surface can be 
included in the calculation above by inserting in (12), (13) and (2) the 
variation of k/p with p, and hence with z. The dependence of & on p is not 
certain at present. If k is proportional to p we obtain » proportional to z, 
as in Migdal’s treatment. (The constraint |7| S p demands that (2) holds 
only out to the edge of the diffuse boundary of the nucleus.) We again find 
the polarizability proportional to the mean square value of z as used in (7). 
If k/p decreases rapidly with decreasing p then y increases rapidly in the 
diffuse boundary region. In this case we would obtain a large contribution to 
the polarizability from the surface region — the two-fluid model would be 
similar to the rigid spheres model of Goldhaber and Teller *) in which the 
polarization occurred only at the nuclear surface. However, we cannot 
obtain precisely the rigid sphere model unless we assume an arbitrary 
constraint on 7. Thus the two-fluid model seems to us much more reasonable 
than the rigid spheres model. Effects in the interior of the nucleus should 
occur as in the two-fluid model, and effects in a diffuse boundary region can 
in principle also be included in the two-fluid model. 

The Coulomb energy density of the protonic fluid modifies the calculation 
of 7 in two ways. First, the Coulomb energy tends to keep the proton density 
isotropic, but increasing slightly towards the edge of the nucleus **). This 
tendency towards a slightly smaller value of 7 gives a smaller polarizability 
and smaller o_,, and therefore a slightly larger W,,. This small increase in 
W,, due to Coulomb effects was also found by Danos *). Second, the Coulomb 
energy adds a term to the nuclear energy that depends on the product yp. 

The solution for 7 now depends on the change in the value of p which 
could be found by consideration of the nuclear compressibility. If we con- 
sider the dynamics of the two-fluid motion including both Coulomb and 
compressibility effects, as done by Araujo *), we find that in the absence of 
the Coulomb energy density there are two uncoupled oscillations possible: 
ordinary sound involving changes of p and “‘second sound”’ involving changes 
in 7. Only second sound is excited in electric dipole absorption. The Coulomb 
energy density couples the two oscillations, thus increasing the difference 
between the eigenfrequencies of the coupled system. Both effects of the 
Coulomb energy density are small, and will not be considered further here. 


4. Discussion 


In section 2 we have discussed various unsuccessful methods of determining 
whether the nuclear photoeffect can be better interpreted as a collective or a 
shell model effect. In section 3 we showed that collective and shell models 
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give the same value for the resonance energy E,,. In the case of well separat- 
ed resonances, which was not treated above, any given compound nucleus 
level has a definite wave function, and by suitable experiments one can 
determine how closely this wave function corresponds to the wave function 
of one or another shell model, and how closely it corresponds to a collective 
model wave function, or to both. On the other hand, for the case discussed in 
this paper of overlapping compound nucleus levels, we are no longer able to 
study the wave function of a given level. Instead we must discuss the problem 
in terms of a distribution of strength functions, as used by Lane, Thomas and 
Wigner *') in discussing the success of the optical model of nucleon scattering. 
The scattering cross section, averaged over a small energy interval that 
contains many compound states, is proportional to the average of the 
strength function of some given shell model state. (The shell model strength 
function of a given compound state is the square of the overlap integral 
between the compound state wave function and the shell model wave 
function. ) 








Em 











(3b) 


Fig. 3. Strength function distributions. In 3a the dotted curves show schematically /),S,, 
where S,, is the shell model strength function for shell model state , and /,, is the shell 
model oscillator strength for transitions from the ground state. The solid curve shows the 
sum of the dotted curves and is proportional to the cross section for photon absorption. 
Fig. 3b shows the collective model strength function distribution. The collective model 
strength function is defined as the square of the overlap integral of the collective model wave 
function for the excited state with the compound nucleus wave function. 


Experiments on the cross section for photon absorption can be analysed 
in terms of shell model strength functions for the different shell model states 
that may be excited. A schematic example of that analysis is shown in fig. 3a. 
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Each shell model strength function S,, is assumed to have a symmetrical 
distribution peaked at the energy £,, of the shell model state. The n’th 
state is weighted by the shell model oscillator strength /,, for transitions 
from the ground state to that state. The cross section o(W) is proportional to 
>» fonSn- This type of analysis was done by Rand **). However, we have 
reinterpreted his ‘natural width of the shell model excited state’ in terms of 
a distribution S,, of strength functions. Further, in terms of the present lack 
of detailed theoretical or experimental knowledge concerning S,,, we do not 
specify that S, should have the same width for different states n. 

As an alternative, the cross section for photon absorption can be analysed 
in terms of the collective model strength functions S,, defined as the square 
of the overlap integral of the compound state wave function with the wave 
function for a collective excitation. S, will, presumably, have a symmetrical 
shape similar to that of one of the shell model strength function distri- 
butions, and is so shown in fig. 3b. 

We now have a notation in which we can discuss the question whether the 
shell model or the collective model is better for the interpretation of photo- 
nuclear reactions. Neither model is exact but the better model has the nar- 
rower distribution for its strength function. At present the relevant strength 
function distributions are only poorly known, since the shell model S,,’s 
needed for photon absorption are principally for states of high orbital 
angular momenta for the excited particle 1°), whereas the analysis of nucleon 
scattering gives principally the strength function distribution for shell 
model states of low angular momenta. Further experiments on nucleon scat- 
tering could, in principle, give experimental values of the width of the strength 
function distributions for states in which the excited particle has a high 
angular momentum. These widths, combined with the energy spread of the 
shell model states would give the width of the }),/y,S, curve of fig. 3a. If this 
calculated width were appreciably larger than the experimental width of the 
photon absorption cross section for spherical nuclei, that would show that 
the shell model was not a good model for calculation of photon absorption. 
The smaller experimental width of the photon absorption curve would be 
interpreted in terms of the ‘‘pulling together’’ of the shell model states, and 
their strength function distributions, by collective effects. In this eventuality 
we would conclude that the collective model better represented the com- 
pound states reached by photon absorption. Until these experimental data 
are available, we are unable to show whether the shell or collective modelisa 
better approximation to the very many compound states reached in the 
giant dipole resonance. 


We are very grateful to Professor R. E. Peierls and to many other col- 
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Abstract: The possibility of treating 7 and K mesons as bound states in the four-baryon 
interaction theory is considered. The cross section for baryon-baryon scattering is 
derived within the framework of this theory in the chain approximation. The validity of 
the first approximation of perturbation theory for the cross section is discussed. 


1. Introduction 


Four-fermion interactions are apparently characteristic of a large number 
of phenomena encountered in elementary particle physics. These interactions 
determine £ decay of neutrons, uw meson decay and possibly u and f decays 
of hyperons, etc. The question arises as to how large is the number of 
fermions between which four-fermion interactions exist. Thus, for example, 
does a direct four-fermion interaction (contact interaction) exist between 
nucleons and in general baryons (nucleons, hyperons), or between electrons, 
etc., and, ifso, how can they manifest themselves? What facts are inconsist- 
ent, or under what conditions would they be inconsistent, with the assumption 
of the existence of such forces? | 

We shall consider from this viewpoint the possibility of contact inter- 
action between baryons. Interaction between baryons is usually treated as 
an interaction occurring via a third field (meson, electromagnetic). However, 
in the present status of the theory, one cannot exclude the possibility of an 
interaction specified by the interaction Lagrangian 


L(x) = Zelv(x), Ory(x)][p(e), Orp(e)] (1) 


where g is the coupling constant and (x) and p(x) are operators of the two 
Dirac fields of the baryons (e.g., of the proton and neutron). 

Contact interaction is especially interesting in connection with the 
problem of classification of elementary particles. In the classification 
proposed by M. A. Markov?) ft one of the important features was the 


t A similar classification has been proposed in Japan by S. Sakata 2). 
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assumption that baryons and antibaryons can combine to form bosons. 
This assumption can be understood either in a very broad sense or in a more 
restricted one as in the hypothesis of Fermi and Yang *). According to this 
hypothesis, the nuclear forces are not explained by z mesons but the 2 mesons 
themselves are considered to be products of some peculiar (contact) nuclear 
forces of the type (1), and, in fact, as bound nucleon-anti-nucleon states. 
In this sense K mesons can also be envisaged as nucleon-anti A hyperon 
bound states *). 

As Fermi and Yang *) have pointed out, in order that along with the 
z-meson as a bound nucleon-antinucleon state, no bound nucleon-nucleon 
systems exist which are as strongly bound as the z-meson system, only 
vector and tensor couplings should be suitable. All other types of coupling 
will yield identical mass defects for the nucleon-nucleon and nucleon- 
anti-nucleon bound states. However, the possibility remains of using 
linear combinations of vector or tensor coupling and of other types of 
coupling. 

For the investigation of bound states it seems natural to adopt an equation 
of the Bethe-Salpeter type. Unfortunately, even in the lowest (chain) 
approximation for contact interaction this equation contains a divergence 
which can be excluded only by resorting to a cut-off procedure. Bound 
states have been studied from the point of view of a Bethe-Salpeter equation 
of this type by H. Katsumori *) and Z. Maki ®). However, the first of these 
authors considered only bound states of particles with equal masses and 
some errors were made, in particular in the most interesting case of those 
considered, namely, in the case of vector coupling tf. As we shall see in 
section 3, Katsumori’s conclusion that vector coupling does not yield any 
advantages over scalar or pseudoscalar coupling is incorrect. Z. Maki °) 
considered an interaction which could be represented as a combination of all 
5 types of interaction (1). This interaction was taken in a charge-independ- 
ent form. The results obtained by Z. Maki are close to those derived by us 
and presented in section 3. 

Our aim is to investigate (within the limits of the Bethe-Salpeter equation) 
the two main types of interaction in (1), viz., vector and tensor coupling. 
Not only bound states but scattering as well will be considered. 

It should be mentioned that the field operator equations under consider- 
ation differ from the Heisenberg equations in that they contain a mass term 
(see ref.*) in which all preceding papers are listed). The boson wave function 
equations turn out to be similar to the corresponding Heisenberg equations; 
but we shall apply the usual “‘linear’’ quantization procedure (as was done 
in ref.4) and ®)) in which the free equations are considered to be meaningful. 


* For example, the graphs corresponding to our fig. 1(a) are not correct. 
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2. Solution of Initial Equation 


We shall consider our problem with the help of the Bethe-Salpeter equation ¢ 
in the lowest (chain) approximation ft 


4(12) = 49(12)+ | $Sp(13)$Sp(24)G (84; 56)z(56)day...dxy. (2) 


Here (12) is the Bethe-Salpeter wave function for a two-particle system. 
The function ¥°(12) vanishes in the bound state problem and in the scattering 
problem refers to the state of the system for ¢, = — oo, when the inter- 
action is turned off.*) In the lowest approximation the S,(12) are simply 
free propagation functions. In the chain approximation the first term in the 
expansion of G (34; 56) in g is accepted as the interaction operator. In order 
to remove the divergence in the equation we replace the product of the 
three 6-functions by a nonlocal form-factor 6(35)6(34)6(56) - F (34; 56), 
that is, we put 

G (34; 56) = 1g0,;'0," F (34; 56) (3) 
where the superscripts 1 and 2 in O; signify that these matrices refer to the 
first and second fields respectively (this notation will be employed in the 
following exposition). For F (34; 56) we accept the Kristensen-Méller form 
factor 1) previously used in ref.*) 


F (34; 56) = (2m) [ G(IT)G (11,2) exp {ilaP (ag—ar5) + BP (4—x9) 
+ (%3—2%4) +9 (%5—2¢) ]}d* Pd4 pd 


where 
[Pa P—EPPP?, Hi=GF—@PpP-, 
G (II?) equals unity for 7? S q? and is zero for [7? > q?, « is an arbitrary 
quantity, and f = 1—«. 
As shown by Nishijima *) the matrix elements of the S-matrix can be 
expressed through the Bethe-Salpeter wave functions in the following 
manner: 


Spa = Spat | Zn°(12)G(12; 34)7q(34)da, dary dary dir, (4) 


where 7°(12) is the wave function of the final state of the system. According 
to Nishijima the normalization condition in the lowest approximation can be 
written in the form fft 


| do, <alj,4(«)|a> 
w i [doy Zale, 2)y,A4Sy"(@, 3)G (82; 54)79(54)da,...des= 1. (5) 


t This equation can be derived in various ways. In ref.) it was obtained specially for 
contact interaction by the Schwinger method 8). 

tt The numerical arguments include a 4-coordinate and spinor index; if the argument is 
encountered twice summation over the spinor index is implied. 

ttt This condition evidently signifies that there is one particle from field 1 (j,!(x) = }i[p(z), 
Yny(x)| is the current operator of the first field). 
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If the solution of eq. (2) be sought in the form 
%(12) = exp (1PX)z(x) (6) 


(P is the four-momentum of the system; X = aw,+fa,, x = x,—2x,) and 
y°(1, 2) be represented in a similar form, we obtain 


x(x) = x°(x) 
en | OUP)Sy (aP+p, m,)Sy?(BP—p, m,) exp (ipx)dpOz'07?y (7) 





where 
Sp(p,m) = (iyp+m), = (2x)-*[G(IP) exp (ipa)z(w)dpde. (8) 
Hence for y we obtain the equation Tf 


x4—e{A —BM~*(y" P) (y? P)+3C[(y! y?) +M-(y! P) (y? P)] 

—iDM>\(y P)—iEM>\(y® P)}0;10424 = 7° (9) 
where 7 is expression (8) for y9(x), and M = »/—P,,? is the mass of the 
two-particle system. The expressions for the coefficients A, B, C, D and E 


are presented in appendix 1. 
With the aid of (4), (6) and (7) we obtain the following expression for the 


matrix elements of the S operator: 

Spa = Spat (27)*1g%p° Oz! Oz? %_ 6(Pyp— Pa) (10) 
where P, and P, are the 4-momenta of the initial and final states. It is 
interesting to note that in accord with the general theory of the S matrix 
these matrix elements have poles for those values of M < m,+m,, which 
are the mass levels of the bound states. y, possesses such poles because, since 
it is a solution of the inhomogeneous equation (9), it is inversely proportional 
to the determinant of (9). On the other hand vanishing of this determinant 
is a condition of solubility of the homogeneous equation and yields the 
mass levels of the bound system. 

With the aid of (5), (6) and (7) the following expression is obtained for the 
bound state normalization constant (in the c.m.s. in which P = 0): 


N? = Vg? @{A'+ B yg y2t+ ge viyetD yi tE' ve}y (11) 





where 
a 0,707" 4, ~ = {0,;'0/" 


(as above the first index x refers to the first field and the second one to the 
second field). The primes in (11) denote derivatives with respect to Mft. 


t See appendix 1 
tt Expression (11) can be easily obtained by using formula (Al) in appendix 1 and the 


relation 
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Considering y as a 4 4 matrix (the first index refers to the first field and 
the second to the second field) and representing it by the expansion 
16 
% =D 4:7:C (12) 
i=1 
where the expansion coefficients are a; = 47! tr [(y;C)~* y] we transform 
equation (9) to a set of equations for a,;. An expansion in y,C (and not y,) is 
convenient in that these matrices possess the transformation properties 


S1S2y,C = Sy,CS = Sy,S7C = &,,y,C 












































TABLE 1 
| Number of solutions 
No. | Type xt Spin norte In vector In tensor 
theory theory 

1 | (I-+a(yP)]C 0 even 2 1 

2 (I+b(yP)]y,C 0 odd 2 1 

3 yet M-*(yP) Py+copy Py}C 1 | oda 4tt att 

4 | (yptM-*(yP)Pytdopy PyiysC | 1 even 4tt 4tt 

5 Op» C |} 1 | even, oda | 6 ttt 0 

6 Vac | 1,0 odd, even 0 4ftt | 

7 Ypyse | 1,0 | even, odd 0 4ft 




















t Expression for coefficients a, b, c, d are given in appendix 3. The spinor space-reflection 
operator is chosen in the form iy,. One has Oyy = i(yyyy—dyy)- 

tt u = 1, 2, 3, 4. 

ttt u,y = 1,2,3,4, w<». 
(S* and ||a@,,|| are (Dirac) spinor and tensor transformation matrices). After 
solving the inhomogeneous set of equations (scattering) for a, we express the 
a, through coefficients a,° of expansion (12) for °® 


16 
= 0 


j=1 
so that x will have the form tf 
16 16 
%= 2D Aya, 7.C. (13) 
i=1j=1 


The solutions of homogeneous eq. (9) obtained by solving the homogeneous 
set of equations for a; are presented in table 1. The g~ are obtained as 
eigenvalues by solving the homogeneous equation ft. This yields the relation 


t The coefficients A ,, for tensor and vector coupling in the c.m.s. (P = 0) are presented in 
appendix 2. 
tt They are given in appendix 3. 
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between g and M. Such relations are plotted in fig. 1 and 2 for k = my 
(my, is the nucleon mass). The masses of bound systems can be found from 


A! 
































(a) (b) 


Fig. 1. Vector theory. A = 2(27)*my~-?g-! as a function of M/2my for k = my and (a) m, = 
M, = My and (b) m, = my, m, = my. For S,, A = 0 in case (a) and in case (b) A closely 
approaches the abscissa axis. Ag is the value of A for which the mass of the pseudoscalar 
bound system P, with m, = m, = my equals the experimental value of the 7 meson mass. 
The dotted lines intersect the abscissa axis at points corresponding to the masses of the bound 
states ati = Ag. 


the graphs by prescribing the couple constant g. For the last three types of 
solutions in table 1 one has g~! = 0 and thus these solutions apparently do 
not have any physical meaning. 


3. Bound States 


The space parity and spin of y presented in table 1 completely determine 
the space parity and spin of the final solutions (6). It should be noted that a 


linear dependence, P, 7, = 0 exists between the solutions of types 3 and 4 


in table 1. They therefore refer to spin 1 only. Hence for a finite g only 
scalar, pseudoscalar, vector or pseudovector solutions can exist (in figs. 1 
and 2 the corresponding functions g~1(M) are denoted by S, P, V and A). 
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One may attempt to identify the pseudoscalar states for m, = my, = my 
with the a meson by suitably choosing the coupling constant so that M 
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Fig. 2. Tensor theory. A = 2(27)*m,y-*g-! as a function of M/2my for k = my and (a) m, = 

M, = My; (b) m, = my, m, = my. Ag is the value of A for which the mass of a psendoscalar 

system (P) with m, = m, = my is equal to the experimental a-meson mass. A’, = —Aq. The 

dotted lines intersect the abscissa axis at points corresponding to the masses of the bound 
states at A = Ag and A’z. 


equals the experimental 7 meson mass. This can be done graphically; for 
example, for k = m, from graphs la and 2a. Other possible states for the 
same g will also be states of particle-antiparticle systems. On the other hand 
for g’ = —g in vector or tensor coupling we obtain states of a particle- 
particle system. Results of identifying pseudoscalar states with 2 mesons are 
presented in table 2 (S, P, V are respectively scalar, pseudoscalar and 
vector states). 

Two types of pseudoscalar states (P, and P,) are possible for vector 
coupling but from table 2 it can be seen that if P, is identified with the 
a Meson no bound states appear in the (NA) system if g ~ 10-* erg - cm3. 
According to table 2 for those values of the coupling constant for which a 
complex z meson exists either no bound nucleon-nucleon system exists in 
general or (as in tensor theory for k = my) a bound state does exist, but its 
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mass strongly differs from that of the 2 meson. The latter state is a vector 
state and the small mass defect may indicate that it is related in some way 


TABLE 2 
Masses of bound states in vector and tensor theories 











Theory 





‘Tensor 















































| mM, = M, = My m, = My, M, = m4 
Nucleon-antinucleon 
| np) or (np 
| States Other nucleon (NA) (NA) 
identified with (np) 
states 
| m-meson | 
| "a 
| P V (M = 140m, ) | 
| 5 , —43 1 — ° — 
mm | 5.1 x10 (M = 273me) | (M = 3300me) V | 
| (M = 3600me) 
P | P 
3 ‘ s —49 1 a — : — 
| P P 3 
- - 10-42 2 = —_ : . 
Mx 1.6 x10 (M = 273m.) M = 980m,) | (M = 1650me) 
e 
P 
10° iy —1.2 x10- (M = 273me) - - T iz 
P V P Vv 
a —43 -— 
My 1.7 x10 (M = 273me) (M = 3600me) | (M = 1200me) | (M = 4000me) 
Pp P 
103 my —0.92 x 10-49 (M = 273 me) r “A (M = 1300me) sf 








to the deuteron. However, the possibility exists that a more rigorous 
approach may reveal that the deuteron does not exist in the chain approxi- 
mation (within the framework of our qualitative study a state of this type 
will not exist even in tensor theory for k = 10°m,); however, if the theory 
is correct higher approximations should lead to this state. 

Bound (NA) states appearing simultaneously with a x meson may be 
interpreted as K mesons *). It is, of course, not surprising that the K meson 
mass (~ 1000—1300 m,) does not quantitatively agree with the experi- 
mental value as our treatment is of a qualitative nature. However, it may be 
noted that substitution of A for N in a bound state leads to an increase of 
mass. From table 2 it can be seen that in the vector theory, when g ~ 10~*° 
erg: cm, identification of state P, with the a-meson does not lead to the 
K meson. 

Finally it should be emphasized that (see table 2) along with the 2 meson 
there are very few other bound states which can simultaneously exist, 
especially for g ~ 10~* erg - cm*. The effective 2 meson-nucleon coupling 
constant can be estimated with the help of the normalized wave function for the 
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pseudoscalar pfi (w meson) bound state. This can be performed in the same 
way as was done by Fermi and Yang *) by comparing the matrix element of 
the Lagrangian of interaction (1) for the virtual process p > n+-2 with the 
matrix element of the conventional meson theory. The effective pseudoscalar 
(f) and pseudovector (7) coupling constants between z mesons and nucleons 
in the vector (V) or tensor (T) theories are presented in table 3 and seem to 
be reasonable. (f?/Ac ~ 10 for g ~ 10~* erg: cm*.) Only values for the 
P, state are presented in the table for vector theory. As far as the P, state is 
concerned (it was already mentioned above that this state, when g = 10~* 
erg - cm*, is not sufficient to yield a unified description of a and K mesons) 
we can only note that it yields {/7 < 1 which is also not consistent with the 
experimental facts. 


TABLE 3 


Effective 2 meson-nucleon coupling constants 




















(erg - cm) hie hc he 
] és " a 
v= 5x10- 
mx rs ee 1.2 0 
= 3x10-# | 
103 my red ~ eee 6.3 | w 10-12 0 

















4. Scattering 


Suppose that in formula (10) we accept as states a and b those states 
which possess definite momenta and definite projections of the spin of the 
two particles (i.e., 7,9 (12) and yp° (12) are taken in the form of products of 
Dirac plane waves). If we then change over to the cross section, with the help 
of (13) average over the initial spin states and then sum over the final spin 
states, we obtain the following expression for the differential cross section in 
the c.m.s. (P = 0) 


d 2G 2 16 
i nr i (14) 
dQ 210 (277)? (e,+€)? i,j, i',j’=1 





tr [ (typ, —m) By B (typyt+me)y,] tr [(typs—my)Opy, Oz (ty Pat Me) Oy By BOY | 


where #, and #, are the 4-momenta of the incident particles and #, and A, 
are the 4-momenta of the scattered particles; ¢, = «/p?+m,?(2 = 1, 2); 
p is the momentum in the c.m.s. Evaluation of the sum in (14) leads to the 
following cross sections in vector (V) and tensor (T) theories (A = c = 1): 





doy — 


dQ 


doy _ 





dQ 
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g*G (p*) 





16(2 


)* (e+)? 


x {|A og, 04 (€1 —&2)* —4A 99, 04 (1 +9) (€1: —€9) 
p* 
(€) &2—p? +m, mz)” 
+|A 4s, 45(€1—&2)?+ 41 Ag5, 45 (%y— Mag) (€;—€y) 
p! 


(€, €.—p?—m, M,)* 


— 2A 99, 99 (#1 +2)? |? 





— 2A 95, 95(%,—Mz)*|” 








+|A 1, 01!" (Be; €2—P? + 3m, mg) (€, &2-+-P? +m, Ms) aa 
+|A 45, 151" (Be, &2—p? —3m, mg) (€, &2-+-p*—m, My) 
—2 Re {[A oa, 04 (€1 —&2)? —4A 99, 04 (%1 +2) (€1— 2) 
—2A 99, 00(%1+M2)") Agi, 3h? cos 6 
—2 Re {[A 4s, 45(€1:—&2)?+47A 95, 45 (1 — Mg) (1 —€2) 
— 2A 95, 95 (1, —Mz)] A Js, 15}? Cos 4 
+4 Re (Ag, oA fs, 15) (1 +€2)? p* cos 8 
+4 (|A 1, 011?-+1A 15, 15|7)A* cos? 4}, 
g* G(p*) 
~ 4(221)®(e +62)? | 
X {9]A oo, 001? (€1 €2-+-2— my Mg)? + 9| A 95, 0517 (€1 22+ 02+ Mg)? 
+|Agg, 2g|?[4P4— 8p? (€, €g-+P2— my Mz) +3 (e, &g+P?>—m My)” | (16) 


+|A y4 14l?[464— 8p? (€, €g+-P?-+-m, mg) +3 (e, ep + P?+-m, Mg)” | 
+2 Re [3(Ay, 14 00, 00+ Aas, 23 A og, 05) (€:+€2)” 

—2Ag, o3 Ae 14(€1— £2)" |? cos 6 

+4(|A og 93/7+|A 14 14|”)P* cos? 6}. 


If one puts A,;; = 6,, and G(p?) = 1 in formulas (15) and (16) these will 
change into formulas of the first approximation in perturbation theory f. 








do 3 : 

4 = wie {2p4+- 27 2, e.-+-m,?m,?+ e729" (17) | 
+ (2e, &.-+m,2+m,?)p" cos 6+-p4 cos? 9}, 

omy 26" {24+ 4p7 ¢, 6+ 3a," €,?+4-3m,?m," 

dQ ~ (2n)*(e,-Fe)? saalliseltadiblisiabite (18) 


+ (4e, &-+€,?+€,”)p? cos 6+-p* cos? 6}. 


t The transformation can be performed in formula (14) with aid of the orthogonality 


relation 


16 
x (Yi) ar (Ys) po = 46 uo Spr- 


i=1 
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Consider now the cross sections for elastic scattering of neutrons and 
antineutrons on protons (m, = m,) for k = my and 10°my,, the coupling 


6 x 107%&m? 














0 : : ; _ 7 MeV 
500 1000 1500 2000 


Fig. 3. Energy dependence in laboratory system of total elastic scattering cross sections for 
neutrons and antineutrons on protons for k = my 
—*—*— vector theory 
tensor theory. 
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Fig. 4. Energy dependence in laboratory system of total elastic scattering cross sections for 
antineutrons on protons in vector theory (V) and for neutrons and antineutrons on protons in 
tensor theory; k = 10°my + Opp in vector theory is of the order of 10-%® cm?. 


constants being assumed to be of a magnitude sufficient for the existence of 
a complex meson f. Only the pseudoscalar state P, will be considered in the 


t See table 2. 
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vector theory. The total elastic scattering cross sections obtained in this way, 
Opp and og, are presented in figs. 3 and 4. These cross sections possess the 
following peculiarities. 

1) Cross sections op, and og, differ quite significantly, especially for k = 
103 m, in vector theory, whereas they are identical in the first approximation 
in perturbation theory. 

2) For k = my(g ~ 10-* erg - cm’) the cross sections are about the same 
order of magnitude as those derived in the first approximation in perturba- 
tion theory (for the same value of g). However, already for k = 10° my 
(¢ ~ 10~* erg - cm) cross sections o3,, o;, and oj, turn out to be larger by 
8—9 orders of magnitude than those obtained in the first approximation in 
perturbation theory for the same coupling constant (o,, is of the same order 
of magnitude as the cross section obtained in the first approximation in 
perturbation theory). 

3) In the first approximation in perturbation theory the cross sections 
rapidly increase with energy whereas in the ladder approximation only 
0}, (for k = 108 my) increases at the same rate. From figs. 3 and 4 it can be 
seen that the other cross sections either decrease or only slowly increase. 
The weak energy dependence of the cross sections at high energies is note- 
worthy. 

4) For both values of & the coefficients a, b and c in all differential cross 
sections, o(0) = a+b cos 6+c cos? @ greatly differ from those which the 
perturbation theory yields. In particular, for k = 10° my, cross sections 
0%,(9), o,,(8) and o%,(0) become practically isotropic. 

If the theory of contact interaction of baryons is correct and all nucleon 
interactions can be reduced to contact interactions, perturbation theory 
should be inapplicable to it f due to the great difference between the 
cross sections dp, which it yields and the experimental values (e.g., in respect 
to the energy dependence). The result obtained above does not contradict 
this assumption as the cross sections in the higher chain approximation 
considerably differ (in order of magnitude and in respect to the energy and 
angular dependences) from the first approximation in perturbation theory. 

All of these results, however, depend on a special choice of constants 
k and g, which ensure the existence of a complex x meson; for a prescribed k 
a definite choice of g must be made and vice versa. 

Consider now the case of arbitrary values of g and k. The coefficients A,, ; 
in formulas (15) and (16) have the formtt [1—ga,(k)]—! and equal unity in 
the first approximation in perturbation theory which is thus valid only if all 


+t By this we mean that the result obtained in the first approximation in perturbation theory 
y Pp Pp \ 


strongly differs from the exact value. 
tf Some of coefficients A i; i in vector theory and all the 4;, ; with i +7 are of a somewhat 


different form (see appendix 2). 
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\ga,| < 1, that is, when all lengths /; = |a,(k)|~ are larger than a char- 
acteristic length / = /|g| related to the coupling constant g. The condition 
for existence of a bound state is 1—ga,(k) = 0, that is, one of the lengths 
1, should equal the characteristic length /. Hence for the same values of g 
and & one finds that in scattering |ga;(k) |~ 1 (a strict equality does not 
apply here as the a; are functions of the mass of the system). It is thus clear 
that perturbation theory is invalid for those values of g and & for which bound 
states exist. For k/m, , > 1 one has /; ~ 2a/k in tensor theory and in vector 
theory /, ~ 22/k or 42/\m,-+-m,|/In (k?/m,m,). Hence for sufficiently small 
values of g, for example, g » 10-*° erg - cm’ (J = 107!6 cm) the condition of 
applicability of perturbation theory can be written in the form |g|k? < 1. 
In vector theory (for g > 0) and in tensor theory bound states are possible 
for (27)~*|g|k? ~ 1. If g < 0 bound states are possible in vector theory only if 


(4:0) —?| | (m,-+-m,)? In (k?/m, my) © 1 





(the pseudoscalar state P, in vector theory is of this type). 


5. Conclusions 


1) Assuming the existence of contact interaction one finds that in the 
chain approximation z and K mesons can qualitatively be described as 
nucleon-antinucleon and nucleon-anti A hyperon bound states respectively, 
in agreement with the classification of M. A. Markov!) and S. Sakata ”). 

2) This result is not inconsistent with the fact that only relatively weak 
bound states nucleon-nucleon (deuteron) exist in reality. 

3) For g » 10~** erg - cm® the only bound state that appears besides the 
za meson is the K meson. 

4) Even in the present qualitative treatment the meson-nucleon pseudo- 
scalar coupling constant for g ~ 10-*® erg - cm® turns out to be of a reason- 
able magnitude from the experimental point of view ( 10). 

5) Bound states are possible in the chain approximation only if (assuming 
k/cm, . > 1 and g to be small) the length J, = h/k, which is related to the 
cut-off momentum 2, is of the order of magnitude of the characteristic 
length related to the coupling constant, i.e., / = +/|g|/hc; perturbation theory 
is valid only if J, > 1. 

6) Connected with this is the fact that for the same values of g and & for 
which bound states (and in particular the complex 2 meson) exist, the 
elastic scattering cross sections turn out to greatly differ from those obtained 
in the first approximation in perturbation theory. 

7) The cross sections for scattering of neutrons and antineutrons on 
protons are not inconsistent with the experimental data. 

8) In principle the levels of mass M,, of the bound systems can be derived 
as poles in the S matrix. 
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For reasons stated in the paper the results obtained here must be regarded 
as of a qualitative nature. 


In conclusion the author takes the opportunity to express his appreciation 
to Professor M. A. Markov under whose guidance this work was carried out. 
Thanks are also extended to R. A. Asanov for numerous discussions and to 
the workers of the Computation Department of the Laboratory of Theoretical 
Physics of the Joint Institute of Nuclear Research for performing the numer- 
ical calculations. 


Appendix 1 
By using the substitution of the integration variables 
P= p’—Ai—P': BB*(y—1) + yh}, Po = Vtb'0— BP}, 
B=—P/Py, y= (1—f)-4, 
the integral in (7) for x = 0 can be transformed to 
—i(2n)-4 [ Sp!(aP+p, m,)Sp2(BP—P, my)G(IP)d4p 


= A—BM*(y' P)(y?P)+3C[y,'y,2+M*(y" P) (y? P)] (Al) 
—iDM—(y! P)—iEM—\(y* P). 
The coefficients involved here are related by the equation 
A=m,MD+m,M"E 
B= C+m,M1D+m,ME 
E = E(m,,m,) = D(m,g,m,), D(m,, my) = D. 


(A2) 


After performing the integration over #’ the following expressions are 
obtained for coefficients C and D: 


C = [2(22)*?M]“{ha, kV k2+-m,2+1a, kV k2+-m,? 
— a,a,(W? +3m,?) —a, a,(W? +5m,”) +2W?as}, 
D = my [2(2m)?M]“{ hh (Vk2+-m,2— Vk2+-m,2) 
— 2(W2—1m,?) (a,—a,) +M?a,—a, a3}, 


where 





k+V k?-+-m,2 
n 


m 


a, = 41 (y = 1, 2); 


r 


) 
/ 
) 
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— W,arth (W,2) 0< M < |m,—™,] 
W arc tg (W2) \m,—m,| < M < m,+m, 
ag = . » ' 
, \1+W,2| . 
—3W, in | Ws +17 M>m,+mMa,, 





a = 2kM (m,+-m,)[ (m,+-m,)?—M?)}-1[m,V k?+-m.2-+- mV k?-+-m,2); 
ag, = M(M?+m,?+m,”), 
W? = —W,? = (2M)~*[(m,+-m,)?—M*)[M?— (m,—mz,)?). 


The remaining coefficients can be obtained with the aid of (A2). 


Appendix 2 


Non-vanishing coefficients A,.; of scattering states (for P = 0). k, m, 
= 1,2,3; nw,» = 1,2, 3,4. 


VECTOR THEORY 

Aoo,oo = [1—2g(A—B+C)]D\*,  — Aoo,o4 = 28(D—E)D,* 
Aosoo = —48(D—E)D,", Aos,os = [1+4g(A—B—C)]D,* 
Agron = [1—2g¢(A+B+3C)]7 

Axa ox = 2ig(D+E)[1—2g(A+B+9C)}7, = Ay wy = Wu ¥) 
Amn,es = —2g(D—E)[1+2g(A —B—3C)]™ Emnx 

Aisin = [1+ 2g(A—B—C)]" 

Ags,45 = [1—4g¢(A+B+C)]D,7, A4s,05 = —4ig(D+E)D.~ 
Aos,45 = —21g(D+ E)D,", Aos,o5 = [1+2g(A+B—C)]D, 
D, = [1—2g(A—B+C))[1+4g(A —B—C)]+8g?(D—E)? 

D, = [(1+2g(A+B—C)][1—4g(A+B+C)]+8g?(D+E)?. 


TENSOR THEORY 

Ao,oo = [1+12g(A—B—C)] 

Aosoo = —12g(D—E)[1+12g(A—B—C)]-, Aoyon = 1 

Agua = —4ig(D+ E)[1—4g(A+B—3C)]> 

= [1—4g(A+B—3C)]}, Amn, mn= [1—4¢(A—B+3C)]7 (m #n) 


A k4,k4 


Ais, mn = 4¢(D—E)[1—4g(A —B+3C)} Eng 
Ags.o5 = 12ig(D+ E£)[1+12g(A+B+C)]}-, A 45, 5 = 1 
Aogso5 = [1+12g(A+B+C)]“. 
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Abstract: In this paper a local theory of elementary particles is proposed. Types of fermions 
following from this theory seem to cover exactly the list of experimental baryons and 
leptons. The general expressions for the charge and strangeness operators are given. Some 
preliminary propositions are made for the form of strong interactions. 


1. Introduction 


This paper contains some theoretical propositions concerning elementary 
particles and their strong interactions f. The author imagines the elementary 
particles, e.g. hyperons, as sui generis compound systems but devoided of 
space-time extent. The transition from the conception of ordinary compound 
systems to the proposed conception of elementary particles has an analogy 
with the well known transition from rotators to spinning particles. In both 
transitions the space-time degrees of freedom are replaced by new “‘algebraic’’ 
degrees of freedom, which are connected with the spin of elementary particles 
in the second case and with their strangeness in the first case. The proposed 
theory differs from several compound theories due to Goldhaber'!) and 
others just by carrying out the above transition. 


2. Baryons 


In the usual field theory, there are some operators, e.g. 0/0x%,, y,, T;; 
which act on the field operators (acting on the state vector). We introduce 
here new operators §,(« = 1, 2) acting on the field operators and satisfying 
the well known anticommutation relations 


{é,, E,*} — Oup> {é,, E,} — 0 (x — 1, 2, B —_ 1, 2), (1) 
where « is ex definitione the isospin index. The asterisk denotes the hermitian 


t The results of this paper were reported in the form of preprint, Institute of Nuclear 
Research, Polish Academy of Sciences, Report No. 17/VII (March, 1958). 
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conjugation. In the ordinary representation of tT; = (tT; 4g) (? = 1, 2, 3), 


01 — 1 0 
Ty — , Te — 2 ’ Ts — ’ 
1 0 r O 0 —1 


the index « = 1, 2 corresponds to the eigenvalues of t, = +-1, —1. There are 
a priori two possibilities: either the index « = 1, 2, of &, corresponds to 
charges +e, 0 or to charges 0, —e. We assume the second possibility. Then 
the charge connected with the index « of & has the form 


4e(ts—1). (3) 


The &, and &,* are, of course, some annihilation and creation operators 
obeying Fermi-Dirac statistics (Pauli principle), but they act on the field 
operators and not on the state vector. For the sake of convenience we shall 
call the objects respectively annihilated and created by &, and &,* the 
“strange parts’’ of elementary particles. These strange parts have charges 
0 or —ée. 

In the representation in which the operators 


m= €&,*F& (a = 1, 2) (4) 


are diagonal, we have 


Ny _ (%1n, Ng? n'y n'a) 


Ne» = (Non, nq? n'y n'a) pane 


and 


1 7 (in: ne? ny n'a) 7 


(6) 


| 

Ge 

— © 
eee eee “eee 

x 

a, sar, 

oe © 

— © 

~~ 


§> _ (Een, ne? n'yn's) —_ 


Now, we consider a field operator B(x), which will be later identified with 
the field of all baryons. We take into account the local character of the field, 
i.e. we assume that the field components B(x) in any representation satisfy 
ordinary local commutation relations. In the representation in which 
n,(x = 1,2) given by (4) are diagonal, we obtain 


B(«) = (Banyng(®)), (7) 


where « = 1, 2 is ex definitione the isospin index corresponding to the 
charges +e, 0. Thus, the charge connected with the index « has the form 


3e(t3+1). (8) 


The ordinary spin index is here suppressed. For the sake of convenience we 
shall call the object connected with the index « of B,,,, ,,,(a) the “fundamental 
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part’’ of the B particles. This fundamental part has the charge +e or 0. 
The indices m, = 0,1 and mn, = 0,1 of B,,,,,(x) describe the numbers of 
strange parts of B particles, having charges 0 and —e respectively. 

Formula (7) represents the field B (a) in the “occupation number represen- 
tation’. Going over to the “‘Fock representation’? we obtain 


3g, (2) 
B(x) = (Baay...a,(%)) = 3 on, (2) ,' (9) 
Sime aa(%) 
where 
nN = N+, (10) 
and 
B (a) B ) 1] 
sz) = — A 
Ah. ++ hy fn! any ne (a ( ) 


The total charge of the field B(a) may be written in the form 
Q® = e | dyxB*[} (ry+1) +45." (texp—Sae)f9]B 
= e(7,°+4N®—455), 
where 7,” is the 3rd component of the total isospin of the field A(z), 


(12) 


T® = 3 [dyxB*(r+é,* tp &,)B, (13) 
N® is the total number of B particles (minus B antiparticles), 
N® = [dgxB* B, (14) 
and 
S® = [dgxB*é,*£,B = [dgxB*(Sn,)B (15) 


a 


is the operator which we shall call the total strangeness of the field (x). 
This operator will turn out to be identical with the experimental strangeness 
of baryons. 

In the representation (9), only the component B, has a well defined total 
isospin. In order to obtain all components with determined total isospin we 
carry out the vector addition of isospins of the fundamental and strange 
parts of B particles. In this calculation we make use of the antisymmetry of 
the components (9) with respect to isospin indices of strange parts, 


B = |. am (16) 


A241 ae 


(Fermi-Dirac statistics). Then the component corresponding to S¥ = 2 and 
T® = 3 does not exist, because it is given by a combination symmetrical 
in the indices «, and «,. The components corresponding to S® => 3, of course, 
do not exist either (cf. (9)). We propose to identify the components, obtained 
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by this addition, with the bare fields of experimental baryons. The results 
are given in table 1. 











TABLE 1 
Component and its symbol S? | T® | T,® | Q® Identification 
< wy 0} $ | +h] +e] proton 
m= has n Q| neutron 
1 
3 (B,,.—B,,) = iA° 1} 0 0 0| A® hyperon 
B,, = =t 1; 1 | +1] +e} Xt 
1 
v2 (B,,.+B,,) = 2° 1; 1 0 0} X® } hyperons 
B,, = =- bl ei =—t) =e] B 
1 ~ = 5° 2; 4] +4 0; = 
V2 (Basi— Bais) = V 2Ban = toa = =- ai a hyperons 
does not exist 2; # 
do not exist =3 


























We can see from table 1 that our theory seems to cover exactly the list 
of actually known baryons and to explain their experimental strangeness 
and charge multiplicity. The discovery of further baryons would mean, 
from our point of view, that their strange parts do not obey the Pauli 
principle. 

We note that the isoscalar field A® and the isopseudovector field Y may be 
written down as follows: 


1 1 

sA° = 579 08 Ppa 4 = (Z,) = (CT) ap Bea, (17) 

where 

0 2 
— (°, ) Fone 84, 
and 
don = . Sages ae = scale deg p » _ 1 yo (19) 
Rw tele ee te bY Rll re DE Sd 


3. Strong Interactions 


In this section we propose some forms of strong interaction Hamiltonians 
for the baryon field B(x), the K-meson field K(x) = (K,(x)), 


K,le)={ pon, 


K(x) et 


(being, according to d’Espagnat and Prentki ?), an isospinor of the first 
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kind), and the a-meson field (x) = (z,(x)) (being an isopseudovector); 
B(x)&, B(x) is assumed to be an isospinor of the second kind. These proposi- 
tions should be regarded as tentative: 


HP" — ig.” Bys(t+&,* Tagés)B° 2 (21) 
and 
H®* — ig,® By.é, B(CK),+h.c. (22) 


or the second interaction without 7y,. Here C is given by (18). 
Using the results of the former section we obtain explicitly 


Hn — ig."(Ny,tN+2iSy,x 3+ 5y,1=) - 2m, (23) 


where N(x) = (N,(x)) is the nucleon field (isospinor of the first kind), 
(x) = (2,(x)) the field of X hyperons (isopseudovector) and F(x) = 
(&,(x)) the field of & hyperons (isospinor of the second kind). 

We can see from (23) that the coupling A® J - 2 does not appear in the 
interaction (21). 

In a similar way we get 

BK , igo” 0 {0 —y F, = l D) 
° V2 (Ny, A°+Ny,t- 3+A° y,8C—Sy,8C -1t)K+h.c. (24) 
or without 75. 

The interaction (22) has the property that without the renormalization of 
the coupling constant g,* it does not give charge exchange scattering of 
K-mesons, because this process would require a virtual emission of particle 
By = (2£°+7A°)/4/2 and an absorption of particle B,, = (2°—7A°)/4/2 (or 
of their antiparticles), which are mutually orthogonal. The renormalization 
of g,* caused by the interaction #®” spoils the combinations (2°+7A°)/4/2 
and leads to charge exchange scattering of K-mesons. The rate of this process 
(which is of higher order in gy”) should be, however, smaller than that of the 
direct scattering. 

The Hamiltonians 


H® = (ds2x®*,  H® = i} d,x/®* (25) 
correspond in the fixed source theory to the following forms: 
pe IO 6 (a4 8," taphp) «| dgzp” O20 (26) 
lt 
and 
K 
H®* — , G; £. { dyup*2,(CK).+ h.c. (27) 


or the second form without o,0,/u*. In the fixed source theory the operators 
O;, T;, €&4 act, of course, on the state vector. 


i? 





' 
it 
i 
' 
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4. Leptons 


It would be interesting to extend our theory to leptons. Let us introduce 
a field operator L (a) and assume that 1) the fundamental part of L particles 
has the charge 0 or —e (instead of +e or 0 as in the case of baryons), and 
2) the fundamental part and the strange parts of L particles obey all together 
the Fermi-Dirac statistics (Pauli principle). (The fundamental part and the 
strange parts have here the same charge possibilities: 0 or —e.) Then the 
field operator L(x) has in the ‘Fock representation”’ the form 


L(x) = ane (28) 


aad, ( 


The ordinary spinor index is here, of course, suppressed. 
The total charge of the field L(a#) is given by 


Qr =e [ dgxL*[} (rs—1) + $6," (tsap— daplSglL = e(Ts'—3N'—3S"), (29) 
where 7," is the 3rd component of the total isospin of the field L(x), 
TY = $[dyxl*(r+é,* tape p)L, (30) 


the operator 
Nt = [dgaL*L (31) 


is the total number of L particles (minus L antiparticles) and we shall call 
the operator 


st = [dgxL*é,*2,L = [dgxL*(Sn,)L (32) 


the total strangeness of the field L(x). 
Carrying out as above, the vector addition of isospins we get the results 
listed in table 2. 

















TABLE 2 
Component and its symbol St | Te | TH | Qt Identification 

v 0; £ | +3 | 0 | neutrino 

bests = e~ | —e| electron 

1 = 

v2 (Li2—L,,) = V2Lie = 1; 0 0| —e| y--meson 

does not exist 1 1 

do not exist | =2 























Table 2 seems to cover exactly the list of presently known leptons and 
explain their experimental charge multiplicity. 
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5. Mesons 
We might try to apply the above idea about fermions (baryons and 
leptons) also to K and a-mesons. We should introduce the field 
M, (x) 
M(x) = {| M,,,(x) (33) 
| aa(*) 
where the index of the fundamental part « = 1, 2 would correspond to 
charges +e, 0, and the indices of the strange parts «, = 1, 2 and a, = 1, 2 
would correspond to charges 0, —e. Then 
Q™ = e(T,M—}S™), where S™ = [d,xM*,(E,*£,—1)M. (34) 


By similar consideration as in the case of fermions, we should get the results 
listed in table 3. 


























TABLE 3 
Component and its symbol | Sm | 7™ | T™ | Q™ | Identification 
: | 7 
K+ | —1| 43 | 4 te | K+ 
M, = Kg, = Ko | | | | Ko | Mesons 
| 
M,, = at 0; 1 +1} +e | at 
l 
V3 (M,.+M,,) = 2° | 9 | 1 0; 0 | 2° }) mesons 
M.. = 2- 0} 1 -1) —e| 2a 
l f | a new neutral meson 
= (Mizs—Mai) = 2° 0; 0 0; 0} 4 
Ve | | To 
1 Sa . 1; 4 | - | 0 | 
V2 (Mas:— Mais) = V 2Mazg; = : rel two new mesons (?) 
: jbo ate 
does not exist | 1; 3 | 
do not exist | =3 | | | 














Table 3 contains a new hypothetical neutral meson t z,° having S“ = 0 
and 7“ = 0, and two new mesons having S“ = 1 and 7“ = }. If the meson 
%»° is not found experimentally this could be understood, from the point of 
view of table 3, as an indication that the meson z,° would be eliminated by 
means of an additional condition, as the scalar photon is eliminated in 
electrodynamics by means of the Lorentz condition. 


The author is indebted to Dr. J. Prentki (CERN-Geneva) and to Dr. 
J. Plebanski and Dr. J. Werle (Warsaw) for many valuable discussions. 


t The existence of this meson was recently suggested by A. Baldin (Birmingham preprint) 
in connection with strong pion interactions. 
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Abstract: Coulomb energies of mirror nuclei (A S 45) are calculated using the harmonic 
oscillator shell model. Correct isobaric spin wave functions have been used. Nevertheless, 
the results obtained are very close to those of Carlson and Talmi ') who used wave func- 
tions of the protons alone. Some formulae of more general interest, obtained during the 
calculations, are also included. 


1. Introduction and Summary of the Results 


Carlson and Talmi *), in their calculations of Coulomb energies of mirror 
nuclei, assumed, for simplicity, that the presence of the neutrons in the 
unfilled shell does not affect the coupling of the protons in this shell. In 
other words, they assumed that the proton seniority 2) is a good quantum 
number. According to their approximation the protons in the ground state 
are coupled to J] = O(or J = 7) for an even (or odd) proton number. The aim 
of this work is to examine the change in the theoretical values of Coulomb 
energies when the coupling between neutrons and protons is taken into 
account. The neutron-proton forces prevent the proton seniority and angular 
momentum from being good quantum numbers. The ground state of the 
nucleus is no longer the state of maximum pairing of protons. 

In this work we assume that particles of both kinds are coupled together 
to form a state with a definite total isobaric spin T and lowest senicrity 3) fff. 
This state will then be a linear combination of states with different proton 
seniorities (and angular momenta). The expectation value of the Coulomb 
energy will be a weighted mean of the contributions from these different 
states. In other words, the neutron-proton forces cause the weakening of the 
coupling of the protons to spin zero (or 7) and the result is a decrease in the 
Coulomb energy. We shall use, like Carlson and Talmi'*), the 7/-coupling 
shell model and take the one-particle wave functions to be the stationary 
states of an isotropic harmonic oscillator potential, V(r) = $mw?r? = 
shovr’?. 

t Presented as a M. Sc. Thesis to the Hebrew University, Jerusalem. 

tt Now at the Weizmann Institute of Science, Rehovoth, Israel. 


ttt A single seniority number is not defined for particles of both kinds, except for the lowest 
seniority. 
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The only experimental information on Coulomb energies is the difference 
within a pair of mirror nuclei *) t. The values of these differences will be 
denoted, as in ref. !), by 4(A). The theoretical values of the same turn out to 
be proportional to the parameter e?(v/z)4 with a proportionality factor (A) 
depending only upon the mass number A. In the experimental data, and 
especially in the first shells, the effect of proton pairing is very prominent. 
A(A) is not asmooth function of A but a function which attains larger values 
for A = 4k-+-1 (kis an integer) due to the pairing of the protons. The energy 
parameter as calculated from experimental data is given by e?(»/m)t = 
A(A)/&(A). The values obtained for this parameter in ref. 1) are approxi- 
mately constant tt. Our calculations do not change appreciably the results of 
ref.1), which justifies the approximation of that work. Nevertheless, our 
results indicate, as expected, a weaker pairing effect. Thus, our results as 
well as the approximate results of ref.) are not quite sufficient for explaining 
the pairing effect actually observed, if a constant potential well is used. 

It is easy to see the nature of the approximation of ref.!) in the con- 
figuration of two protons and one neutron. In this case the eigenfunction can 
be written as follows: 


yi, T= 3, J = 9, Mp = —9) = % 9(77(0), 1, J = 79) 
+a 7(77(2), 1, J = 1)+- +. 1% 9(P7 (27-1), 7, =7)- (1) 
In the g’s the protons are first coupled to form an even J, and the neutron 
is then coupled to this J, to form the state of total J = 7. According to the 


approximation of ref.1) the two protons are coupled to J = 0. This amounts 
to using the values 


Og” =|, a,” - (J = 2,4,..., 2)—1). (2) 
On the other hand we find the correct result to be 
2(2)--: 2(2J+1 . 
2 _ 2(27+2) ‘. (2J +1) (J =2, 4,...,2j—1), (3) 





“0 B(j +1)’ 8 (87-1) (2f-++2) 


which means that even for large values of 7, %»? > 4. In detail: 


3 er 
for 7 = $: a? = 3, te" = 4; 
; i. _ 49 i ae ia 
7 2 81 © ao oe — 2. 13 
for 7 = 3: %" = 9g et" = Toe % = Toe’ % = Tos 


The energy according to ref. 1!) is the Coulomb energy V (0) of two protons 
coupled to J = 0. The correct energy calculated with the coefficients (4) 
is V(0)—[(27+1)/3(27+-2)](V(0)—F°®) (where F® is a Slater integral). 
Since the Coulomb force is not a short range force (V (0) — F®) is only a small 


t See also ref.) for references to experimental work. 
tt See also ref.5) where the use of a constant energy parameter gives good results for the 
calculated binding energies of light nuclei. 
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fraction of V (0). Thus, the difference between the two energy values is very 
small. We see that the approximation made in ref.') was fairly good. 

An interesting outcome of the calculations is that for a given number of 
protons the Coulomb energy is independent of the number of neutrons 
(i.e. the energy of a nucleus with $(A+1) protons and $(A—1) neutrons 
equals that of a nucleus with $(A+1) protons and $(4+3) neutrons). 
This can apparently be explained by the fact that the two added neutrons 
are coupled to J = 0, as both nuclei, the one of the configuration 7" and the 
one of the configuration 7"**, are in the state of lowest seniority, so that 
these added neutrons do not change the coupling of the protons. 

In the energy difference of a pair of mirror nuclei a term appears due to the 
interaction of a single proton with the closed shells, in addition to the differ- 
ence of the energies of the unfilled shell (see table 5). This interaction is of 
course equal in both methods. As the number of filled shells grows, the part 
of the energy difference due to interactions within the unfilled shell becomes 
less important. Thus, even a large theoretical correction in the term due to 
the unfilled shell will only result in a small correction of the value of the 
total energy difference. 

The numerical results, as seen in tables 2, 3, 6, confirm the various asser- 
tions mentioned above. We see that even for energy differences within the 
unfilled shell our correction amounts to less than 6 per cent. For the total 
energy differences the correction does not exceed 1 per cent. This shows that 
the method of ref.1) was a very good approximation. 

Some identities and other results of more general interest were obtained 
and are presented in the appendix. These include 

a) closed formulae for fractional parentage coefficients (in short f.p.c.) of 
3 nucleons, 

b) a closed formula for the expectation values of the operator Q which 
measures the amount of coupling to J = 0 pairs, 

c) the expression of two-particle f.p.c. in terms of one-particle f.p.c., 

d) relations between the f.p.c. of two complementary configurations, 

e) formulae for expressions of the form 


y Peer JP (TI) Be TT")? 


B’ T’ J’ 


for mirror nuclei in the state of lowest seniority, which can be used for 
calculating charge independent interactions of such nuclei. 


2. Method of Calculation 


The Coulomb energy of the nucleus is given. by the expectation value of 
the operator 
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2 
a— 


G=) 8; = t2 5 rang fare )(1—ty) (5) 


i<j 
where ¢ is the electronic charge, 7,; — the distance between nucleons 7 and 7. 
Ty, is the operator whose eigenvalue is —1 when the nucleon 7 is a proton and 
1 when it is a neutron. Using two-particle f.p.c. ?) (i.e. the coefficients by 
which a wave function of » equivalent particles f is expressed in terms of 
the wave functions of »—2 and 2 equivalent particles, see appendix, 
eq. (A20)) we can write the expectation value of G as a linear combination of 
the expectation values of g;; (ref.?), eq. (33a)): 

(i" pT" Mz "|G" BT" Mz.J”) 


= gn(n—1) Y  (P TMJ \g,;\7? TM7J) 


BT’ J'TMyJ 
x |" FBT’ M's J')P(TMpJ)J |} "BT" Mz J")? (6) 
= jn(n—1) Y (PTMz J \g,5\? TMJ) 
TM7J 
LGM OM MS’ )\P(TM J) |} 7" BUT" Mz J")? 


AT’ J’ 
where f’ and f” are additional quantum numbers necessary to define the 
states. Obviously, the diagonal matrix element (/?7:M,J\g;;\7? 7M-,/) is 
different from zero only in a state of two protons which is defined by 7 = 1 
M, = —1 (J even). The Coulomb energies in these states, (7? J| (e?/7,;)|7?_J), 
like energies due to any ordinary force can be calculated by well known 
methods °). These energies in the cases of interest to us are given in table 1 ff). 


TABLE 1 


Coulomb energies of 7? proton configurations in terms of Slater integrals 














71/J Coulomb energy 
1 0 

5 0 F 

3 o, Of 

si* |) “Te 


3 
2| PSF 








5} 0 | Fo+a0tre+ 5 Fs 
‘ 2 3 m 
2] P+s5gF—ggF 
4| P_-stre_i re 
2 reF+r587 





2 3 pa__ 25 6 
PF —g_F 1287" 


0 
2 
5. 2 
4 fe— ear baer 1 Fs— —;HaF 
my 2 3 4 25/13 re 
6 Fe ear 3 F I F 

















t Equivalent particles are particles with the same m/j quantum numbers. 
tt A more complete table is given in ref. ’). 
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They are given in terms of the Slater integrals, F*, for the Coulomb potential 
and can be expressed as linear combinationing of Talmi integrals *) J,. 
(Using a formula from ref. *), p. 539, we get for the Coulomb potential 


» 
1, = 20! a (2)! . 
(26+1)!! \x 

where vy = mw/h and V = $mw??r? is the central potential which determines 
the one particle wave functions.) 

Since in (6) the (27M, J\g,;\72 7M-_J) depend on Mz, we have tocalculate 
sums of squares of f.p.c. still dependent upon the M,’s if we want to use 
eq. (6). For these sums we shall use the notations 


Y;"(Mr, Mr) = ¥ |" (eT bad he *(TMzJ), J" = 1h", 
ai = hea 1 B= 5M (8) 
We are interested only in the es state of mirror nuclei characterized by 
*, TT" = t,o" al, tf =i, J” =i (n odd) f. 
Expressions, similar to the Y,"(M;Mz), which are independent of the 
M,’s, will be used for calculating the Y ,"(M7M7, ). Such expressions will also 


be used for calculating the sums of the Coulomb energies of each mirror pair. 
For these expressions we shall use the following notations: 


r= > lrerers)P (TI) edi Fd. (9) 


AT’ y’ 
For an even J this sum splits into two terms corresponding to 7’ = 3 and 
I’ =}: 
Xj = 2,0 i"? (8 SJ) AT iN} 9" $137 F B)2?, (10a) 


Xn = 2.0 2B’ 3 J")72(1J)g|} 9" $197 FH) 2. (10b) 


The expressions X ;” are "aos in the appendix. Their values are found 
to be 





°  2n(2j-++1) 

, _ [6j-+5)n—14j—17}(2J +1) 

r= n+ Da—iy+a) (<7 ever) (11) 
ee (J odd). 





TF  2n(2j-+1) (2j+2) 
The coefficients (j"-2(B’T’M’, J')j2?(TM7J)J|}i" BT" Mx. J”) which 


t See ref.*) (there s is used instead of v). It can be shown that the new quantum number ¢, 
(‘‘additional isobaric spin’’), which was recently introduced by Racah ®), is well defined for 
this state. Its value is 0 for $(m—1) even and 1 for 4(m—1) odd. 
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appear in the Y ,"(M,M7) (eq. (8)) are products of the corresponding f.p.c. 
and Clebsch-Gordan coefficients: 


(7° (8° T' M'7J')7 Sol. J} 9" BVT" Mz J”) 
= (7°28 T' J')P(T J) J" 39" BVT" J") (T' M'~TMZ|T'TT"’ Mz). (12) 

Now the Y’s can be expressed in terms of the X’s. For even J we get from 
(8), (10), (12) 
Y ,"(M,M7) 
= |(1M,3M'7|184M7)/2X%,+| (1M, $M" 71} 4Mz)|2X%, (J even). (13) 
Substituting the values of the Clebsch-Gordan coefficients (see ref. *), p. 76) 
into (13) we have 


Y)"(F1, Fh) = GXR+EXH (14a) 
Y,;"(0, #3) = ¢XRtGXR = GX," (14b) 

Yj"(+1, #3) =3Xh (J even) (14c) 
Y;"(0, +})=X;" (J odd). (15) 


Rewriting eq. (6) for the ground state of the configuration 7" of a mirror 
nucleus, using the notation (8) we get 


("$139 $1G(" 3137 F 9) 
=Inr—1) SX FH) (AT 


J =0, 2, «++ 2j-1 





la). ao 


ij 





The Coulomb energies can now be calculated by straight-forward calcula- 
tions of the Y ,"(—1, +-4). For this purpose the f.p.c. appearing in (10) must 
be calculated and then the Y ,"(—1, +4) are calculated using (10) and (14). 
But since such calculations are rather involved, we shall proceed using a 
different method wherever possible. We first calculate the sums of the 
energies of each pair of mirror nuclei. Indeed, these sums are the expectation 
values of the charge symmetric part of the Coulomb energy operator (5). 
From (14a) and (l4c) we get 


Y;"(-1, —$)+Y;*(—1, +3) ™ 34)". (17) 


Combining (16) and (17) we get for the sum of the energies of a pair of 
mirror nuclei 


("$135 —$1G |g" $137 —$) + 9" $197 4+-31G|7" $197+4) 
= qn (n—1) > x; (i 
, 27-1 


J=0,2,-+: 





“liy). (18) 





These sums are thus immediately calculated by substituting the values of 
the X,”" from (11) (and using table 1). 
We have now to separate the sums (18) into their components for the two 
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members of the mirror pair. For most cases this is easily done. For the 
configuration with one proton and two neutrons the Coulomb energy is of 
course zero. Thus, for = 3 the sum is separated. For the configuration 
with 27 protons (i.e. one hole in the proton j-shell) the energy equals that 
calculated in ref.1). Since according to both methods the protons couple to 
J =j7. Thus, the separation for the cases n = 47;—1, nm = 47+ 1 is also ac- 
complished. It remains to calculate the separate energies in the cases 
($)> and ($)’. Subsitituting the value of Y ;"(—1, +4) from (14c) into (16) we 
get 


"$137 +4/G\j"$14j)+4) = pn(n—1) > x5, (77) 


J =0, 2, +++, 23— 





—liJ). (19) 





Vij 


Thus for calculating the Coulomb energy of 2 protons and 3 neutrons in the 
j = > shell we have to know X$,, X},, X%,. We calculate X9, and X}, using 
their definitions (10a). The necessary f.p.c. we calculate directly from tables 
of one-particle f.p.c. for m = 47) and nm = 5), using eq. (A20)t. From 
X and X93, the coefficient X}, was calculated by (14c) and (A3Id). Thus 
the case (3)® is also completely solved. The energy for the configuration 
with 2 protons and 3 neutrons, just calculated, equals that of the configura- 
tion with 2 protons and 1 neutron. We deduce from this that the energy of 
the configuration with 4 protons and 3 neutrons (i.e. 2 holes in the 3 proton 
shell and 3 holes in the 3 neutron shell) equals that of the conilaniretien with 
4 protons and 5 nbiithode (i.e. 2 proton holes and 1 neutron hole) which 
has already been calculated. The case (3)? is therefore also solved ff. 

In tables 2 and 3 the energies as calculated here and in ref. 1), respectively, 
are represented. They are given in terms of the Slater integrals F*. The 
values of these integrals in units of e?(v/m)?, the energy parameter, are 
tabulated in table 4. In table 5 the interaction of a single m/j-proton with the 
closed shells is tabulated for the various /j (this also is given in units of 
e*(v/z)*). To calculate the total Coulomb energy difference between the two 
mirror nuclei such a term must be added. In table 6 the numerical values of 
the energy differences are tabulated. For comparison the corresponding 
values calculated in ref.') are also given together with percentages of our 
correction. In the last columns the numerical values of the energy parameter 
as calculated from experimental data ttf are tabulated. 


The author would like to thank Prof. G. Racah for his invaluable guidance, 
to Prof. A. de-Shalit, who suggested this work, and to Prof. I. Talmi for 
many helpful discussions. 


t The results were checked by calculating also X* 4 in the same way and using (11). 
tt Detailed calculation of the energy for the configuration of 3 protons and 4 neutrons in the 
same way as before would be very difficult since full tables of the necessary f.p.c. are not yet 


calculated. 
ttt The experimental data given in ref.‘) are used for these calculations. 
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TABLE 2 


Calculated Coulomb energies 












































. | Energy 
LB | 
2 j z=1(4+1) z=1(4-1) Differences 
on- im! gt 1) im’ re 41) in e*(=)? 
figuration rT - J - 
units 
3 
Os | O 2.000 
: | 
Ops 0 0.000 
3 al 
Op} (EF?) 0 1.622 
of 18(3*) Pd (brt) 27 
7 30/1 52 _15/1,2 
Op; +e(sF?) 3F°—52(-F*) 4.333 
Op, 0 0.000 
3 i= 
Op} 0 1.500 
Od, 0 0.000 
3 8 r2 2 
Ody a5F +57F*) 0 1.418 
5 8 -2, 2 4 0, 5/ 8 -2, 2 
Ody (a5F +37F ) Fos (oe F*+s 7 F ) 2.325 
7 8 2 74 _1/_8 p2, 2 4 
Ody (agF?+57F*) 3F—2(S F2+oF 3.743 
9 14/8 72, 2 7a _2(_8 72, _2 
Odg H (ge F?+s7F*) 6F°_ 5 (2 F?+.-F 4.651 
11 21/ 8 -2, 2 7-4 _14/ 8 pe, 2 4 
Ody + (ge F?+57F*) 10F°—45(S.F*+57F 6.068 
Is, 0 0.000 
Is} 0 1.364 
Od, 0 0.000 
3 1 52 - 
Od) 5F ) 0 1.370 
od} 18 (ZF?) F444 (2 F?) 2.253 
7 0/1;72 _15 1 2 9 
Odj $e(sF ) 3F0—4 (EF ) 3.623 
Of, 0 0.000 
of | (sy F*+a5F +755 F*) 0 1.282 








~! 
or 
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TABLE 3 


Coulomb energies calculated by Carlson and Talmi'*) 





Energy | Percent devia- 













































































, 1 1 
Z= s(A +1) - 3 (A —1) | age reg tion from our 
mM! a +h | in e®(y/m)# | calculated 
( J (2 r z) | units values 
0 | 2.000 | 
0 | 0.000 
5F* 0 | 1.667 | —2.7 
1 52 15/1 ;,2 ‘ 4 . 
1 72 _15(1,2 aaq | 
(sF?) 3F0—52(2F?) 4.333 
0 0.000 | 
1.500 
0 0.000 | 
8 re ¢ inte 
anf + 0 1.482 4.4 
7/8 -2, 2 ‘ : 
3F° 3.775 | —0.8 
10F°—4A( 8 Fe 6F° 4:587 41.4 
21/ 8 _14/ 8 -2, 2 
(a5 10F°— 44 (2. F? +55 F*) 6.068 
0 0.000 | 
0 1.364 | 
0 0.000 | 
| 
1 2 Mee > 
is sf 0 1.410 2.8 
1 0415/1 72 y | 
(F?) F°+452(F?) 2.213 +1.8 
1 p2 _15(1p2 
(=F?) 3F°—52(-F?) 3.623 
0 0.000 
2 a 
aif 0 1.356 5.6 
TABLE 4 
Values of Slater integrals, F*(n/*), for Coulomb energies, in e?(v/z)* units 
ni Fe | F* F6 
0s? | | 
1s | 
Op? 2 
2 91 63 
Od 120 120 
Of2 789 561 429 
1120 1120 1120 
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TABLE 5 


The interaction of a single n/, proton with lower closed shells in e2(p/z)* units 

















































































































®) ref. *) all the data, except Ad = 9 and A = 37, have been taken from this 
>) ref. 1). 
¢) ref. %). 


| | 
Os, | OP, | Op, | Od, Is, | 0d, of; 
0.000 | 3.000 | 8.667 | 10.450 | 18.113 | 20.198 | 22.985 
TABLE 6 
Coulomb energy differences, experimental in MeV and theoretical in e2(vjzt)* units 
| bn ¢ 
Percent 1 
‘ Calculated Energy e* (v/2)? 
Mass) | Experimental : deviations } 
| Configura- Coulomb differences e* (v/z) (keV) 
Number |. Coulomb-energy of ref.') 
tion nl,* ; energy calculated (keV ) from 
A differences results 
differences in ref.') ref.') 
| | from ours 
3 | Os} &) 0.764+0.001 2.000 2.000 381.9 381.9 
- = ee 
5 | Op, 0.8 +0.3 3.000 3.000 270 | 270 
7 Ps 1.646 +.0.002 4.622 4.667 | —1.0% 356.2 | 352.6 
9 _. >) 1.852-+40.002 5.711 5.667 +0.8 % 324.1 | 326.8 
11 | Py 2.763 +0.003 7.333 7.333 376.8 | 376.8 
13 Op, 3.006 + 0.005 8.667 8.667 346.8 346.8 
15 P} 3.539 +. 0.006 10.167 10.167 348.1 348.1 
17 Od, 3.550 + 0.006 10.450 10.450 339.6 339.6 
19 | de 4.027 +0.008 11.868 11.932 —0.5 % 339.3 337.6 
21 de 4.30 +0.03 12.775 12.743 +0.2 % 337 | 338 
23 | dj 4.841-+40.010 14.193 14.225 | —0.2% 341.1 340.4 
25 | dy 5.084 -+.0.025 15.101 15.037 | +04% 337 338 
27 | a; 5.584 +-0.010 16.518 16.518 338.1 338.1 
29 | Is, 5.749 +.0.010 18.113 18.113 317.4 317.4 
31 | sj 6.22 +0.06 19.477 19.477 320 320 
33 | Od, 6.0 +0.2 20.198 20.198 297 297 
35 dj 6.75 +0.04 21.568 21.608 ~0.2 % 313 312 
37 dy e) 6.83 +0.28 22.451 22.411 +0.2 % 304 305 
39 dj 7.38 +0.08 23.821 23.821 310 310 
41 | Of 6.74 40.05 22.985 22.985 | 293 293 
43 | i 24.267 24.341 —0.3 % 
reference. 
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Appendix 


A.l. CALCULATION OF F.P.C. FOR 3 EQUIVALENT PARTICLES 


In this calculation we follow closely the method of Schwartz and de 
Shalit ?*). 
An antisymmetric function for 3 equivalent particles can be written as 


y(° 1JM;M;) = N2 (—1)" Py(?(ToJo)iTJ) = (To+Joodd). (Al) 


P denotes a permutation of the particles, (—1)” is 1 for even permutation 
and (—1) for odd permutation. Since p(j?(7»J,)j/7_J) is already antisymme- 
tric with respect to the first two particles, the sum extends only over three 
terms instead of six. According to Racah ?) an antisymmetric function can 
also be written as 


vPTJM7M;) = % PIT" TTI YP TI yl J yj7J). (A2) 


Here, also, p(j?(7"’J’’)77_J) is antisymmetric with respect to the first two 
particles. Now, equating (Al) and (A2) and using Racah’s recoupling 
coefficients 1) we get 


(7 (Z° D778 TI) = C (Too) (6(T’ To) 6 (I Jo) ($37 0) ($ TT 0) (770) GI Jo) 
— (1—(—1)7*") (27)+1)4(27’+1)4#(2Jg+1)? (2 en 





Heal j te —(—1 ) sit 
$TT, IJ So 2 ; 
where 
_ {90 if a,b,c cannot form a triangle : 
(a0¢) = - if a,b,c can form a triangle (AS) 
and 
(reg | = (1H (abe; ef (AS) 


is Wigner’s form of Racah coefficient. C(T,) J.) isa normalization coefficient 
which depends on the parameters 7, J, and is decided (but for the sign) by 
the normalization condition 

ZAC TI VTIBATIVE = 1. (A6) 
Using the identities !%) 


SIF | ayn Jot) = GiJa) GTI) 


Jy’ IJ Jo (A7) 
Tivo See Te ‘i 
SUT Typ OLENA Doty =f eget) 


and the analogous identities for the t’s, we get 
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C(Tehy= | 3870) (BTTo) io) iI Jo) 
—6(2T +1) (2Jo+1) 1 Ciel: » (A8) 


We shall now show that by choosing the parameters 7), J, to be 1, 0 
respectively we obtain the f.p.c. for the state of lowest seniority. 
It can be shown #*) that 


Q([A]}(o)) = 3{(g[4]—ng[1]) —(g(o)—ng(1))} (A9) 
where Q([A](a)) is an eigenvalue of the operator Q defined by }) 
Q = 4 (A10) 


and g;; is defined by 


(PIM \gisP°-JM) = (27+-1)6V, 9); (All) 


g[A] is the eigenvalue of Casimir’s operator !*) for the unitary group U (27+-1) 
belonging to the state 7"{A]([{A] is the partition of ). g(a) is the eigenvalue of 
Casimir’s operator for the symplectic group Sp(27+1) belonging to the 
state j"(A](c). ((o) is the partition of the seniority —v. An equivalent 
characterization of this state can be given by 7"7 vt where ¢ is the reduced 
isobaric spin *)). It can also be shown that 


g[A] = ng[1]—4n(n—1) )+$n— 27(T+1) (A12) 
g(c) = vg(a)—$0(v—1) + $v—2t(t+1). (A13) 


Inserting these equations and the value of g(1)—(27+2) — into (A9) 
yields f 


Q([A](o)) = (" TvtJ|Q|i" Tet/) 
= }(n—v) (47+8—n—v)—T(T+1)+t(t+1).  (Al4) 


Now, using the identities !”) 








(2) = er gh Ae 
! J 4 = (—1)"-1 +H) +1) (Al5b) 
771 27 (7+ 1) (27+-1) 


and inserting 7, = 1, J) = 0, T = $tt, J =7 into (A3) and (A8) we get 


t Comparing (A14) with eq. (14) of ref.1!) shows that the equation there is a special case of 


ours for T = 4n, ¢ = dv. 
tt The case T = $ is also proved in the same way but since this is the case for 3 nucleons of 


the same kind, it is treated in ref.''). 
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(2(7' J’ T= 3J =1}P T=3J =1)= 5 


For any operator 














where g,,; operates symmetrically on the particles 7 and 7, we have ?) 


(7" Tut] |G\j" TvtJ) = 4n(n— 


Setting Q for G and using (A11), 


| (+2 \ fe ae 
(<) (I, J")=(1, 0) 
ay'+i_ yt T=, , 
Gaanara even number>0) (ANG) 
“4 ~' i ) (T’, J)=(0, 
(27+ 1) (27+-2) odd number). 
C= Seu (A17) 
i<i 
av! J ta? 1 
reves 
x (ir -2(T’ v't' J')pP2(T" J") TJ} 7" Tot) |%. (A18) 
(Al4), (A16) we get 
att(t+1) = +2, (A19) 


1(3—v) (4j-+5—v) — 


the omy solution of which is v = 1, ¢ = z 
and v is an integer which cannot be greater than 27+1). Thus, our 


1 
x Or $ 


assertion is proved. 


(remembering that ¢ can only be 


We now summarize some useful, easily obtainable, identities. 
Two-particle f.p.c. can be expressed in terms of one-particle f.p.c.: 


"2 (B°T’ J’) (TD) J hy" BT) 
== 5 er"eier.+yiey”+1ie@s,+1) 
seormght EPUT UT" A 
Kio ‘i 7 ¢ AA — 


“(7 "2(B'T’ J')\i Jal} 1 Bs T1J1) (3 ™—1 (BT Ji )i J \h" pT). 


The f.p.c. of a given configuration can be expressed in terms of the f.p.c. of 
the complementary configuration: 


(72 42—" BT’ J')j J} 948 BT J) 
(n+1)(27’+1)(2J’+1) 


(A21) 





(— yrresera| 


("BT J’)? 


(4j-+2—n) (2T+1)2J+1 


(PJ) Ji} 2" BT) 
(n-+2)(n+1)(2T’+1)(2J’+1) 


8 
| OTD ees’) 


(A22) 
J'l}in+2p'T’ J’). 





~ an gree era 


7 
| oryine'y 
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Analogously to ref.?) eq. (20) we have here the orthogonality relation 
rept VATED EBT DiS 8 PY’) BT ST i" (BT) ’) 
= [(4)+3—n)/n](27+-1)(2J+1)6(B, B’)8(T, T”).  (A23) 

Matrix elements of an operator of type G for the filled shell are 
D = (7%*°00|G|j*#00) = ~ [2+ (—17J2I+V (PTS gil? TJ). (A24) 


A.2. CALCULATIONS OF THE x7 

Using eq. (9), we obtain from (A18) 

(j", T° _ i, vy" —_ l, ye a 4, as — i1G\j", TT" ae 4, vy" -_ l, t’’ =— 4, - —_ j) 
= gn(n—1) d (PTS gj) TJ)Xz". (A25) 


TJ 

Equation (A25) may be used for calculating the X ,". This is done by choos- 
ing g,;; (and G) to be an operator for which the eigenvalues appearing in 
(A25) are already known (or can be calculated without the use of (A25)). 
We take 

Bi; = (2k+1)(u, > u,;™) 
where u,“?) is a tensorial operator of degree k which is defined by 
(7|[u||7") = 6(7, 7’). (A26) 

From (A25) we get 


(im 4Ad;| S (2k+1) (a, « u,)|j"$14;) 


i<j ~~) X PTJ|2+1) (a uj) PTI); (A27) 


From ref.!*) eq. (38) and (A26) we have 
(PTJ|(2k+1) (a - u,™)|7P? TJ) = (—1)"4 (2k+1)W (ii7; JR). (A28) 
Thus (A27) turns into 


("HBAS A+ 1) (a + wy)]j" 147) 
a = dn) ¥ (WTR W iis JX. (A209) 


The left hand side of this equation is calculated by a method of Racah 38). 
Now, multiplying both sides of (A29) by W (7777; J’k) and summing over k 
(with the help of ref.12) eqs. (40), (42), ref. 18) eqs. (28a), (28b) and (Al5a)) 
we get 
(ree 9 [oc nsaes, wrkil Stade abba sf 0)] 

2J+1 4n(2j-+1) (2]—1) 2j-+2) 
(n+3)[(—I)¥+41] 








(4j-+7—n)a(J, 0)}, (A380) 


(27+ 2) 
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which is the general form of (11). 
The substitution g,, = (1-Ft,,)(1-Fr;,)/4 into eq. (6) and using eq. (8) 
(calculating only for the ground state) yields 


a) 


> Y,"(0, F) = i | 


J=1, 3, +++, 29 4n 


l 
0 2 a, 4) oh a 
seats n—1l (Aat) 


> Y;"(0, +4) = = 


J=0, 2,°:+, 2j-1 








n—3 
y (41, -1)= —* 


J=0, 2, +++, 23-1 4 


The eqs. (11) and (A31) can be checked by substituting in (6) for g,, the 
operators 1,;, (t; + %,;) (t, is the isobaric spin of the particle 2), 9;;, (j, * j;). 

Using Racah’s results in ref.1*) § 6 and taking into account the method of 
calculating the X," one can obtain 


§ (47+ 2—n) (4)+1—n)X9t?™ 


4);+4-2—2n 


4j+2 [(2+(—1)’)(2J+1)].  (A82) 


= $n(n—1)X,"+ 





For n = 3, X4, = 0 as may be seen from the defining eq. (10). Therefore 
X%, = X,° and (14) together with (11) (or (Al6) which is the same for 
n = 3) gives 


a) 


b) 


c) 








Fxaed 
3( ] eS pt Bae 
f= o.2(2 +1) | ; 
Y 3(+1, =i . . =24,...,2—1 A33 
Y (+1, F}) = 0 (J = 0,2,..., 27-1). 
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Abstract: An effective deuteron-nucleus potential consisting of an optical well plus a spin- 
orbit interaction was derived, starting from a Saxon potential plus a spin-orbit term for 
the interaction between each nucleon in the deuteron and the nucleus. The WKB method 
was used to calculate the angular distribution and the polarization of 94 MeV deuterons by 
carbon. The result of this calculation using well parameters which fit the scattering data of 
40 MeV protons by carbon, is in good agreement with the measured values of the differen- 
tial cross section. The predicted polarization shows a maximum of about 30 percent, but 
its sign is constant and does not oscillate as the experimental one does. 


1. Introduction 


The differential cross sections and the polarization of deuterons scattered 
elastically by carbon, aluminium, copper, lithium and beryllium have been 
measured by Baldwin e? al.1). The theoretical explanation on the basis of the 
Born approximation has been attempted by Baldwin!) and Cheishvili ?). 
Baldwin obtained a differential cross section which at small angles is larger 
than the experimental one and smaller at large angles. The maximum polari- 
zation he gets is much smaller than that of the measured one. Cheishvili 
considered a complex square well plus a spin-orbit interaction, Vyp(r) 
+V,/r(dp/dr)1-s between the nucleons in the deuteron and the target 
nucleus, with V)p(7) = —(28+716) MeV for r < R, and zero for r > R,, 
where R, is the nucleon-nucleus interaction radius, and V, = 9x 10-6 
MeV - cm?. The differential cross section for the incident polarized deuterons 
of 167 MeV scattered by carbon at 20° is three times smaller than the measur- 
ed one. This differential cross section, according to Cheishvili, may be 
written [(0,p) = (p+4 cos p+r cos 2p) x 10-2? cm?/steradian. For 156 MeV 
deuterons scattered by carbon, Cheishvili obtained the following results: 
the ratio #/g agrees with the experimental values for angles greater than 16°, 
but not for smaller angles; furthermore the 7 values came out incorrectly. 

In a recent paper *) Stapp made an attempt to take into account the 
contribution of the deuteron D-state and the simultaneous scattering of 


t Fellow of the National Research Council of Brazil, and on Leave from the University of 
Sao Paulo, Brazil. 
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both nucleons of the deuterons by the target nuclei. Both effects should 
enhance the differential cross section at large angles, the first effect through 
the sticking factor, which is the dominating factor in the large angle scatter- 
ing, according to the impulse approximation which was used by Stapp; the 
second effect reduces the breaking up of the deuteron at large angles due 
to high momentum transfer, thus enhancing the elastic cross section. 
However the D-state contribution was found insufficient to yield a differen- 
tial cross section of the order of magnitude of the measured one. The in- 
clusion of the simultaneous scattering produces a result which agrees well 
with the measured values for angles smaller than 16°, but for angles larger 
than 16°, the theoretical differential cross section is higher‘). A large 
deuteron polarization will not be obtained from Stapp’s formulae if the 
nucleon amplitudes are consistent with the observed small nucleon polariza- 
tions *). 


2. Effective Deuteron-Nucleus Potential 


We assume that the Hamiltonian may be written 
H = 1,+T3+V49(t%2) +Vi(%) +V (72). (1) 


The indices 1 and 2 indicate the neutron and the proton in the deuteron, 7 is 
the kinetic energy operator, 7,5 = |f,—T,.|, Vy2(7,,) is the interaction between 
the nucleons of the deuteron, and the V,,’s are the interaction of the neutron 
and the proton with the target nucleus. Using now the centre of mass and 
relative coordinates of the deuteron, the Schrédinger equation may be 
written 


hi? Hi 
— ggg V8 — Viel) +0 (GIR + 81) +V2(GIR—)) | (Rr) 
= Ey(R,r) (2) 
where 


R= i(r,+1r,.), r=1r,—r, M=2m, wu = dm, 


m denoting the nucleon mass. Denoting by x(7) the deuteron wave function, 
we have 


{— (h?/2u)VP+Vyo(r)}x(") = €ax(7). (3) 

The solution y(R,r) of eq. (2) may be written 
y(R, r) = z(r)¢(R)+ F(R, r). (4) 
We now multiply eq. (2) by y(7) and integrate with respect to r; we get 
{— (A?/2M)V ,°+-V (R)—(E—€4)}6(R)+(R) = 0 (5) 


where 


V(R) = [dryz(r)[V,($/R+2|) +V2($/R—2|)]z(7) (6) 
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and 


g(R) = f dry(r)(V,(}/R+4])+V,(3/R—r|)] F(R, r). (7) 


The inhomogeneous term g(R) in (5) given by (7) contains the dissociation 
of the deuteron and the distortion of the deuteron wave function. The effect 
of such processes will be approximated by adding an imaginary potential 
in the homogeneous part of eq. (5) and dropping g(R). As we shall see later, 
the contribution of g(R) is actually very small. Since we are interested in the 
polarization of the deuterons, we assume 


l ' 
V(r.) = (v+éw)p(r,)+Vis(tim,c)?— Pt, «g, (8) 
Y. Y. 


u u 





Setting y(7) = Nf(r)/r, and noting that 


2 2 
1) > Yori, +s; = $(L+1)- > Y(7,)8,+ [81 ¥ (71) —82Y (r2)] 
i=1 i=1 
x([—-RxV,+72xVpR] (9) 
where L= RXVpz, 1=rxV,; 
2) | dry(r)[s, ¥ (4) —s2 ¥ (72) [Rx V,]z(r) = 0; (10) 


3) since we assume a pure S-state for the deuteron ground state, 1 operated 
on x(7) yields zero; 


eq. (6) becomes 
V(R) = 40N?[2(v+1w)¥(R)+3V 15(h/m,c)?L * (8; +8,)U;5(R)} (11) 
where 
¥(R) = | ar[z(r)Pp(r). 
Using the relations 
dr = 2dr, = —2r,?dr,d(cos 0)dp 


and 
—d(cos 6) = rdr/4r,R 


where @ is the angle between R and r,, we get 


i foe ra]. nanpln){ att (12) 


2|R—r1| Y 
In a similar way we get 





l 
— 3) A(2R—2n) 


U,;(R) = —R” [1 +R | ars p(r) (i= R 





l l (13) 
+ (Reg) Pert end] 


If we set k? = (2M/h?)(E—eg) = (2M/h?)Eq, we get 
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{V p?— (2M /h?)4xN?[2(v+iw)V (R) 
—3Vz5(h/m,c)?L + (8,+-8,)Uz5(R)|+A}¢(R) = 0. (14) 


We have thus derived an effective deuteron-nucleus potential which consists 
of a complex central potential plus a spin-orbit interaction the well para- 
meters of which are dependent on those of the nucleon-nucleus potential. 
The solution ¢(R) of this equation contains neither the dissociation of the 
deuteron nor the distortion of the deuteron wave function, but does include 
the simultaneous scattering of both nucleons of the deuteron by the nucleus. 

Let us now use the Hulthén wave function for the ground state of the 


deuteron 
f(r) = e-**—e-4r (15) 


with a-!= 4.31x10-8 cm, B= 6a, and 4aN? = 2a8(«a+/)/(B—«)?. 
¥(R) and U,,;(R) were obtained by numerical integration of eqs. (12) and 
(13), and they are shown in fig. 1. We have taken Saxon’s potential 





p(7:) = (1+exp ((7,—R,y)/a)}7 (16) 
—R(1.4 x 10° cm) —= 
0% 23 0.9 LS 21 2733 39 45 








Fig. 1. Effective devteron-nucleus potential. 
(a) ¥(R), (b) Uzs(R), (c) p() = (1+exp((7— Rp) /a)]-*. 


where R, = 1.33 Ax 10-18 cm is the nucleon-nucleus interaction radius, and 
a is the surface diffuseness parameter. We have used °) a = 0.55 x 107 cm. 

The resulting potential has a very long tail: its effect extends to a distance 
of R w R, x 2.5, and as a consequence, in the partial waves analysis we have 
to consider contributions of about 20 partial waves. Such a long tail is 
essentially due to the fact that the deuteron is an extended structure. 
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3. WKB Calculation 


We have used the WKB method to calculate the phase shifts. The 
phase shift is given by ®) 


6,27 = | ra [k2— (2M /h2)V (R)—L(L+1)/R2]# dR 
= re [k2—L(L+1)/R2]# dR 


where R’, and R’’, are the respective zeros of the integrands. For V (R) < Eq 
the above expression can be reduced to 
k oo 
6°) = —— [—2(v+iw)¥ (R)—a,U,5(R) (Vz s/2) (h/m,c)? 
2E4 Ro 
x [k?(R2—R,?)]-* RdR, 


(RR)? = L(L+1), and a, = L, —1, —(L+1), respectively, for J = L+1, 
J=2L, J=L—1. 

We computed the angular distribution and the polarization of 94 MeV 
deuterons scattered by carbon, using the formulae ft derived by the author *). 
Since each nucleon in the deuteron has half the deuteron energy, the well 
parameters v, w and V,;, must be those corresponding to scattering of 
nucleons of about 45 MeV. Melkanoff e¢ a/.*) in their analysis of the elastic 
scattering of 17 and 31.5 MeV protons by several nuclei, found the following 
average values of the parameters of the optical well: 


(17) 











E(MeV) v(MeV) | w(MeV) | r,(10-18 cm) | a(10-1% cm) 
17 — | ee 1.33 | 0.49 
31.5 —35 ~15.5 1.33 | 0.53 














In particular for the carbon nucleus they found for 31.5 MeV protons 
v = —44 MeV, w = —11 MeV,” = 1.28 10-8 cm anda = 0.5 10-* cm. 
Glassgold and Kellog 8) analysed 40 and 95 MeV protons scattering by 
carbon, aluminium and lead, and got as average values of the well parameters, 
the following numbers: 


1) for 40 MeV protons, v = —36+4 MeV, w = —15+5 MeV, 
% = 1310-8 cm; 
2) for 95 MeV protons, v = —26+2 MeV, w = —10+5 MeV, 


% = 1.3x10~-8 cm. 

In the analysis of these groups the spin-orbit potential was not included. 
Fernbach, Heckrotte and Lepore °) calculated the angular distribution and 
the polarization of 290 MeV neutrons in an elastic scattering by carbon, 


t There is an error in these formulae. The term }(BD* — B*D) sin @ in formula (30) and the 
term i[(C+A)D*—(C+A)*D) sin @ in (33) of ref. 7) must be omitted. The contribution of 
these terms to the angular distribution and the polarization is anyway negligible. 
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Fig. 2. Angular distribution of 94 MeV deuteron from C* (d,d)C! 
(a) Experiment (b) v= —31.33 MeV, w = —62.66 MeV, Vzs = 2.55 MeV 
(c) v= —40 MeV, w= —20 MeV, Vzs = 2.55 MeV 
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including a spin-orbit potential of the form 


V5(h/m,c)*(1/r)(dp/dr)l- s. 





(18) 


Three different shapes of the potential were used, namely, square, para- 
bolic, and Gaussian well; however no definite conclusion can be drawn 
from their analysis. The well parameters used were as follows: 














square | parabolic Gauss. A | Gauss. B 
—v(MeV) 0 a 0 | 53 
—w(MeV) 18 | 30 89 76 
Vzrs(MeV) 2.55 2.55 5.1 10 
¥, (10-38 cm) 1.4 1.6 














Recently Bjorklund and Fernbach ?°) analysed the differential cross section 
of 4.1; 7 and 14 MeV neutrons scattered by magnesium, calcium, cadmium 
and bismuth, including the spin-orbit potential (18). Their best fit to the 
neutron scattering experimental data was obtained using the parameters: 








E(MeV) v(MeV) w(MeV) Vis(MeV) a(10-*8 cm) | 7)(10-'* cm) 
4.1 — 50 — 7 9.5 0.65 1.25 
7 —45.5 —9.5 8.6 0.65 1.25 
14 — 44 —11 8.3 0.65 1.25 























Hafner !'), from the analysis of 220 MeV polarized protons gets R, = 








2.4x 10-4 cm, a = 0.1 10-8 cm, v = —10 MeV, W = —25 MeV and 
Vis = 5.056 MeV. 
P(@)402 
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Fig. 3. Polarization of 94 MeV deuterons scattered from C!?. 


(a) Experimental 


(b) v-+-iw = —(32.33-+162.66) MeV, Vrs = 2.55 MeV 


(c) v-+iw=— (40+i20) MeV, Vps=2.55 MeV (d) v-+iw=— (40+1i20) MeV, Vzs=8 MeV. 
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In the present work we used fixed values of 7% and a: 7) = 1.33 10718 
cm and a = 0.55 x 10~'8 cm. However v, w and V;. were varied; we tried 
two sets of values of v and w, namely, v-+-7iw = —(31.33+-7 62.66) MeV and 
v+iw = —(40+7 20) MeV; and two values of V,;, : 2.55 MeV and 8 MeV. 
The angular distribution was calculated using, 1) v+¢w = —(31.33+ 
1 62.66) MeV and V,, = 2.55 MeV (curve b, fig. 2); 2) v-+7w = — (40+ 20) 
MeV and V,, = 2.55 MeV (curve c, fig. 2). The polarization was obtained 
using, 1) v-+-7w = (31.33-+-7 62.66) MeV and V,, = 2.55 MeV; (curve b, 
fig. 3); 2) v+-7w = —(40+2 20) MeV and V,, = 2.55 MeV (curve b, fig. 3); 
3) v+tw = —(40+7 20) MeV and V,, = 8 MeV (curve c, fig. 3) In both 
figs. 2 and 3, the curve a represents the experimental results. 


4. Conclusions 


As we see in fig. 2, the predicted angular distribution for v+7:w = 
—(40+7 20) MeV agrees very well with the measured one. As mentioned 
in section 2 one might expect a large imaginary part in order to represent the 
neglected effects of deuteron dissociation. The value of 20 MeV however is not 
large compared to the imaginary parts found in fitting nucleon nucleus 
scattering discussed earlier. If one tries to fit the deuteron elastic cross 
section with larger values of the imaginary part then the large angle pre- 
dictions are much smaller than the observed results. To the extent that one 
can approximate the effects of deuteron dissociation by an imaginary well 
parameter one can conclude that such effects are negligible for the experi- 
ment discussed here. The differential cross section shows a discrepancy at 
4°; since at such small angles the Coulomb scattering becomes very large, we 
can blame this discrepancy on the neglect of the Coulomb effect. The number 
of maxima and minima increases with increasing |w|. The change of V;,; 
from 2.55 to 8 MeV yields a very small variation in the differential cross 
section (less than one percent) at small angles. Let us now examine the 
polarization effect (here we are considering the vector polarization). Its 
magnitude depends on the value of V,;, but varies very little with v and w 
(compare the curves b, c and d in fig. 3). The polarization increases with 
increasing V,,: it is roughly three times as great for V;, = 8 MeV as for 
Vis = 2.55 MeV. The maximum polarization obtained for V,;,; = 8 MeV 
is greater than 0.30 which is not far from that found experimentally. A 
comparison of the curves b, c and d in fig. 3 shows that the shape of the 
polarization curve is almost independent of V,;,, but varies with v and w. 

Although quantitatively the result is reasonable, the predicted polariza- 
tion does not show any oscillation similar to the experimental one. We do 
not yet know the cause of this discrepancy. 

We calculated the tensor component of the polarization which contributes 
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to the right-left asymmetry e as defined in ref.+). Its values are listed 
below (P stands for the vector polarization): 








6 P | tensor |tensor/ P| 

8° — 0.0713 0.0013 0.018 
12° — 0.0604 0.0010 0.017 
16° —0.1159 — 0.0054 0.047 
24° — 0.2925 — 0.0052 0.018 
36° — 0.2346 — 0.0089 0.038 




















As we see from this table, the tensor component is very small compared to 
the polarization P, therefore it cannot explain the discrepancy between the 
theoretical and experimental asymmetry e. Now the phase shifts given by 
the WKB method are good if their values are larger than 0.5 radian !”). 
Since the phase shifts due to the spin-orbit potential are very small (in our 
case less than 0.1 radian), and the polarization is very much dependent on 
these phase shifts, it might happen that the incorrect polarization, or rather 
the asymmetry e we obtained is due to this feature of the WKB method. 
It is interesting to note that the tensor component presents the correct 
oscillation of the measured e-value. 

We also are intending to extend the calculation of the angular distribution 
and the polarization of deuterons to different energies and different nuclei. 
The polarization data, at the present moment are available only at energies 
between 94 and 167 MeV *), but the angular distributions of the elastically 
scattered deuterons were measured also at lower energies. 


We would like to thank Prof. Carl A. Levinson, Prof. J. S. Blair and 
Dr. J. Sawicki for many valuable discussions and comments. 
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Abstract: The motion of nucleons in a non-spherical potential is considered. Without changing 





the dynamical variables of the nucleons, the Hamiltonian and the magnetic moment 
operator are put into such a form as to contain collective rotations about axes perpendi- 
cular to a body-fixed axis. The transformation yields operators for the tensor © of the 
reciprocal moment of inertia, for a vector W connecting the collective and the individual mo- 
tions of the nucleons, and for the gyromagnetic tensor G. These quantities are calculated. 
A set of so-called approximate basis functions describing an independent motion of 
the nucleons with respect to a rotating system of co-ordinates and being in accordance 
with the symmetry properties of the problem is established. Matrix elements of the 
Hamiltonian and of the nuclear moment operators are calculated. The errors resulting 
from the occurrence of redundant degrees of freedom are eliminated by the for- 
malism. A typical feature is the appearance of the so-called ‘‘Zwangsenergie’’. The 
transformation formalism and the approximate basis functions are used to calculate 
the ground state of Sc*®. An orthonormal set of single particle functions containing 
a deformation parameter and a spin-orbit decoupling factor is established. The 
ground state function is a linear combination of five approximate basis functions. The 
function corresponding to the lowest energy clearly predominates. A comparison with the 
undeformed shell model shows that the calculated energy is too high. This fact seems to be 
due essentially to the oscillator potential, which does not hold in this region of nucleon 
numbers. The calculated magnetic moment is in good agreement with the experimental 
value. The results are discussed, and some other consequences of the formalism are 
mentioned. A sketch on rotational states is added and also a discussion of some other 
papers. 
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1. Einleitung 


1.1. SCHALENMODELL MIT DEFORMIERBAREM POTENTIAL 


Beim Schalenmodell !~*%8) ist die exakte Wechselwirkungsenergie jedes 
Nukleons mit den iibrigen ersetzt durch ein Potential V,(7), wo r der Ab- 
stand des Nukleons vom Schwerpunkt ist. Es wird eine starke Spin-Bahn- 
Kopplung angenommen. Fiir jedes Nukleon gilt der Hamiltonoperator 


1 
KH = 
2M M?2c? 
M Mittelwert der Masse beider Nukleonensorten, 
p Impulsoperator, 





Ip/?+Vo(7)+ S- px grad V,(7), (1.1) 





Ss Spinoperator, 
A Spin-Bahn-Kopplungskonstante, 
c Lichtgeschwindigkeit. 


Bei geeigneter Wahl von V ,(7) ergeben sich die ausgezeichneten Nukleonen- 
zahlen. Die Besetzung der Zustande und die Drehimpulse werden durch aus 
den Kernkraften zu erschlieBende Zusatzannahmen iiber die Paarungs- 
energie geregelt. Die Drehimpulse decken sich nicht in allen Fallen mit den 
experimentellen Werten, und die Ubereinstimmung bei den Kernmomenten 
ist mangelhaft. 

Die Tatsachse, daB die experimentellen Werte der elektrischen Momente 
groBer sind als die des Modells, deutet auf eine Abweichung des Potentials 
von der Kugelform. Die elektrischen Momente entstehen nicht durch eine 
von der Kugelsymmetrie abweichende Auffiillung der mit dem Potential 
vorgegebenen kugelsymmetrischen Grundform, sondern diese selbst besitzt 
schon eine geringere Symmetrie. Ein von der Kugelform abweichendes 
Potential erdffnet daher die Aussicht, ohne ins einzelne gehende Annahmen 
iiber die Kernkrafte doch deren wesentliche Ziige zu erfassen und so eine 
Verbesserung des Modells zu erreichen. 
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Das Potential ist durch die Lagen der Nukleonen viollig festgelegt. Fiir 
unabhangige GréBen, die Lage und Gestalt der Aquipotentialflachen 
beschreiben, wie Eulersche Winkel und Oberflachenvariable, ist kein Raum. 
Wegen der Drehungsinvarianz des Hamiltonoperators stehen die Aquipoten- 
tialflachen nicht im Raum fest. Da sie dem Kern die Form aufpragen, teilt 
sich ihre Bewegung dem Kern mit, so daB sich den individuellen Bewegungen 
mdglicherweise eine Rotation des ganzen Kerns iiberlagert, und diese ver- 
ainderte Bewegungsform miiBte sich in den magnetischen Momenten auBern. 


1.2. ZIEL UND EINTEILUNG DER ARBEIT 


Es soll ein von der Kugelform abweichendes Potential aufgestellt und der 
Hamiltonoperator so umgeformt werden, daB die zu erwartende Rotations- 
bewegung in der gleichen Weise hervortritt wie die Schwerpunktbewegung 
bei ihrer Abtrennung. Ein zur Darstellung der Eigenzustande des umge- 
formten Hamiltonoperators geeignetes Orthonormalsystem soll angegeben 
und als Beispiel der Grundzustand eines Kerns berechnet werden. 

Im ersten Teil der Arbeit wird das deformierte Potential aufgestellt und 
der Hamiltonoperator umgeformt. Es werden nur kollektive Rotationen 
senkrecht zu einer mit dem Kern fest verbundenen Achse betrachtet. Der 
Operator des magnetischen Momentes wird ebenfalls umgeformt. 

Der zweite Teil bereitet die Anwendung des Formalismus vor. Die im 
ersten Teil auftretenden kinematischen GrdBen werden als Funktionen der 
dynamischen Variablen der Nukleonen berechnet. Nach Aufstellung eines 
Orthonormalsystems werden die benédtigten Matrixelemente ermittelt. 

Im dritten Teil wird der Grundzustand des Kerns? (21, 24) berechnet. 

Die einzelnen Energieglieder werden untersucht und die Kernmomente 
ermittelt. 


2. Das deformierte Potential 


2.1. AQUIPOTENTIALFLACHEN 

Wir beschranken uns auf kleine Deformationen, und beriicksichtigen in 
der Darstellung der deformierten Gebilde nur die Kugelflachenfunktionen 
zweiter Ordnung Y,,?, fiir die wir der Einfachheit halber Y,, schreiben. 
Formeln fiir die Kugelflachenfunktionen sind im Anhang B zusammen- 
gestellt. 

Gegeben sei ein Potential V = V,(7). Die Umkehrung dieser Funktion 
sei y = 7,(V). Fiir die deformierten Maric erg setzen wir an 


yr =r (V){1+ p3 Em(V)¥im (8, p) —FK( V)2 lem (V )|?}. (2.1) 


Die ¢,,(V) beschreiben die Abweichung von der Kugelform und «(V) eine 
mdglicherweise mit der Verformung eintretende Volumenadnderung; «(V) =1 


t Einen aus Z Protonen und N Neutronen bestehenden Kern bezeichnen wir mit (Z, N). 
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ergibt Konstanz, «(V) > 1 Verkleinerung und «(V) < 1 VergréBerung des 
Volumens. Sind die ¢,, und «x von V unabhangig, so nennen wir die Ver- 
formung homogen. Die Realitat von (2.1) verlangt unter Beriicksichtigung 
der in (B7) angegebenen Normierung der Kugelflachenfunktionen 


ia | aol * = 


und die Drehungsinvarianz, daB sich die «,, kontragredient zu den Y,,, 
nach (B19) also wie die Y,,*, transformieren. Das durch (2.1) beschriebene 
Gebilde besitzt wie ein Ellipsoid in drei zueinander senkrechten Richtungen 
stationdre Werte von 7, doch ist sein Volumen etwas gréBer als bei dem 
Ellipsoid mit den gleichen Hauptachsen. 


2.2. FORMMOMENTE 


Ein MaB fiir die Abweichung des Kerns von der Kugelform sind die 
Formmomente tf 


} Ls > AD (3, Py): (2.3) 


Sie haben aber die Dimension eines Langenquadrates und sind abhangig 
vom Kernvolumen und von der Nukleonenzahl, denn bei Multiplikation der 
Radiusvektoren der Nukleonen mit einer Zahl C nehmen sie den Faktor 
C? an, und bei Erhdhung der Nukleonenzahl von A auf A’ vervielfachen sie 
sich etwa mit A’/A, wenn die neu hinzutretenden Nukleonen raumlich in der 
gleichen Weise verteilt werden wie die bereits vorhandenen. Die mit der 
zusatzlichen GréBe 





r= 57,3 (2.4) 
gebildeten reduzierten Formmomente 
Lr 
,=— 2.5 
Ym Tr ( ) 


sind dagegen dimensionslos und unabhangig vom Kernvolumen und von der 
Nukleonenzahl. Sie erscheinen daher zur Beschreibung der Kernform ge- 
eigneter als die J,,. Um ihre Bedeutung zu veranschaulichen, nehmen wir 
an, es seien A Nukleonen kontinuierlich und gleichmaBig innerhalb des 
Gebildes 


r= Ro{lt+ > nmY¥m(, %)—& D |ml*} (2.6) 


wo &, und die ,, vorgegebene GroBen sind, verteilt. An die Stelle von (2.3) und 
(2.4) treten dann 


Dn = [ pP°Y,,* (0, p)de 
r = {prdr, 


t Mit griechischen Buchstaben indizierte Summen erstrecken sich iiber alle Nukleonen. 


(2.7) 
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und p, die Nukleonenzahl in der Volumeneinheit, ist gegeben durch 
3A 

a 42R,3 , 

denn das Gebilde (2.6) hat nach den Erlauterungen tiber x in (2.1) das 


gleiche Volumen wie eine Kugel vom Radius R,. Bei Beschrankung auf 
Glieder zweiter Ordnung in den »,, wird dann 


I, = 3A Ro? im 
Tr — 3A Rr (1+ > \"™m|)- (2.9) 


(2.8) 


Mit (2.5) ergibt sich bei Fortlassen von Gliedern dritter und héherer Ordnung 
die wichtige Beziehung 

Yu = Nm- (2.10) 
Sie zeigt, wie die 7,, zu wahlen sind, wenn man eine Kernkonfiguration mit 
den Momenten y,, durch eine kontinuierliche und gleichmaBige Nukleonen- 
verteilung ersetzen will. 


2.3. POTENTIAL 
Um die Verformungen von Kern und Aquipotentialflachen miteinander 
zu verkniipfen, setzen wir an 
Em(V) = R(VV) ym - (2.11) 
In der Wahl der Funktionen k(V) und «(V) besteht eine groBe Freiheit. 
Am einfachsten ist es, k(V) = const = € und « = 1 zu setzen. Diese Art der 
Verformung nennen wir homogen isochor. Das zugehérige Potential ist 
nach (2.1) 
r 
Vir, d, P) “(ose y)—22> —) (: 
Bei Entwicklung dieses Ausdrucks bis zu Gliedern zweiten Grades in den y,, 
treten Produkte Y,, Y,, auf, die sich nach Anhang B durch die Y,,*, Y,,? 
und Konstante ausdriicken lassen. LaBt man darin die Glieder mit den 
Y,,* und den Y,,? fort, so ergibt sich 





bo 


12) 


‘= Vo r)—CVy( 7) & Ym ¥m (8, ) +30°V2(r) > lym? (2.13) 
V(r) = rV'(r), (2.14) 
V(r) = HV q" (vr) +49V 9 (r)} > lym? (2.15) 


Die Begriindung fiir das Fortlassen der genannten Glieder tritt weiter unten 
zutage. Es wird sich zeigen, daB in der aus (2.13) durch Summation iiber 
alle Nukleonen folgenden potentiellen Energie des Kerns die Glieder mit 
¢ und ¢? von gleicher GréBenordnung, und zwar vom zweiten Grad in den y,, 
sind, wahrend die fortgelassenen Glieder einen Beitrag dritten Grades liefern 
wiirden. Deren Vernachlassigung ist aber nicht nur durch diese Tatsache 
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gerechtfertigt, sondern auch durch den Ansatz (2.11) bedingt, denn nahme 
man dort rechts Glieder zweiten Grades in den y,, hinzu, so entstiinde ein 
weiteres Glied dritten Grades in der gesamten potentiellen Energie. 

Ein Potential von der Form (2.13) ergibt sich auch bei gewissen Ver- 
allgemeinerungen in der Wahl von &(V) und «(V). Die dann entstehenden 
Formeln fiir V,(r) und V,(7) enthalten (2.14) und (2.15) als Sonderfall. Es 
besteht aber kein Grund, von dem einfachen Fall der homogenen isochoren 
Deformation abzugehen. Wir fiihren daher die entsprechenden Rechnungen 
nicht an. 

Die in (2.13) enthaltenene Konstante ¢ ist ein MaB fiir die allgemeine 
Verformung der Aquipotentialflachen bei gegebener Verformung des Kerns. 
Es zeigt sich, daB der Kern in einem von ¢ abhangigen Ausma8 verformt 
wird. ¢ miBt daher auch das Vermégen des Kerns, ohne Wirken kernfremder 
Einfliisse eine von der Kugelform abweichende Gestalt anzunehmen. Wir 
nennen ¢ Selbstpolarisationskonstante und ein Potential von der Form 
(2.13) Selbstpolarisationspotential f. 

2.4. SELBSTPOLARISATIONSKONSTANTE DER ELEKTRONENHULLE 


Naheliegend ist die Frage, warum die Selbstpolarisationskonstante bei der 
Elektronenhiille keine Bedeutung hat. Das Potential eines Elektrons setzt 


re 











Fig. 1. Potential eines Hiillenelektrons. 


t Bei der im Sommer 1951 erfolgten Aufstellung des Selbstpolarisationspotentials wurde 
Ym = LyE(%v)¥m* (Py, Py) gesetzt, wobei iiber g(vy) noch verfiigt werden konnte. 
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sich, wie in Fig. 1 dargestellt, aus dem vom Kern herriihrenden negativen 
Anteil V, und dem positiven Beitrag V, der iibrigen Elektronen zusammen. 
Bei Verformung der Elektronenhiille verformen sich die Aquipotential- 
flachen von V, im gleichen Sinn. Fiir eine Raumrichtung, in der die Punkte 
gegebener Elektronendichte nach auBen riicken, geht V, in V’, und V in V’ 
liber; die Punkte mit gegebenem V riicken daher nach innen. Die Selbst- 
polarisationskonstante ist negativ und driickt so die Tendenz zur Auf- 
rechterhaltung der Kugelform aus. 


3. Der Einachsenaspekt 


3.1. FORDERUNGEN AN DAS ORTHONORMALSYSTEM 
Ausgangspunkt zur Berechnung der Zustande ist der Hamiltonoperator 


i 
H = p2 uM IP,P+V,+ Ire* 
V, ist das durch (2.13) gegebene Selbstpolarisationspotential fiir das 
v-te Nukleon. # kommutiert mit allen Drehungen und mit der Spiegelung 
am Nullpunkt. Als dynamische Variable kommen nur die r,, p,, §, vor. 

Im Vordergrund des Interesses steht der Grundzustand. Ihn durch das 
Orthogonalsystem fiir ¢ = 0 auszudriicken, etwa in der Weise, daB man 
Slaterdeterminanten mit gleicher z-Komponente M des Gesamtdrehimpulses 
und gleicher Paritat w zu einem Zustand mit scharfem Gesamtdrehimpuls 
J iiberlagert und die Anteilkoeffizienten durch Aufsuchen des Energie- 
minimums bestimmt, ist miihsam und das Ergebnis nicht durchsichtig. Es 
wird nur eine Verbesserung des Zustandes, aber keine Verbesserung des 
Modells selbst erreicht. Hierzu ist die Aufstellung eines Orthonormalsystems 
erforderlich, in dem die entscheidenden Konfigurationen besser geordnet 
sind. Das ist anscheinend bei einem Orthonormalsystem der Fall, das die 
wegen der Abweichung des Potentials von der Kugelform zu erwartende 
Veranderung der Nukleonenbewegung zum Ausdruck bringt. 

Kame es nur darauf an, die gegentiber ¢ = 0 eintretende Energieanderung 
zu berechnen, so k6nnte man die von ¢ abhangigen Glieder in (3.1) als kleine 
Stérung #’ auffassen. Zu der Energie E, des Grundzustandes ¥% fiir ¢ = 0 
trate dann der mit diesem Zustand gebildete Erwartungswert #9). Die so 
bestimmte Energie 


‘p, X grad, V,;. (3.1) 


Ex = Ey+ (3.2) 


bezeichnen wir als kritische Energie. Kennzeichen jedes verbesserten 
Grundzustandes ist, daB fiir seine Energie 


E<E, (3.3) 


gelten muB. 
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3.2. ENERGETISCHER HINWEIS AUF EIN KREISELARTIGES VERHALTEN DES 
KERNS 


Bei Vernachlassigung des Spin-Bahn-Gliedes ist nach (3.1) und (2.13) 
H" = —CODD Vi) ¥m(O,, Pr) ¥m+RS? D Valry) D lym”. (3.4) 


Fiir den einfachen Fall des homogen isochor deformierten Oszillator- 
potentials 


V,(r) = 4Mw?r?, V,(r) = Mw*r?, V,(r) = Mw®??, (3.5) 


wo V, und V, aus (2.14) und (2.15) folgen, ergibt sich unter Beachtung von 
(2.5) und (2.6) 


H' = —40(2—0)Mo* I > lym”. (3.6) 


Fiir den vornehmlich in Betracht kommeaden Fall ¢ = 1 wird also Ho, < 0. 
Das negative Vorzeichen ist sicher nicht auf das Oszillatorpotential be- 
schrankt, wie das Hinzufiigen eines Gliedes mit 7* in V,(7) zeigt. Auch im 
allgemeinen Fall sind },V,(r7,)Y,,(8,,9,) und I,* einander ungefahr 
proportional, also gilt 


Hq — > (Iyml®)o0- (3.7) 


Das negative Vorzeichen von #',, laBt vermuten, daB ein der Bedingung 
(3.3) gentigender Zustand sich durch ein vergréBertes ¢>.,,|7_|?> auszeichnet. 
Ein solches tritt aber dann auf, wenn die Schwankungen der y,, nicht 
lediglich durch die voneinander unabhingige Bewegung der Nukleonen, 
sondern auch durch eine Kollektivbewegung hervorgerufen werden. Als 
solche sind Schwingungen und Rotationen denkbar. Der einfachste Fall 
einer kollektiven Rotation liegt vor, wenn der Kern im Mittel die Form 
eines verlangerten oder eines verkiirzten Rotationsellipsoides besitzt und 
um eine zur Figurenachse senkrechte Achse rotiert. Dann sind erstens héhere 
elektrische Quadrupolmomente als bei ¢ = 0 zu erwarten, und zweitens 
sollte, da eine der drei Hauptachsen ausgezeichnet ist, eine Kopplung der 
Nukleonenbewegung an die ausgezeichnete Achse eintreten, die sich in einer 
Verdnderung des magnetischen Momentes bemerkbar machen mite. 
Daher soll dieses kreiselartige Verhalten des Kerns untersucht werden. 


3.3. DIE AUSGEZEICHNETE ACHSE N 


Zur Festlegung der ausgezeichneten Achse, die durch den Einheitsvektor 
N gekennzeichnet sei, fiihren wir ein Koordinatensystem 2” mit den Euler- 
schen Winkeln ft 9, %, W ein, dessen z’-Achse mit N zusammenfallt, wahrend 
wir fiir die anderen Achsen keine Festsetzung treffen. Das dem Kern zu- 
geordnete ellipsoidahnliche Gebilde 


t Zur Definition der Eulerschen Winkel siehe Fig. 7 in Anhang A. 
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r= Ro{1+ > ym¥m(9, 9) —F D lYml?} (3.8) 


wo R, irgendein Radius, etwa der Kernradius, ist, liefert nach Transformation 
auf X” genau dann eine Hauptachse mit der Richtung #’ = 0, wenn y',, und 
folglich auch J", verschwinden. Nach (B20) und (B23) ist aber 


a 20 {76 sin cos (1—2 sin? 2) r 
11 = +e / sin > cos > |1—2 sin*’—]} 1% 


_ — = 


; ) — ee °) 
+ et!® cos? “- (1-4 sin? >) r',,FeF sin? — (1-4 cos? “/) I's, (3.9) 


~ ~ _ “a / 


a: cS) ) ) © 29 
—2 sin > cos > (cx cos* — I',,—e*s sin* > i )}. 


— — 


Nullsetzen der rechten Seite dieser Gleichung liefert © und 9%, und es ist 
N = (sin 9 cos 9, sin 9 sin %, cos 9). (3.10) 


W bleibt unbestimmt. Da © und % von den J;,, und diese von den r, ab- 
hangen, ist N durch die r, véllig bestimmt. Allerdings ist die Lésung 
von (3.9) sechsdeutig, denn sie liefert die Richtungen der drei Haupt- 
achsen und deren Gegenrichtungen. Diese Mehrdeutigkeit verschwindet 
aber, wenn die in den folgenden Rechnungen ermittelten kinematischen 
GréBen auf 2” transformiert werden. Zwar hangen deren Zahlwerte fiir 
eine gegebene Konfiguration davon ab, in welche der méglichen Rich- 
tungen man die z’-Achse legt, aber ihre Abhangigkeit von den gestrichenen 
Koordinaten, auf die es allein ankommt, ist in jedem System die gleiche. 
Diese Tatsache bedeutet, daB man fiir eine gegebene Konfiguration zwar 
die drei Hauptachsen bestimmen, aber nicht angeben kann, welche die 
kinematisch ausgezeichnete ist. Die kinematische Auszeichnung einer 
Achse ist anscheinend dann sinnvoll, wenn diese nicht springt, das heiBt, 
wenn sie bei einer gegebenen kleinen Verschiebung der Nukleonen ihre 
Richtung nicht unverhaltnismaBig stark andert. Dazu ist erforderlich, daB 
die Schwankungen der Kernform kleiner sind als die iiber die Zeit gemittelte 
Verformung. Die elektrischen Kernmomente deuten darauf hin, daB diese 
Bedingung fiir eine Achse erfiillt ist, geben aber keinen Hinweis, daB sie fiir 
alle drei Achsen gilt. Es ist daher zweckmaBig, nur die Bewegung einer 
einzigen Achse und nicht die des ganzen Achsensystems zu verfolgen. 


3.4. ZERLEGUNG DES HAMILTONOPERATORS 


Um die Bewegung von N verfolgen zu kénnen, miissen wir diese GréBe 
im Hamiltonoperator auszeichnen. Zu diesem Zweck trennen wir von # 
ein mit N vertauschbares Glied #,; ab, dessen Zustande folglich scharfe 
Werte von N haben kénnen. Die Bewegung von N wird dann durch den 
Rest #—H#, geregelt. Da an # keine Stelle zu erkennen ist, an welcher der 
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trennende Schnitt zu fiihren ist, bilden wir #, durch Addition eines die 
Vertauschbarkeit erzeugenden Zusatzgliedes zu #. Da die Nichtvertausch- 
barkeit von # mit N lediglich durch die p, bewirkt wird, laBt sich das so 
aufgebaute #, derart bilden, daB man die p, durch Addition von Zusatz- 
gliedern zu mit N vertauschbaren Impulsen p,, abandert und diese anstelle 
der p, einsetzt. 


3.5. DIE INNEREN IMPULSE p,j 
Um ein kreiselartiges Verhalten des Kerns ausdriicken zu kénnen, ver- 
langen wir, daB in dem zerlegten # der Term f) 


40--J? oder 40--L?, O= O(r,,..., 74) 
J Gesamtdrehimpuls-Operator des Kerns, 
L Bahndrehimpuls-Operator des Kerns, 


auftritt, wo O ein noch aufzufindender symmetrischer Tensor ist. Die 
Wahl von J oder L hangt davon ab, ob entweder N oder eine raumfeste 
Richtung Bezugsachse fiir den Spin sein soll, und dieses wiederum richtet 
sich nach der Starke der Kopplung zwischen Spin und Bahn. Die Existenz 
der ausgezeichneten Nukleonenzahlen beruht auf einer starken Spin- 
Bahn-Kopplung. Wenn die Kerne deformiert sind und in das Schema 
der ausgezeichneten Zahlen eingeordnet werden kénnen, muB diese Kopplung 
auch im deformierten Zustand noch stark genug sein. Daher ist N als 
Bezugsachse und das Kreiselglied mit J angebracht. Dessen Existenz 
fiihrt auf den Ansatz ft 


Pi —_ p,+4(A, ; J+J ‘ A,) 
= p,+A,:J+4(J-A,—A,:J), A, =A,(t1,...04), (3.11) 


wo A, zu bestimmen ist. p,, ist hermitisch, denn wenn A, nur von den 
Lagekoordinaten abhangt, sind A,-J und J- A, zueinander adjungiert. 
A, fiihrt den axialen Vektor J in einen polaren iiber, daher muB sich das 
linke Indicestripel von A, wie ein polarer und das rechte wie ein axialer 
Vektor transformieren; A, andert dann bei Spiegelungen am Nullpunkt das 
Vorzeichen. Da nach den Vertauschungsrelationen 


J: A,—A,:J =L-A,—A,-L = —ih& Yr, xV,: A, (3.12) 
A 


nur von den Lagekoordinaten abhangt, also gewiB mit N vertauschbar ist, 
lautet die Bestimmungsgleichung fiir A, ttt 


t Wir benutzen die Gibbssche Bezeichnungsweise fiir Vektoren und Tensoren” 8). ab 
Tensor mit der k/l-Komponente a,,, lal? = a-a, a® Tensor mit der &/-Komponente a,a;, 
O--J27=2, 2, Onsite: 

tt Der zu einem Tensor T transponierte wird mit T bezeichnet. 

ttt [a, b] ist der Tensor mit der &/-Komponente a,b,—b,a, 8). 
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ip,, NJ+[4,-J,N] = [p,, NJ+4A, > [J, N] = 0. (3.13) 


Nach den Vertauschungsrelationen gilt aber fiir irgendeinen Vektoroperator 
A(r,,...,¥4) 


[p,, A] = —7AV,A, (3.14) 
(J, A] = [L, A] = —7h Dr, xV, A, (3.15) 
a 
und fiir die letzte Gleichung kann man, da A(r,,...1r,) mit den Nukleonen 


fest verbunden ist, schreiben ft 


oS ie > 
(J, A] = [L, A] = -( A, 0 4) = —ihdxA = —ihAX<. (3.16) 


—A, A, 0 
Dann wird aus (3.13) nach vektorieller Multiplikation von rechts mit N 
(V,N) x N+A, - N?—A, = 0. (3.17) 


Diese Gleichung hat bei Beschriankung auf den einfachen Fall A,-N = 0 
die Lésung 

A, = (V,N) XN. (3.18) 
3.6. BEDEUTUNG DES IMPULSAUFTEILUNGSTENSORS A, 


Verschiebt man in irgendeiner Konfiguration das Nukleon mit der Lage 
r, um dr,, so andert sich N um 


d,N = dr,- V,N. (3.19) 


Diese Anderung 14Bt sich durch eine Drehung dD samtlicher Nukleonen 
als starrer K6rper riickgangig machen. Um dD aufzufinden, bemerken wir, 
daB sich das mit den Nukleonen fest verbundene N dabei um 


d’N = dDxN (3.20) 


andert. Nullsetzen der Summe der rechten Seiten von (3.19) und (3.20) und 
vektorielle Multiplikation von rechts mit N ergibt 


dr, - (V,N) x N+dD - N?—dD = 0. (3.21) 
Diese Gleichung wird gelést durch den zu N senkrechten Vektor 
dD = dr,- (V,N)X<N, (3.22) 


zu dem eine zu N parallele willkiirliche Drehung addiert werden kann. 
Aus (3.22) erkennen wir durch Vergleich mit (3.18), daB A, diejenige zu 
N senkrechte Drehung liefert, welche die durch Verschiebung des Nukleons 
der Lage r, eintretende Anderung von N riickgingig macht. 


t Siehe 8); 6 ist die dort mit } bezeichnete Einheitsdyade. 
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3.7. ANDERE FORM VON p,j 
Zur Berechnung von (3.12) ermittelt man fiir einen beliebigen Tensor- 


operator 7 (r,,...,1%,) die [L,, 7,,,]. Da sich die Komponenten von T bei 
Drehungen sadmtlicher Nukleonen wie die aus den beliebigen Vektor- 
operatoren A(r,,...,%,) und B(r,,...,r,) gebildeten Tensors AB 


transformieren, lassen sich die gesuchten Kommutatoren nach der Regel der 
Produktdifferentiation auf die [Z,, A,| in (3.16) zuriickfiihren. Unter 
Einfiihrung des Vektors 
TX = (Tx3—T32, Tsi—Ti3, Tiz—Tn), T* = —T*, (3.23) 
bei dem das Kreuz an die dem Vektorprodukt entsprechende Koeffizienten- 
anordnung erinnern soll, ergibt sich dann 
L-T7—7T-L = —ikTX = ihT™., (3.24) 


Bei Anwendung dieser Gleichung auf A, kann man fiir p,,; nach (3.11) end- 
giltig schreiben 


Pui = P,+3(A, - J+J: A,) = p, +A, +> JI+hnKA,*. (3.25) 


3.8. MIT N VERTAUSCHBARER OPERATOR DER KINETISCHEN ENERGIE 
Zur besseren Ordnung ziehen wir in |p,,|? den Operator J nach rechts 
durch. Dabei ist zu bedenken, daB (3.15) auch bei Ersatz von A(r,,.. ., r4) 
durch p, gilt. Es ergibt sich 
Pil? = |p,?+(p, - A,+4, « p,) - J+ (A, + Ay) ++ dP? 
+h? V, > A,X+ 7h?|A,*|?, (3.26) 
Dieser Ausdruck ist hermitisch und mit N vertauschbar. Da die beiden 
letzten Glieder die gleichen Eigenschaften haben, treffen sie auch fiir 
den Rest zu, und es geniigt zur Bildung des mit N vertauschbaren Operators 
der kinetischen Energie die Substitution 
Ip, ? — |p,|?+ (Py * 4,-+4, « py +24, « A, - J) - S—(A, « A,) ++ J®. (3.27) 


In dieser Zusammenfassung ist die runde Klammer im zweiten Glied ein 
mit N vertauschbarer hermitischer Operator. 


3.9. MIT N VERTAUSCHBARES SPIN-BAHN-GLIED 
Die Substitution 


Ss, j Pp, x grad,V, 
= grad,V,xs,- p, > Herad,V,X8, - Py +P + grad,V,xs,} (3.28) 
ergibt einen mit N vertauschbaren hermitischen Operator. Setzt man p,, 


in der durch die zweite Zeile von (3.25) gegebenen Form ein und driickt 
A, + J in (3.28) in dem Glied, wo p,, links steht, entsprechend zu (3.24) durch 


A,: 3 =J+A,—ihA,x (3.29) 
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~] 


aus, so fallt A,* heraus, und es wird 


d{grad,V, x8, * Py t+Py * grad, V,xs,} 

= grad,V,xs,- p,+d{grad,V,xs,-A,-J+J >: (grad,V,xs,- A,)}. (3.30) 
Die beiden Glieder in der geschweiften Klammer sind aber einander gleich, 
denn die s, transformieren sich bei Drehungen, die den Spinraum mit 
umfassen, wie A(r,,..., 1,4) in (3.16) und folglich transformiert sich der 
Vektor grad,V, xs, + A, ebenfalls wie A(r,,..., r,). Dann verschwindet die 
Spur des Tensors [J, grad,V,xs,-A,], und aus (3.28) wird 


S,* p, x grad,V, > s,- p, grad,V,+grad,V,xs,-A,:J. (3.31) 
3.10. HAMILTONOPERATOR IM EINACHSENASPEKT 
Mit (3.26) und (3.30) ergibt sich unter Einfiihrung der Abkiirzungen 





1 
@=—)A,:-A 3.32 
ua v v ( ) 
und 
1 
WH 34-4, SHH, 4,44, Py) + gered, V, xs, 4,} (8.33) 
fiir die gesuchte Zerlegung des Hamiltonoperators tf 
KH = KH +H yt, (3.34) 
1 A 
A, = Saw Ip,/?+V,+ Mee . p, < grad, V, +W ° J—i40 ae J?, (3.35) 
H, = 40:- SJ’, (3.36) 
HA 5, = —W- J. (3.37) 


A, kommutiert mit N und beschreibt daher eine Bewegung der Nukleonen, 
die N nicht andert. #, bewirkt eine Bewegung des ganzen Kerns wie ein 
Kreisel mit dem reziproken Tragheitstensor 9. W kommutiert mit N. Da 
es die Impulse enthalt, beschreibt es eine Bewegung der Nukleonen bei 
festem N, die in #,, mit der Kollektivbewegung in Wechselwirkung tritt 
und eine Abweichung von dem Verhalten als starrer K6rper zur Folge hat. 

Durch die Abtrennung von #, haben wir ohne Wechsel der Variablen 
eine Auszeichnung von N(r,,...,1%,4) erreicht und die Méglichkeit zur 
Aufstellung von Zustainden geschaffen, die explizit von N abhangen. Es 
ist ein anderer Aspekt des Hamiltonoperators tt entstanden, der als Ein- 

t Es ist W-J =J-W und O--2=J-0-J=J?:-O. 

tt Die Gleichungen (3.32) . . . (3.37) wurden im Januar 1952 aufgestellt. Sie sind das Ergebnis 
der im Dezember 1950 vorgetragenen Ansicht, zur Gewinnung eines reziproken Tragheits- 
tensors miisse der kinetische Anteil im Hamiltonoperator ohne Einfiihrung zusatzlicher 
Variabler so umgeformt werden, daB ein Glied mit J*® auftritt. Im Oktober 1951 wurden die 


entsprechenden Gleichungen in Differentialoperatoren angegeben, die Glieder der Zerlegung 
von # waren aber nicht hermitisch. 
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achsenaspekt oder partieller Rotationsaspekt bezeichnet werden kann, da er 
nur Rotationen um eine zu N senkrechte Achse herausstellt. 


3.11. OPERATOR DES MAGNETISCHEN MOMENTES IM EINACHSENASPEKT 


Jeder von den Impulsen abhangige Operator la4Bt sich durch Abtrennen 
eines mit N vertauschbaren Gliedes zerlegen. Wir zeigen das fiir den Operator 
des magnetischen Momentes 


M = - (L?-+g? S?+2%S8)), (3.38) 


eh 

2M" c 

M? Protonmasse, 

L’ Bahndrehimpuls-Operator aller Protonen, 

S’, S‘ Spinoperator aller Protonen bzw. Neutronen, 

de” = 2.7935, $e% = —1.9135. 
Mit N vertauschbare hermitische Bahndrehimpulse 1,,; erhalt man mit (3.25) 
unter Anwendung von (3.29) durch 
Ly = $(r,XPyt+P,Xr,) = 1,41, xA,-JI+4ih(r,xA,)*. (3.39) 

Summation tiber alle Protonen ergibt einen mit N vertauschbaren hermi- 


tischen Bahndrehimpuls L,” und sein Einsetzen in (3.38) den mit N ver- 
tauschbaren hermitischen Teil M, von M. Mit der Abkiirzung 


fy = Kernmagneton, 


G=—)rxA, (3.40) 
(P) 
wird die gesuchte Zerlegung 
M =M,+M, (3.41) 
M, = =. {L?+g?S?4+eX%SN_1(G-J+4J-@)}, (3.42) 
M, = = 4(G -J+J3-@). (3.43) 


3.12. NAHERUNGSWERT FUR DEN GYROMAGNETISCHEN TENSOR G 


Der Tensor G hat fiir infinitesimale Drehungen aller Protonen die gleiche 
Bedeutung wie A, fiir infinitesimale Verschiebungen des Nukleons mit der 
Lage r,: er liefert diejenige Drehung aller Nukleonen, welche die von der 
ersten Bewegung herriihrende Anderung von N riickgangig macht. Wenn der 
Protonenanteil des Kerns im Mittel gleich stark deformiert ist wie der 
Neutronenanteil, so ist die durch Drehung der Protonen bewirkte Drehung 
von N im Mittel (Z/A )-mal so groB wie bei Drehung aller Nukleonen, also ist 
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Z 
G —Z 20 XA). (3.44) 


Daraus findet man mit (3.18), (3.15), (3.16) 
Z 


G = = (6—N?) (3.45) 
und 
Z Z 
G:Je—J,., JI:-Gxe—J,, 3.46 
a4 Fed (3.46) 


wenn J, der zu N senkrechte Teil von J ist. Weiter unten wird G exakt 
berechnet werden. 


3.13. ANDERE MOGLICHKEIT DES EINACHSENASPEKTES 


Die Verwendung des Kreiselgliedes mit L bedingt Ersatz von J durch L 
in (3.11) und (3.25) und fiihrt auf eine Zerlegung von ™#, die sich bis auf das 
Spin-Bahn-Glied nur durch den Ersatz von J durch L in (3.33) ... (3.37) 
unterscheidet. Fiir das Spin-Bahn-Glied ergibt die Substitution (3.28) 
und die an die Stelle von (3.29) tretende Gleichung 


A,:L =L- A,—ihA,* (3.47) 
anstelle von (3.30) 
d{grad,V, x8, * Py tPy * grad,V,xs,} 
= grad,V,xs,- p,+4{grad,V,xs,-A,-L+L- (grad,V, xs, - A,)}. (3.48) 
Diese Gleichung unterscheidet sich von (3.30) 4uBerlich durch den Ersatz 


von J durch L. Aber der Faktor von L transformiert sich nicht nach (3.16) 
da L auf die s, nicht wirkt. Daher wird jetzt 


d{grad,V, x8, * Pa t+Py * grad, V, x s,} 
_ grad,V, xs, , P,—4s, ‘ {grad,V,x A, ‘ L+L ‘ (grad,V,+A,) } (3.49) 
= grad,V,xs,-p,—s,-: {grad,V, x A, - L+ 4h (grad, V, x A,)*}, 
denn der tensorielle Faktor von L befolgt (3.24). In der Substitution (3.31) 
ist also beim Ubergang von J auf L das zweite Glied nach (3.48) oder 
(3.49) zu ersetzen. Der Ersatz von J durch L in (3.33)... (3.37) ohne 
Abanderung des Spin-Bahn-Gliedes zerstérte zwar nicht die Vertausch- 
barkeit von #, mit N, aber die Hermitizitat. 


3.14. BEMERKUNG UBER ANDERE ASPEKTE 


Die Aufstellung eines mit allen drei Hauptachsen vertauschbaren #, 
ergibt einen Dreiachsen- oder vollstandigen Rotationsaspekt. Die Gleichung 
(3.17) muB dann fiir alle drei N erfiillt sein. Fiir jedes N lautet die allgemeine 
Lésung 
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A, = (V,N,) x N,+a,N,, y Index der Hauptachse. (3.50) 


Die Vektoren a, werden bestimmt durch Gleichsetzen der drei Lésungen 


und ergeben 
A, = $> (V,N,) XN,. (3.51) 


Fiir den Dreiachsenaspekt gelten dann ebenfalls die Gleichungen (3.32)... 
(3.37), beziehungsweise die fiir das Kreiselglied mit L; es ist nur (3.18) 
durch (3.51) zu ersetzen. Die Benutzung des Dreiachsen-Rotationsaspektes 
ware dann angebracht, wenn Grund zu der Annahme bestiinde, der Kern 
habe im Mittel die Form eines dreiachsigen Ellipsoides und bewege sich 
kreiselahnlich. 

Die Aufgabe, ein mit allen y,, vertauschbares #, zu finden, fiihrt an- 
scheinend auf ein p,,, in dem anstelle von J oder L Operatoren auftreten, 
die eine homogene Deformation des Kerns verursachen. Diese Deformations- 
impulse lassen sich aus dem allgemeinen hermitischen Tensoroperator 


Ony = $(a.),+P,%) (3.52) 


gewinnen durch Zerlegen in einen symmetrischen Teil 


On, = F (ep Pi tp epee petppx,) 


; 3.53 
me F (pp, +2, p,—th6,,) ( 

und einen antisymmetrischen 
ey = ¥ (pp, +)1%,—2,Pp—PrX,) (3.54) 


= F(X, p,—2 Px) 


und weiteres Zerlegen von o,, in einen Tensor mit verschwindender Spur 
yy = 4{0,P,+2, pp —1hb,,— Fox) > (22,p,—thd,,) } 


= 4 (x), +2, Px) —FOx1 > x, P, 
und den Rest 


(3.55) 


c= bir (F > x,p,—3zih). (3.56) 


Da die 2,, bis auf den Faktor 7h die Operatoren infinitesimaler homogener 
isochorer Deformationen sind, stellen die 


Tey = > Myx: (3.57) 


anscheinend die geeigneten Deformationsimpulse dar, die im Ansatz fiir 
P,;, verkniipft mit einem Tensor dritter Stufe, auftreten. Die so entstehende 
Zerlegung von # ist der Form- oder Schwingungsaspekt. Es sind auch 
Kombinationen zwischen Schwingungs- und Rotationsaspekt méglich, zum 
Beispiel eine solche, die Rotationen senkrecht zu einer Achse und Schwing- 
ungen parallel und senkrecht dazu herausstellt. Der Schwingungsaspekt oder 
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ein Rotations-Schwingungsaspekt wird notwendig, wenn die Frage ent- 
schieden werden soll, ob der Kern im Grundzustand schwingt, das heiBt, ob 
die Schwankungen der y,, hauptsachlich durch eine Kollektivbewegung und 
nicht hauptsachlich durch eine voneinander unabhangige Bewegung der 
Nukleonen hervorgerufen werden. 


3.15. ASPEKTIERUNG UND NUKLEONENWECHSELWIRKUNG 


Die Aspektierung des Hamiltonoperators ist nicht an das Selbstpolarisa- 
tionspotential gebunden. Sie laBt sich fiir jede Nukleonenwechselwirkung 
durchfiihren, die in einfacher Weise von den Impulsen abhangt. Das 
Selbstpolarisationspotential fiihrte auf den LEinachsenaspekt, weil die 
GréBen J”,,, durch deren Nullsetzen N gefunden wird, im Potential selbst 
auftreten. 


+1 


4. Bedeutung von 0 und W 


4.1. VERGLEICH DES REZIPROKEN TRAGHEITSTENSORS MIT DEM DES KREISELS 


Der durch (3.32) gegebene reziproke Tragheitstensor lautet bei Darstellung 
in Komponenten des gestrichenen Systems wegen A,-N = 0 


On O'x9 0 
O =| 0'4, Ox } ; (4.1) 
0 0 0 


Er unterscheidet sich von dem eines Kreisels durch das Fehlen des dritten 
Hauptmomentes. Diese Eigentiimlichkeit l4Bt sich durch Vergleich 
mit einem Kreisel ®-!8) véllig klaren. Sind A, B, C dessen reziproke Haupt- 
tragheitsmomente und 9, %, W die Eulerschen Winkel eines Koordi- 
natensystems 2”, bei dem die dritte Achse mit der dritten Haupttragheits- 
achse zusammenfallt und die erste Achse mit der ersten Haupttragheitsachse 
den festen Winkel y bildet, so lautet der Hamiltonoperator 





, AtB,,, , > . 
H = ar Jr+J3")+ =i 
A—B f 2 12 7 , , , , : 
+ 4 {Jy —Je) cos 2pt+ (Jy J’et+J'2J'1) sin 2y}. (4.2) 


Das Auftreten von y erméglicht Abtrennung eines Gliedes #, von #, das 
nur Drehungen um die dritte Achse von 2” bei konstanten Eulerschen 
Winkeln enthalt; y ist dann veranderlich. Zu diesem Zweck fiihren wir 
den Drehimpuls /’,; ein, der mit den Eulerschen Winkeln kommutiert. 
Dann ist 


RH =H AH'+H,, (4.3) 
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A, = CTs," (4.4) 
HO = $C ( :— si) (4.5) 
KH, = 4(A+B)JP+J2’) 
+$(A—B) {Jy —J2)cos 2p+ (J J'2t+-J'2J'1)sin 2p}. (4.6) 
Da das gestrichene System nicht mit Masse belegt ist, darf kein Unterschied 


zwischen Drehungen des Kreisels bei konstantem y in solchen bei konstan- 
tem W bestehen. Die Zustande J des Kreisels miissen daher die Bedingung 


J's—J's)F2 = 0 (4.7) 
erfiillen. Die Existenz scharfer Werte fiir /’;—J’,; verlangt aber 
[#, J's—J's1) = 0, (4.8) 


und man kann sich mit Hilfe der Vertauschungsrelationen f 
(J'1,J'2|] = —thJ’, und zyklisch Vertauschte (4.9) 


iiberzeugen, daB jene Bedingung erfiillt ist, wobei beachtet werden muB, 
daB J’,, J's, J's den Winkel y unverandert lassen und mit J’,,; kommutieren. 
HA’ kann daher fortgelassen werden. In (3.36) kommen aber wegen (4.1) 
nur Glieder mit den gleichen J’, vor wie in (4.6). Das #, des Kerns kann 
daher aufgefaBt werden als Hamiltonoperator eines Kreisels, von dem 
Drehungen um die dritte Achse abgetrennt worden sind. An die Stelle dieser 
Drehungen ist die durch (3.35) beschriebene Nukleonenbewegung getreten, 
und auBerdem ist noch ein Glied #;, vorhanden, das Abweichungen von 
dem Verhalten als starrer Kérper zum Ausdruck bringt. 


4.2. DIE TAUMELBEDINGUNG 


Fiir den Kreisel erhalt man die Differentialdarstellung der Komponenten 
von J durch Multiplikation von (C2) und (C3) mit 7%. Dariiber hinaus gilt 
wegen der dem Operator /’,; zugeschriebenen Eigenschaften 


0 
J'3 = —ih—- (4.10) 

oy 
Die Differentialdarstellungen liefern Vertauschungsrelationen der Dreh- 
impulskomponenten mit den Eulerschen Winkeln. Mit diesen Beziehungen 


laBt sich zeigen, daB die Gleichung 
[P, ¥]+2{cos® [P, &]+[P, >] cos®} (4.11) 


erfiillt ist, wenn fiir P einer der Operatoren J’,, J's, Jo”, Jo”, J‘: J's+J'oJ'1 
eingesetzt wird. Sie gilt dann ebenfalls fiir das durch (4.6) gegebene %, und, 
da sie fiir das durch (4.4) bestimmte #, definitionsgem4B erfiillt ist, auch 
fiir #,+#,, also fiir den Operator, der die richtigen Zustiande des Kreisels 


t Siehe Anhang C. 
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liefert. Schreibt man die mit #,+#, gebildeten Kommutatoren als zeit- 
liche Anderungen, so ist also 
b+4(cos® @ + cos®) = 0. (4.12) 


AuBerdem ergibt sich 
y =CJ's- (4.13) 

Die Beziehung (4.12) ist das quantenmechanische Analogon zur klassischen 
anholonomen Nebenbedingung 

dv-+cosOdd = 0 (4.14) 
und besagt, daB sich 2” ohne Drehung um die dritte Achse bewegt. Wir 
bezeichnen dieses Verhalten als Taumelbewegung und nennen (4.12) 
Taumelbedingung. Bildet man dagegen die zeitlichen Ableitungen mit dem 
Operator #,+4'+#, der ebenfalls die richtigen Zustande des Kreisels 
liefert, so ergibt sich anstelle von (4.12) und (4.13) 


b+1(cos® ry +. ry cos®) = CJ's, (4.15) 
y= 0. (4.16) 


Das gestrichene System bleibt jetzt mit dem Kreisel verbunden. 

Die Taumelbedingung gilt auch fiir den aspektierten Hamiltonoperator 
(3.32)... (3.37), denn #,, 9, W kommutieren mit N, also mit 0 und 9, 
aber auch mit ¥, weil dieser Winkel von den Nukleonenlagen unabhangig 
ist, und in #, und #,, treten nur solche Kombinationen der Komponenten 


von J auf, fiir die (4.11) gilt. 


4.3. BEDEUTUNG DER GLIEDER VON W 
Die Beitrage der in #, enthaltenen Terme 





1 A 
— |p,]2, -p,x grad,V,, 40-- 3? 


zu dem (verschwindenden) Operator der zeitlichen Ableitung von N lassen 
sich unter Anwendung der Vertauschungsrelationen mit Hilfe dreier 
Winkelgeschwindigkeiten wie folgt ausdriicken: 


t ] : : 
HD agg libel, N] = (Wr xN—Nx Wy) 
(4.17) 


Ww; a (Pp, , A,+A, ° P,), 


2M *, 


.. ii 
h we [s,- p, x grad,V,, N}] = WsxN = —NxW, 





(4.18) 
Ws 





> s,x grad,V,-A,, 


~ M22 
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.. [40 --J?,N] = }(W, x N—Nx W,,) (4.19) 


W, =0-J=J5-0. 


Alle drei Winkelgeschwindigkeiten stehen auf N senkrecht. W, kommutiert 
auBerdem mit N. Dagegen ist 


[W,, N|] = [Wy, N] = —?hOXxN. (4.20) 
Durch Vergleich von (3.33) mit (4.17)... (4.19) erkennt man 


wie es sein muB, damit das Glied W-J in #, den Beitrag der anderen 
Terme zu [#,, N]| aufhebt. W steht senkrecht auf N und ist mit N ver- 
tauschbar. 

Die durch W beschriebene Bewegungsform des Kerns wird nach Berech- 
nung der Komponenten von N untersucht werden. 


4.4. NOTWENDIGKEIT DER GLIEDER W:J UND —}0:-J? IN #, 


Es ist nicht méglich, aus # nur durch Subtrahieren eines Kreiselgliedes 
40--J? mit irgendeinem O(r,,...,r,) einen mit N_ vertauschbaren 
Operator zu gewinnen, denn dann miiBte W,—W,—W, identisch ver- 
schwinden. Diese drei Winkelgeschwindigkeiten sind aber verschiedene 
Funktionen der dynamischen Variablen. Das ist die quantenmechanische 
Formulierung folgenden Sachverhaltes: Rotiert der Kern als starrer Korper, 
so ist dN/d¢ durch die Winkelgeschwindigkeit der Rotation bestimmt, die 
man aus J und @ errechnen kann. Bewegt sich der Kern bei gleichem J und 
Q in einer anderen Weise, so ergibt sich auch ein anderes dN/dé. Es ist zum 
Beispeil méglich, daB sich trotz einem endlichen J die y,, und damit N 
nicht andern. Die Kenntnis von J und @ geniigt also nicht zur Berechnung 
von dN/d?; in einem Koordinatensystem, in dem die aus J und @ berechnete 
Winkelgeschwindigkeit verschwindet, braucht dN/dé nicht zu verschwinden. 

Es ist aber auch nicht méglich, # durch Hinzufiigen von —(W,;+W,) -« J 
mit N vertauschbar zu machen. Zum Beweis bemerken wir, daB dieser 
Ausdruck hermitisch ist, denn man kann zeigen, daB (3.16) auch bei Ersatz 
von A(rs,..., ©) durch W, oder W,g gilt. Nun ist aber nach (4.17) und (4.18) 





im 1S 5qzlelt+ praca 8s Pe tad, V,) —(Ws+Ws) JN] 455, 


= 4{(W+Ws) x N—N x (Wr+Ws)}—(Wr+Ws) XN, 
und dieser Ausdruck verschwindet nicht, denn aus (4.20) folgt 


W,xN 4 —NxW;. (4.23) 
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5. Berechnung von A, und davon abgeleiteter GréBen 


5.1. IMPULSAUFTEILUNGSTENSOR Ay 


Bei der Zerlegung des Hamiltonoperators und des Operators des 
magnetischen Momentes steht der Impulsaufteilungstensor (3.18) an 
entscheidender Stelle. Seine Kenntnis erméglicht die Berechnung des 
reziproken Tragheitstensors 0, der Winkelgeschwindigkeit W und des 
gyromagnetischen Tensors G. Die Abhangigkeit dieser GréBen von den 
dynamischen Variablen der Nukleonen soll jetzt ermittelt werden. Von W 
ist auBerdem die kinematische Bedeutung zu klaren; bis jetzt wurde nur 
festgestellt, daB dieser Operator die kollektive Rotation des Kerns mit der 
individuellen Nukleonenbewegung bei festem N verkniipft und sich aus drei 
Winkelgeschwindigkeiten zusammensetzt. 

Die auf das durch J” ,, = 0 ausgezeichnete drehbare System 2” bezogenen 
Komponenten des in A, enthaltenen Tensors V,N sind die gleichen wie in 
einem festen System, das fiir die betrachtete Konfiguration gerade mit 2” 
iibereinstimmt, namlich 


ON’ ON’, ol” ON’, ol” 
(V,N)'x; _ l _— . l me . l 0 — ; (5.1) 
Ox’, OL, Ou’, OF", Ox’, 








Die Ableitungen sind bei festgehaltenem Koordinatensystem zu bilden. 
Zu ihrer Berechnung betrachten wir eine benachbarte Konfiguration, die, 
bezogen auf das System der Ausgangskonfiguration, die Momente /”,,+-dl”,, 
und die Eulerschen Winkel d09’, %’, ¥’ haben mége. Nach Voraussetzung ist 


I”,, = 0, und die Taumelbedingung verlangt ¥’ = —®. Die bendtigten 
Beziehungen zwischen dN’,, und dJ”,, ergeben sich aus 
dN’, tidN’, = e+’ do’ (5.2) 


und (3.9). Nullsetzen der linken Seiten liefert 0, @ in Abhangigkeit von 
den J°,,. Ersetzt man in dieser Gleichung die ungestrichenen GréBen durch 
die gestrichenen und bildet das totale Differential an der Stelle 0’ = 0, 
so wird 











dI’ 41 = £(I"gge*”—V3 I'ge* 00 6.8) 
und folglich 
ON’, ie V3 Motlse ON’, = _ VET ols , (5.4) 
al” 1 3r°—2|I"’.|? ‘ Ol” 4, 3 —2\I"s|? 


Entnimmt man @1”,,/0x’,, aus 


y= Xr Van Pa, Yr) = Ve2 (Fa'ytty'y)2'a, (5.5) 


so lauten die gesuchten Komponenten von A, 
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uyeaes wv. 
Ayn 


























2 ra 2 aa 

2, 22h y3 (VRE dail) 
21 ~~ raat 3r—2|I"'s [2 

ye, V8 ie lade (V6 Do P'y2—T"a)'y 
6h he. ‘ 3a 2\I". i2 

A’ = y3 (V6 Wot lag tl'_9)2', (5 6) 
— He ° 
Bia Ta 

A v22 — 2 oar \2 

Wotlebahit y/3 (V6 To tT’ sot L_9)@'yti(l’4g—I"2)y's 
aemet 3m? —2 |", |? 

Ayy3 = Ayes = Ay33 = 9. 


5.2. REZIPROKER TRAGHEITSTENSOR 0 


Aus (3.32) ergibt sich mit (5.6) bei Benutzung der in Anhang A erlauterten 


f- und g-Komponenten 


4 Pa(r+ar',)+3i0"412(0+32's) 





0 pa Oe a: O's, +0'e — 


3M (re 


$\I"'sl?)? 
84/6 I” E48" +40"! 





oo 0, —O' nt 210", = — 9M 


0'.,) (r2—2\7",)2)2 


5.3. WINKELGESCHWINDIGKEIT W 
Nach (4.17)... 


#2" 


(4.19) laBt sich W in die drei Anteile Wz, Ws, Wx 


zerlegen. W; kann mit Hilfe der durch (3.55) und (3.57) erklarten Defor- 


mationsimpulse wie folgt geschrieben werden: 








W't, = + : {a P'o+ V2 IT gl” _s) 
to = ag UE set ot Vg aa! 2) Paap a 
+ re —FzT'el 
yr , , , , l 
W's, = ee al’ ot V2TT' yg I +2) ra—ir',)* 





“Py 


(pI y+ VET"-oIT'a)| 


(5.8) 


(I gIT' gg +V2I"'491T'ys)| ° 


II',3 und IT’, beschreiben bis auf den Faktor 7# infinitesimale homogene 
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isochore Deformationen, deren Richtungen mit der z’-Achse den Winkel 
x/4 bilden und die N andern. Das in W, enthaltene J beschreibt dagegen 
Rotationen des Kerns als starrer Koérper, die N ebenfalls andern. Die 
in W enthaltene Differenz W,;— W, beschreibt daher wegen ihrer Vertausch- 
barkeit mit N eine Uberlagerung beider Bewegungsformen, die N konstant 
laBt, oder, anders ausgedriickt, sie beschreibt eine im ausgezeichneten 
System erfolgende Rotation der Nukleonen als nichtstarrer Koérper. Die 
Anwesenheit von W, in W dndert daran nichts, da W, die Impulse nicht 
enthalt. Die durch W und J beschriebenen Bewegungen lassen sich durch die 
Pragungen ,,Es rotiert im Kern’ und ,,Der Kern rotiert’’ schlagwortartig 
kennzeichnen. Sie stehen durch das Glied #;, in Wechselwirkung; dieses 
werde daher als Rotationsaustauschoperator bezeichnet. Die Bedeutung von 
W ist jetzt vollig klargestellt. 

Schwingungen parallel und senkrecht zu N stehen wegen Fehlens der 
zugehérigen Deformationsimpulse in W nicht in Wechselwirkung mit der 
Rotation des Kerns als starrer K6rper. Schwankungen in der Kernform 
wirken sich nur tiber die reziproken Tragheitsmomente auf die Rotation aus, 
die Bewegungsform dieser Schwankungen ist daher gleichgiiltig. 


5.4. GYROMAGNETISCHER TENSOR G 
Unter Einfiihrung der Formmomente des Protonenteils des Kerns 
Pa’ = D177 ¥n(9,, %) (5.9) 


(P) 
ergibt (3.40) mit (5.6) 


’ Pp’ 2 Pp’ , Pv 2rv Pp’ 
Ell Wel it en eA 




















G’ —- G’ = « 
pa re —Fi0"':| ap re—sr".!? 
, ie V2 I, 02,—I"'_.Ty° > anne 2 | ay bd Maney Oe ~ 
G ee en 2 2)p7 12 G a =F = a TET (5.10) 
: Rr : Ms 
oy PEEVE Tg PPP TRAVE ATS, 
ad 3 ra—3r’,|* - 3 re —Fil'sl* 


6. Allgemeines zum Orthonormalsystem 


6.1. LAGEKOORDINATEN 


HAH, beschreibt eine Bewegung der Nukleonen bei festem N und hangt 
iiber die A, von N ab. N ist aber bestimmt als eine der Hauptachsenrich- 
tungen des dem Kern zugeordneten ellipsoidihnlichen Gebildes (3.8). Diese 
Richtungen sind vollig bestimmt, wenn alle drei Hauptachsen voneinander 
verschieden sind; bei Axialsymmetrie des Gebildes (3.8) ist nur eine Richtung 
vollig bestimmt, und bei Kugelsymmetrie ist die Lage der Hauptachsen 
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voéllig unbestimmt. Die in den A, enthaltenen Ausdriicke 0N’,/0/”,,, 
ON’,/0I”,, existieren nur, wenn fiir N eine véllig bestimmte Hauptachsen- 
richtung eingesetzt wird. Ersetzt man ein derartiges N durch —N, so bleiben 
die A, und damit #, invariant, Ersatz des N durch eine dazu senkrechte 
Richtung verandert im allgemeinen die A,, denn dr, - A, gibt die Drehung 
senkrecht zu N an, welche die Anderung von N infolge Verschiebung des 
y-ten Nukleons um dr, riickgangig macht, und die zu N senkrechten Haupt- 
achsen werden durch diese Drehung im allgemeinen nicht in ihre ur- 
spriingliche Lage gebracht. “, und folglich auch #, und #,, sind daher im 
allgemeinen dreideutige Funktionen der r,, und jedes#, kommutiert nur 
mit dem zugehérigen N und dessen Gegenrichtung. Die Mehrdeutigkeit 
verschwindet bei Bezug der dynamischen Variablen auf ein Koordinaten- 
system 2”, in dem N eine fest vorgegebene Richtung, etwa die der z’-Achse, 
hat. Fiir jedes mégliche N gibt es dann ein 2”, das bis auf willkiirliche 
Drehungen um das betreffende N festgelegt ist, aber die Abhangigkeit von 
den auf 2” bezogenen Komponenten der dynamischen Variablen ist fiir 
alle N die gleiche; die verschiedenen 2” sind also ununterscheidbar. Wir 
setzen fest, daB die Aussage, ein Operator befinde sich im Einachsenaspekt, 
einschlieBt, daB die dynamischen Variablen auf ein Koordinatensystem 2” 
bezogen sind, in dem N eine fest vorgegebene Richtung hat, und wahlen 
hierfiir die z’-Achse. Die Lagekonfigurationen des Kerns werden dann be- 
schrieben durch 3A Relativkoordinaten und 3 Eulersche Winkel. Die ersteren 
sind den beiden Bedingungen 


N’x2= 9 oder J”,,=0 (6.1) 


und die letzteren der Taumelbedingung unterworfen. Es gibt also 3A+1 
unabhangige Lagekoordinaten, aber 3A unabhangige Differentiale. 


6.2. ORTHONORMALSYSTEM ZU #, 


A ; ist invariant gegen die Drehung Z’, aller Nukleonen um den beliebigen 
Winkel « um die z’-Achse, gegen die Spiegelung S, am Nullpunkt und gegen 
die Drehung um den Winkel a um irgendeine zur z’-Richtung senkrechte 
Achse. Jede solche Umklappung 14Bt sich zusammensetzen aus Drehungen 
um die z’-Achse und der Umklappung U’, um die y’-Achse und U’, wiederum 
aus der Spiegelung S’, an der a’z’-Ebene und aus S, nach 


U", = S’,S, = S, S's. (6 2) 


HA, ist also auch invariant gegen S’,. 

Da #,, N, Z’,, S 9 ein System vertauschbarer Variabler bilden, gibt es 
Zustainde [®]$*"1, die fiir J’,, Sy, #, die Eigenwerte 42, w= +1, E, 
haben und die Bedingung J” ,, = 0 erfiillen, was durch die eckigen Klam- 
mern am Zustandssymbol gekennzeichnet sei. S’, kommutiert zwar mit 
H,, N, Sy, aber nicht mit Z’,, denn es ist 
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S424 @ 2.49 © (6.3) 
Aus dieser Gleichung folgt 

S‘oJ's = —J'3S'2 (6.4) 
und daraus die Vertauschbarkeit von S’, mit J;?. Es ist also auch méglich, 
Zustinde mit scharfen Werten fiir J;’, Sy, S’,, #, und I”, = 0 anzugeben. 

Zustande, die der Bedingung /”,, = 0 geniigen, hangen in verwickelter 
Weise von den Lagekoordinaten ab. Wir werden daher die [®}%*"! durch 
Zustande approximieren, in denen sich die Nukleonen unabhangig von- 
einander bewegen und N angendhert mit der z’-Achse zusammenfallt. Zu- 
nachst ermitteln wir die Symmetrieeigenschaften des exakten Ortho- 
normalsystems. 

Die Vertauschbarkeit von #, und S’, hat, wie in der Theorie der zwei- 
atomigen Molekiile 1*) gezeigt wird, die Existenz zweier Zustande mit 
entgegengesetzt gleichem £2 fiir gleiches w, FE, zur Folge. Die Zustande 
transformieren sich bei S’, bis auf Zahlfaktoren ineinander, die so gewahlt 
werden kénnen, daB 


S’,[@]5" = [@]"5',  Q>0, (6.5) 
gilt. Daraus folgt die Umkehrung 
S’[P]}"o' = f[P]g", 2>0, (6.6) 


wo / ein Zahlfaktor vom Betrag 1 ist. Bei seiner Berechnung macht sich 
die Zweideutigkeit des Spins bemerkbar, denn nach (6.2) ist 


S’, = S,U"’, = U";S,, (6.7) 
und die Umklappung einer Spinfunktion um +2 hat das entgegengesetzte 
Vorzeichen wie die um —z. Wir unterscheiden daher zwischen Rechts- und 
Linksumklappungen U;* und U;~ und nach (6.7) ebenso zwischen Rechts- 
und Linksspiegelungen S;* und Sj-. Verabredet man, daB (6.5) fiir S* gilt, 
so folgt daraus durch Multiplikation mit Sj- 


Sp Sy*[O]EF = [O] BF = S-[O"h, 2>0. (6.8) 


Bei Kernen mit ungerader Nukleonenzahl andert sich das Vorzeichen, 
wenn man S,* durch S, ersetzt und umgekehrt, bei Kernen mit gerader 
Nukleonenzahl nicht. Da 22 bei ersteren halbzahlig, bei letzteren ganzzahlig 
ist, gilt fiir alle Kerne 


S3*[G]g" = (—1)9F9(o)"5, 240. (6.9) 
Bei Q = 0 sind die Zustande [O]7/! und [O]p"1 méglich, die durch 
S' [OF = + [Ove (6.10) 


gekennzeichnet sind, wobei wegen der Geradzahligkeit der Nukleonenzahl 
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zwischen Rechts- und Linksspiegelungen nicht unterschieden zu werden 
braucht. 


6.3. ORTHONORMALSYSTEM ZU # 


Da die Kreiseleigenfunktionen t DJ, ein vollstandiges Orthonormal- 
system fiir den Konfigurationsraum der Eulerschen Winkel bilden, bauen 
sich die Zustande des Kerns auf aus Gliedern Dj,,{®)}%"1. Die Zustande 
miissen bei gegebenen Nukleonenlagen unabhangig von der Wahl des 
gestrichenen Systems sein. Unterwirft man dieses der Drehung Z’,, so 
bedeutet das Drehung der Dj, um Z’, im festen und Drehung der [®)%* 
um Z’., im gestrichenen System, und Pj,,[O)$"! geht iiber in 


(2'2 Dix) (Z'_a[P]g") = e—* Die (PQ. (6.11) 


Die Unabhangigkeit von der Wahl des gestrichenen Systems verlangt 
K = Q. Diese Bedingung entspricht der fiir den Kreisel geltenden Gleichung 
(4.7). Unterwirft man %” einer solchen Anderung, daB die dadurch in >” 
bestimmte Raumtransformation #, invariant laBt, so werden gewisse 
[®]%*: ineinander transformiert, und die Unabhangigkeit der Zustaénde von 
&” verlangt, daB alle durch eine derartige Transformation auseinander 
hervorgehenden [®]%"! im Zustand des Kerns vorkommen. Eine derartige 
Transformation ist U’,. Um U;*QJ,¢ zu finden, bedenken wir, da8 unter der 
Drehung DYJ,. der Funktion PJ,,. folgendes verstanden wird: D bedeute 
eine Drehung von 2” um eine bestimmte Achse um einen bestimmten Winkel, 
und 0, ¢, W mégen dabei in DO, D%, DW iibergehen. Dann soll A{,, in eine 
Funktion D9i,9 iibergehen, die durch 


DQ ,9(D0, D?, DW) = DI,.(0, %, W) (6.12) 
definiert wird. Also ist 
DFJ ,o(9, &, ¥V) = Dig(D10, D1, DW), (6.13) 
Angewandt auf U,*, bedeutet das 
Us* Di o(O, , VW) = Ali o(Us* 0, Us* &, USF). (6.14) 


Aus Fig. 7 in Anhang A ist zu ersehen, daB die Eulerschen Winkel des 
umgeklappten Systems 


0 =2z—90, % = %o427=%—-2, VW =a—-V= —a—VWV (6.15) 


sind. Bei halbzahligem / ist es nicht gleichgiiltig, welchen der beiden Werte 
fiir ®’ und W’ man einsetzt. Um hier Klarheit zu erzielen, denken wir uns die 
Umklappung stetig ausgefiihrt. Dann ergibt sich 


t Formeln fiir die Kreiseleigenfunktionen sind in Anhang C zusammengestellt. 
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e<-, 0< V<z2: 
U3*O9=a—98, UFO= O42, UtWV=2—-Y; 
a 
o> =. R<V< Qn: 
(6.16) 
a 
oS a< WV < 22: 
* U3*O=a2—9, Ue= 1a, USW= —az—-VY¥. 
1 


Die noch unerledigten Falle ¥ = 0, 7 und 9 = z/2 lassen sich als Grenzfalle 
der betrachteten ansehen. Es ergeben sich dann verschiedene Werte, je 
nachdem, von welcher Seite man sich nahert. Einsetzen von (6.16) in (6.14) 
ergibt fiir alle Falle, also auch fiir die erwahnten Grenzfalle, 


Us* Dhig = (—1)7*° Dh, _o. (6.17) 
Hieraus wird mit (6.7) und (6.9) 
(U* Dh) (Us* (O]g™) = w(—1)*129 DL _o[P]"5', QAO, (6.18) 
und der Zustand 


1 : 
Wits! = Ts (Phal@]3"+w(—1) °F, ofP]*H'}, Q>0, (6.19) 


geht bei einer Umklappung von 2” in sich tiber. Fiir 2 = 0 ergibt sich aus 
(6.7), (6.10), (6.17), wobei zwischen U,* und U, nicht unterschieden zu 
werden braucht, 


(U's Pho) (U'a[P pz?) = w(—1)¥ Dhg(P]pe, (6.20) 
und unveranderlich gegen Umklappungen von 2” ist 
Pio! = DyolPlgs', w(—1)’ = +1. (6.21) 


Das Verhalten von [®]**1 gegen S, und S’, bestimmt hier die méglichen 
Gesamtdrehimpulse. 


6.4. DIE NULLSTELLE IM NENNER VON @ 


Angenommen, die Zustande [®]%*1 liegen vor. Die zur Berechnung von 
(AH ,» erforderlichen Matrixelemente der Komponenten von @ lassen sich 
nur dann bilden, wenn die [®]$*! bei Annaherung an die Nullstelle des 
Nenners von (5.7) hinreichend stark verschwinden. Das Gleiche gilt an- 
scheinend fiir die Matrixelemente der Komponenten von W in <#,,)>. 
Ob die Zustande das erforderliche Verhalten zeigen, ist zweifelhaft. Die 
Aspektierung ist aber sinnlos, wenn sich nicht fiir alle drei Bestandteile 
(H,»>, <A ig>, <A> endliche Werte ergeben. Die Konfigurationen mit 
kleinem Nenner sind wegen der Bedeutung von A, solche, bei denen eine 





, 


pa 
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kleine Verschiebung eines Nukleons geniigt, um eine groBe Anderung von N 
und damit eine groBe kompensierende Drehung aller Nukleonen in 2” 
herbeizufiihren. Wenn der Kern im Mittel stark deformiert ist, sind der- 
artige Konfigurationen selten und kénnen fortgelassen werden. Zu diesem 
Zweck haben wir die [®], die wegen der vorausgesetzten Seltenheit der 
Konfigurationen in der Umgebung der Nullstelle dort kleine Betrage haben, 
so abzuandern, daB sie bei Annaherung an diese Stelle hinreichend stark 
verschwinden. Die Matrixelemente der singularitaétenfreien Operatoren 
andern sich dann praktisch nicht, und die von @ hangen praktisch nicht von 
der Art der Abanderung der [®] ab, denn in dem Integral 


[ O'n[®),*(®),dv’, 


das sich iiber den Konfigurationsraum der durch J” ,, = 0 eingeschrankten 
Relativkoordinaten erstreckt, nimmt der Betrag des Integranden bei 
Annaherung an die Nullstelle von I’? > |I"’,|? aus zunachst ab wegen des 
Absinkens der Betrage der [®] infolge der Seltenheit der Konfigurationen 
und steigt dann wegen des sich durchsetzenden Einflusses des Nenners 
wieder an. Bei den abgeanderten [®] steigt der Betrag des Integranden nicht 
wieder an, sondern verschwindet bei Erreichen der Nullstelle. Wenn die 
Konfigurationen in der Umgebung der Nullstelle selten sind, setzt der 
Einflu8 der Abanderung der [@] erst dort ein, wo der Betrag des Integranden 
schon klein und der Verlauf der Extrapolation auf Null daher unwesentlich 
ist. 

Andererseits ist fiir einen im Mittel geniigend stark deformierten Kern fiir 
die weitaus haufigsten Konfigurationen |J"’,|? << I;°, und man erhalt dann 
fiir (5.7) bei Entwicklung bis zu Gliedern zweiter Ordnung in J” ,,/I"’o 
P's! 








, Pte ot 2 a (+H) 
9’ — Ire 
~" 9M I> (6.22) 
O'nn|_ 8/6 T+ BI", I's 
‘| 2 iF Ff, 


Bei einem gegebenen Zustand [®]$"1 mit dem Erwartungswert <J"’)> ist 
dann ebenso fiir die weitaus haufigsten Konfigurationen 


= a hl 2 I’ 2 

ems o> €1, | on 

es (I"o>? 

und daher bei entsprechender Entwicklung von (6.22) 


4 
3M <I", >? 


<l 

















,_ re-a'» AE 3." nf ag 
[r+ar’— Pe PHM +2 G+ Ho) (6.28) 


und der damit gebildete Erwartungswert <0’,,) wird auch dann endlich, 
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wenn die {®} nicht abgedndert sind. Formt man alle zu bildenden Matrix- 
elemente der Komponenten von @ und die anderer Operatoren, bei denen die 
gleichen Schwierigkeiten auftreten, in entsprechender Weise um, so brauchen 
die {®} nicht abgeaindert zu werden. Damit ergibt sich folgendes: Die 
Aspektierung ist, streng genommen, nur anwendbar, wenn <#,>, <# >, 
(#H,> endlich sind. Aber auch wenn das nicht zutrifft, ldBt sich die An- 
wendbarkeit der Aspektierung erzielen durch Verzicht auf gewisse als selten 
vorausgesetzte Konfigurationen oder durch Verzicht auf deren strenge 
Erfassung, wobei die Stelle, an welcher der Verzicht beginnt, nicht wesentlich 


ist. 


7. Approximative Basisfunktionen 


7.1. FESTSETZUNGEN 


Wir untersuchen jetzt die Folgen, die eintreten, wenn die [®] in den 
Basisfunktionen ersetzt werden durch Zustaénde @®, die voneinander unab- 
hangige Bewegungen der Nukleonen beschreiben und die Bedingung 
I” ,, = 0 angenahert erfiillen. Man erhalt die ® durch Deformation in 
Richtung der z’-Achse der auf das gestrichenen System bezogenen Slater- 
determinanten des Hamiltonoperators mit Kugelpotential. Wir setzen 
voraus, daB die Deformation invariant gegen Z’,, Sp), S’, ist. Die deformier- 
ten Slaterdeterminanten haben dann scharfe Quantenzahlen 2, w und 
befolgen nach entsprechender Normierung die Bedingungen (6.9) oder 
(6.10). Wir bezeichnen sie mit 9’, wo ry ein Ordnungsindex fiir die Zustande 
mit gleichem 22, w ist. An die Stelle der exakten Basisfunktionen (6.19) und 
(6.21) treten jetzt die approximativen Basisfunktionen 


1 
Vis = (Pha PS + w(—1 9D, oO*5), (7.1) 
Vier = DO, w(—1)) = +1. (7.2) 


7.2. VERMEIDUNG DES AUFSTELLENS FALSCHER ZUSTANDE 


Die ® kénnen als Uberlagerungen von Zustanden [®] mit verschiedenem 
N angesehen werden, wobei die Verteilungsfunktion von N fiir die z’-Achse 
ein Maximum hat und mit wachsendem Winkelabstand von der z’-Achse 
umso steiler auf kleine Werte abfallt, je starker die Deformation ist. Sie 
beschreiben mit der Nukleonenbewegung auch eine Bewegung von N, 
enthalten mehr Freiheitsgrade als die {®] und bilden folglich eine gréBere 
Mannigfaltigkeit. Der Gefahr, falsche Zustande aufzustellen, kann man in 
folgender Weise begegnen. Angenommen, der Grundzustand sei bekannt; 
er habe die Quantenzahlen J, w. Die angeregten Zustande mit dem gleichen 
J, w miissen zum Grundzustand und zueinander orthogonal sein. Da die ® 
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mit der Nukleonenbewegung auch eine Bewegung von N beschreiben, lassen 
sich Linearkombinationen der ® bilden, die sich voneinander nur in der 
Bewegung von N unterscheiden, bei denen aber die Bewegung der Nukleonen 
relativ zu N die gleiche ist. Derartige Zustande sind als identisch zu betrach- 
ten, da sie nur verschiedene Approximationen des gleichen exakten Sach- 
verhaltes sind. Es lassen sich nur Zustande mit der gleichen Bewegung von 
N miteinander vergleichen. Die Orthogonalitat zwischen Grundzustand und 
angeregten Zustanden vom gleichen /, w und die der letztgenannten Zu- 
stande untereinander darf nur von der Bewegung der Nukleonen relativ zu 
N herriihren. Das Gleiche gilt anscheinend fiir die Zustande mit anderen 
J, w als beim Grundzustand: Beim Aufstellen des energetisch tiefsten Zu- 
standes fiir gegebenes J, w braucht man die Bewegung von N nicht zu 
beachten, die hdheren Zustande vom gleichen J, w miissen aber so kon- 
struiert werden, daB die Orthogonalitat nur von der Bewegung der Nukleonen 
relativ zu N herrihrt. 

Wie die verscharfte Orthogonalitatsbedingung zu formulieren ist, soll 
hier nicht iiberlegt werden, da wir uns nur dem Grundzustand widmen 
wollen. Hat dieser die einfachste Gestalt, indem er im wesentlichen aus einer 
einzigen approximativen Basisfunktion besteht, so wird die verscharfte 
Orthogonalitatsbedingung das Auftreten mehrerer approximativer Basis- 
funktionen in den angeregten Zustanden zur Folge haben, so da deren 
Aufbau mit steigender Energie immer weniger einfach wird; die zu hohe 
Mannigfaltigkeit des Systems der approximativen Basisfunktionen ist nicht 
einfach durch Streichen bestimmter Funktionen zu beheben. Die Zahl der 
praktisch berechenbaren angeregten Zustande ist daher begrenzt. 


7.3. SYSTEMKORREKTUR 


Die oben berechneten Komponenten von 0, W, G gelten nur unter der 
Voraussetzung, daB N mit der z’-Achse zusammenfallt. Um sie im Bezugs- 
system der 9” zu erhalten, das wir weiterhin mit 2” bezeichnen wollen und 
dessen Eulersche Winkel 9, %, W seien, fiihren wir das Koordinatensystem 
+° ein, dessen dritte Achse mit N zusammenfallt. Die Eulerschen Winkel 
von 2” gegen 2” seien 3°, p°, y®, die von 2° gegen 2” 3’, py’, y’. Dann ist nach 
(A6) # = &, yo = a—y"*, y’ = a—¢g°. Zuniachst rechnen wir die Kompo- 
nenten von O, W, G nach den Transformationsformeln (A9) und (A10) fiir 
Vektoren und Tensoren von 2° auf 2” um und erhalten sie als Funktionen der 
I’,° und von #, y’, y’. Die Transformationsformeln (B20) und (B23) fiir 
die Kugelflachenfunktionen liefern die J},,° als Funktionen der J”,, und von 
0, vy’, yp’. Da sich #, g’, y’ ebenfalls durch die J”,, ausdriicken lassen, 
ergeben sich so die Komponenten von 9, W, G als Funktionen der /”,,. 
Wir nehmen J", ,/7"9, I ,9/I"9, # als klein an und entwickeln bis zu GréBen 
zweiter Ordnung. Fiir das willkiirlich wahlbare yp’ setzen wir y’ = —q’ 











or 
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fest. Mit (5.7) und (5.8) ergibt sich dann 








| ola aT ar, ) 
ne = appa HN ot? pa CH) 3 a HET") 

; 84/6 Ir l r2 
5} = — aI P+3l"'o) = = =f (+2T"s) a 
0’ x OMI” T ea rr wi 

We 

0’, 24/6 ; wi ; a P iaue 
On| = tan (PH) ad a a 

@3 0 0 

| 4 PAP 

33 omre | +$5I"5) ri 4 


aint {| ar (14 = Fa aay +11 ( 3. F053 ) 
7 oe ” i sf “a tf, 8oe 
































27" Cf? of 

+ (IT's3—3 “w)(V = = ——- -- 
| 7 ie Pd! oc Hy) 
Tbe faiiSin raft 72) ey ee ri : 
| wae 2 is f'n i eae hs 
| 1 2 (I's? $n (V2 Mia 3) 
| Fy See a anel> UF oe same I pes IT’ 
| tT (1+ +; oh 8 aT a aah T 3 re * 


SP, Fal din 7 
( 3m” 3 pe) aH) (7.4) 
( 1  - 1 oa ==) ] 7.2 f=. 77 || 
f/m *¢*F, F OS eee | 
Daraus W;, durch Andern des Vorzeichens, Vertauschen von mit 
g und von J", mit —I™,. 


2 iy rf rey) 1 
W't3 = U7 “(V2 (7 +1 + JT’ Fe) + — ~ (ur —_ ery 1) 

















2M _" a3 I aed “FS aq i m4 
Ll fy/2 (I's; 1 (ry ry 

+ V2 ( a a ee )+5(aa hog )]}. 
re ava... 2s a gedealiaie ¢ canines 


Da sich nach (4.17) und (4.18) W; aus W; mittels Ersatz von p, durch 
— (A/Mc*)s, x grad, V, ergibt, sind auch die Komponenten von W, in 2” 
bekannt. Beim gyromagnetischen Tensor ist zu beachten, daB die I’,,”’ wegen 
It) ~ 0 nicht in der gleichen Weise von den J”,,°° abhangen wie die I”,, von 
den J°,°. Dieser Unterschied wirkt sich aber erst in den Gliedern zweiter 
Ordnung aus. Der Einfachheit halber entwickeln wir nur bis zu Gliedern 
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erster Ordnung und erhalten 














, , re 
G' na = 6'y = ar 
C= y2 Is 
mm beget 2D 
aq “~—" (7.5) 
G's i Or 
G'¢s - 3 Ly 
Ste y2 (= Py" =) 
r. aT, ry 
G's3 = 0. 


7.4. KLASSIFIKATION DER ZUSTANDE 


Die Zustande des Hamiltonoperators mit Kugelpotential bilden ein 
vollstandiges Orthonormalsystem. Jeder Zustand des Hamiltonoperators 
im Einachsenaspekt, dargestellt durch eine Linearkombination von approxi- 
mativen Basisfunktionen, muB sich daher einem Zustand des Hamilton- 
operators mit Kugelpotential zuordnen lassen. Damit entsteht die Méglich- 
keit, sich beim Aufstellen von Zustanden des aspektierten Hamiltonoperators 
von denen des einfachen Schalenmodells leiten zu lassen. Hierfiir soll eine 


Regel aufgestellt werden. 
Der Kern wird durch die ausgezeichneten Nukleonenzahlen folgender- 


maBen in Schalen eingeteilt: 

1. Schale: sj; 

2. 4» + Pg, Ph 
» + Gg, dg, sy; 
i. s a 
: fj, Pa» Py SB 
» 2 Bt, Gg, dg, sy, hy; 
» + hg, fg, fg, pg, pg, ig. 
Die Gesamtheit der zu einem spektroskopischen Symbol gehGrigen Zustande 
nennen wir Unterschale und bezeichnen sie durch das spektroskopische 
Symbol mit vorangesetzter Schalennummer; falls notwendig, schreiben wir 
das Zeichen der Nukleonensorte davor, Beispiel N3dg. Einen bestimmten 
Zustand der Unterschale kennzeichnen wir durch Anfiigen seines |m| und 
dessen Vorzeichen an das Zeichen der Unterschale, Beispiel P4fz3+. Bei 


gegebener Besetzung der Unterschalen sind im allgemeinen verschiedene J 
méglich, und ein bestimmtes J kann mehrmals vorkommen. Wir nennen die 


— Pr Ey 
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TABELLE 1 


or 
bo 
~l 


Die bei Beriicksichtigung des AusschlieBungsprinzips méglichen Gesamtdrehimpulse der 


Teilchen einer Unterschale 





Js 





bol 


~ 
- 





|¢o 


- 


So Www 





CHO ~ pla 





tole 








7 2; 
1 l 
: 2 
1 3 
3 
2 
5 | 
2 
7 
' 2 . 
| 8 
1, 9 
2, 8 
if 
9 4, 6 
2 
5 
10 
| 1, ll 
2, 10 
3, 9 
4, 8 
ijl 
2 
a 9 
6 
12 

















j Drehimpuls der Unterschale, z; Zahl der Teilchen in der Unterschale, J], Gesamtdrehimpuls 
der Unterschale. Hochgestellte Indices geben die Haufigkeit an. Der Index 1 ist fortgelassen. 








528 LOTHAR MEICHSNER 


Gesamtheit aller bei gegebener Besetzung méglichen J, jedes entsprechend 
oft gezahlt, das Besetzungsmultiplett. Zur Ermittlung der méglichen / 
dient Tab. 1, deren Aufstellung folgendermaBen vollzogen wurde: Alle mit 
dem AusschlieBungsprinzip vertraglichen Verteilungen der Nukleonen auf 
die Zustainde der Unterschale wurden aufgesucht und die zugehérigen 
Drehimpulsquantenzahlen M, der z-Komponente notiert. Mit dem maxi- 
malen Wert M,, beginnend, wurden 2M,+1 durch M,,—k,0O Sk S 2My, 
bestimmte M, gestrichen und M,, als mégliches J; angemerkt. Mit dem 
jetzt vorhandenen Maximalwert M,. wurde das Gleiche wiederholt und so 
bis zum Verbrauch aller fortgefahren. Bei dem Kern (21,24) befinden sich 
im Grundzustand ein Proton und vier Neutronen in 4f;. Fiir das Proton ist 
J; = %, wahrend fiir die vier Neutronen nach Tab. 1 die Werte J; = 8, 6, 5, 
4°, 22, 0 méglich sind. Dann ist das Besetzungsmultiplett 


, = 9 


2 192 417% 155 135 117 97 7 5¢ 35 I? 
2. 2. = @ 2 2: 


—_ i . a 
‘oie 2» 2 > » Be wo. Bee Bie 


Es hat die Vielfachheit 50. Das Beispiel zeigt, daB die Zahl der méglichen J 
im allgemeinen groB ist. 

Beim Aufstellen der Zustinde kann man dann wie folgt verfahren. Da 
jedem J eines bestimmten Besetzungsmultipletts eine Linearkombination 
der 4" entspricht, nimmt man in die Linearkombination des zu bildenden 
Zustandes zunachst nur solche ¥Y4# auf, deren ®%’ durch den erwahnten 
DeformationsprozeB aus den Slaterdeterminanten des zugehérigen Be- 
setzungsmultipletts hervorgehen; falls notwendig, fiigt man dann noch 
Zustinde ¥J** aus anderen Besetzungsmultipletts hinzu. Auf die Erfiillung 
der verscharften Orthogonalitatsbedingung ist dabei zu achten. 


7.5. ZUSAMMENFASSUNG 


Von den approximativen Basisfunktionen ausgehend, laBt sich das 
Erreichte folgendermaBen zusammenfassen. Wegen des einfachen Aufbaus 
der approximativen Basisfunktionen ist es wiinschenswert, sie zur Be- 
schreibung eines sich kreiselartig verhaltenden Kerns zu verwenden. Das ist 
zunachst nicht mdglich, da sie drei iiberzahlige Freiheitsgrade enthalten. 
Das Hindernis la8t sich aber beseitigen, indem man den GroBen J” ,, oder, 
was dasselbe bedeutet, dem durch J” ,, im Verein mit J", und J’ ,, relativ zu 
&” festgelegten N die Eigenschaft dynamischer Variabler abspricht und N 
zu einem Unscharfeparameter in 2” erklart. Die ®%” lassen sich dann ansehen 
als Annaherung an einen Idealfall, bei dem N mit der z’-Achse zusammen- 
fallt. So entsteht Raum zur Einfiihrung zweier weiterer unabhangiger 
Variabler. Zur Durchfiihrung dieser Auffassung muBten wir alle Operatoren 
zerlegen; auf die ® 9" diirfen nur mit N vertauschbare Operatoren wirken. 
Als mit N vertauschbaren Teil von # fanden wir den inneren Hamilton- 
operator #,, den Rest #—#, teilten wir in den Rotationsoperator 4%, 
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und den Rotationsaustauschoperator ”,, auf und stellten fest, daB die durch 
H +H, geregelte Bewegung von 2” der Taumelbedingung geniigt. Es gibt 
daher 3A+1 unabhangige Lagekoordinaten, aber nur 3A unabhangige 
Differentiale. Nicht beseitigen laBt sich die zu hohe Mannigfaltigkeit des 
Systems der approximativen Basisfunktionen, mit Hilfe der verscharften 
Orthogonalitatsbedingung laBt sich jedoch die Aufstellung falscher 
Zustande vermeiden. 


8. Matrixelemente 


8.1. SYMMETRIEBEZIEHUNGEN 

Die Berechnung von Kernzustanden erfordert Bildung der Matrixelemente 
von # und der Momentoperatoren mit den approximativen Basisfunktionen 
(7.1) und (7.2). Hierfiir stellen wir einige Symmetriebeziehungen bereit, die 
es gestatten, Glieder in den Matrixelementen auf andere zuriickzufiihren. 
Die Symmetriebeziehungen (6.9) und (6.10) miissen auch fiir die ®%” gelten. 
Ist O, irgendein Operator, der nicht auf die Eulerschen Winkel wirkt 
— notwendig und hinreichend hierfiir ist seine Vertauschbarkeit mit N —, 
so folgt wegen der Unitaritaét von S3+* 


(Op, O,O9.") = (Sy* OQ", Sy*O,S,* S+ O92 |.) 
— (— 1) AIFa+iaFa’ (per S3*0, S37 Os); Q,2' #0; (8.1) 
und ebenso 


(Dg, O, O¥.") = +(—1)/91F 9 (pwr, , S3+O, SF OM”), (8.2) 
(Dor, O, Dy." ) = (Por, S*O,S,* Oy.”). (8.3) 


Fiir irgendeinen nur auf die Eulerschen Winkel wirkenden Operator O, 
ergibt sich mit (6.17) wegen der Unitaritaét von U;* 
(Pig Oa Dita) = (Us* Dhrq, Us*O,U3* U3* Ding) 

= (—1)¥ #92 (Dio, Us*O,U3* Do). (8-4) 


8.2. ZWANGSOPERATOR UND URSPRUNGSOPERATOR 


Das Glied W- J—40-- J? fiihrt den urspriinglichen Hamiltonoperator, 
der mit der Nukleonenbewegung zugleich eine Bewegung von N beschreibt, 
in den Operator #, iiber, der ein gegebenes N fiir alle Zeiten konstant laBt. 
Daher ist —W-J+40-- J? der Operator der mit der Bewegung von N 
verbundenen Energie, oder, wie man auch sagen kann, 


H,=W-I—-10-- 3 (8.5) 
ist der Operator der Energie, die zur Unterdriickung der Bewegung von N 


erforderlich ist. Wir bezeichnen ihn als Zwangsoperator und das mit irgen- 
deinem ¥4") oder einer Uberlagerung derartiger Zustande gebildete FE, = 
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(# > als Zwangsenergie. #,—#, nennen wir Ursprungsoperator und das 
wie <#,> zu bildende (#,—#,) Ursprungsenergie. Die Aufteilung von #, 
in #,—H#, und #, setzt als notwendig voraus, daB #, auf einen Zustand 
mit kontinuierlicher Verteilung von N angewandt wird, denn die in #”,—#, 
und #, enthaltenen infinitesimalen Verschiebungen der Nukleonen sind 
Grenzitibergange aus kleinen Verschiebungen, bei denen N nicht konstant 
bleibt, und eine von den Nukleonenkoordinaten abhiaingige Zustands- 
funktion [®] andert sich bei jeder noch so kleinen Nukleonenverschiebung, die 
zugleich N andert, unstetig auf den Wert Null, die Ausdriicke (#”,—#,,)[®) 
und #,[@®] existieren daher nicht. Bei einem Zustand ® mit konti- 
nuierlicher Verteilung von N koénnen (#,—#,)®, #,® und damit 
(D, (4 ,—-H,|®), (B, #, M) existieren, doch wachsen die letzten beiden Aus- 
driicke iiber alle Grenzen, wenn die Unscharfe immer kleiner wird. Bildet 
man jedoch erst (9, #,@®) und geht dann zur Grenze verschwindender 
Unscharfe von N iiber, so bleibt dieser Ausdruck endlich, weil #, die diver- 
genzerzeugenden Terme im Ursprungsoperator abzieht, denn #, enthalt die 
Impulse nur in Form der p,,, die infinitesimalen Verschiebungen erfolgen 
bei festem N, so daf dessen Unscharfegrad keine Rolle spielt. 

Der Zwangsoperator ist maBgebend fiir die Symmetrie von #,, denn er 
ist nur invariant gegen Drehungen um die 2z’-Achse, wahrend der Ur- 
sprungsoperator invariant gegen beliebige Drehungen ist. Die Darstellung 
der Nukleonenzustiande in 2” durch Zustiande, die nur eine scharfe Kompo- 
nente des Gesamtdrehimpulses in z’-Richtung, aber keinen scharfen Ge- 
samtdrehimpuls selbst haben, wird daher erst durch die Anwesenheit von 
HA, wohlbegriindet. 

Die Zwangsenergie ist charakteristisch fiir die Deutung von N als Un- 
scharfeparameter in 2”, zu der wir wegen des Vorhandenseins iiberzahliger 
Freiheitsgrade veranlaBt wurden. Bei Systemen, die sich ebenfalls kreiselar- 
tig verhalten, aber frei von iiberzahligen Freiheitsgraden sind, wie zum 
Beispiel zweiatomige Molekiile, tritt eine Zwangsenergie nicht auf. 


8.3. MITTELENERGIE UND SCHWANKUNGSENERGIE 


Von den mit irgendeinem ¥Y4#5 oder einer Linearkombination dieser 
Zustande gebildeten <y’,,> verschwinden die mit m = +1, +2. Zerlegt man 
V, in den Anteil 

Vy = Volr,)—Vi(7,)<9'o>Yo(F'y, Or) +30°V 0(74) <v'0>” (8.6) 


und den Rest V,—V,, so entsteht eine Aufteilung der Ursprungsenergie in 
die Mittelenergie 


~I 
— 





A \ 
M2¢2 Ss, 7 Pp, < grad, Ay (8. 


bul _ : 
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und die Schwankungsenergie 


-_ <x V, a +a - ° ,-p.xerad,(V,—P,)} : (8.8) 


Fiir das homogem isochor deformierte Oszillatorpotential findet man auf die 
gleiche Weise, die zu (3.6) fiihrte, bei Vernachlassigung des Spin-Bahn- 
Gliedes 

E, = —3¢(2—¢)Ma® <I" > (I'ml?—Smo<v'o>®) >” (8.9) 
Das Vorzeichen von E£, ist also negativ. Wir zeigen, daB das auch fiir ein 
allgemeineres V, gilt, und schreiben dazu (8.8) nach (2.13) in der Form 


ileal (20a "y Yin (o,, ’y) —8bmo< DV 1 (7,) Yo (9, 7',)>}> 
tare Kz Var) > (I7'ml?—Smo<?’o>?) >» (8-10) 


Die GréBen ¥,V,(7,)Y,,(8’,, »’,) und r’. werden im wesentlichen einander 


v 
proportional sein, denn sie unterscheiden sich nur in der Abhangigkeit von 


den 7,. Setzt man daher 


LV irs) ¥n(O's, 's) = i (8.11) 
wo C, eine positive Konstante ist, so wird das erste Glied in (8.10) 
ECE (7'n Sno’) Pm Ono T"'0>}> 
= 01S ml" m—On067'o 0d} >> (8.12) 
und darin kann man in dite Naherung setzen 
Zt’ Fm —On067'o<L'0}> = PZ Aly'nl?-Sma67'0>)> + (8-13) 


denn erstens wird bei den meisten Konfigurationen bei nicht zu kleiner 
Nukleonenzahl der Augenblickswert von J" nicht wesentlich von <J" 
abweichen, und zweitens sind keine starken Korrelationen zwischen dem 
in J° zum Ausdruck kommenden Kernvolumen und der Kernform zu er- 
warten. Entsprechend kann man im zweiten Glied von (8.10) schreiben 


ZV alte) E {lynl?—8mo67'0*b> = CZ Valte) >< S lr'nl? Sno 7'0*}> 


= CC Y{ly’ml?—Smo7'o>*} >» (8-14) 


Mit (8.11)... (8.14) wird dann aus (8.10) 
Ey = —{£C,—40°Ca Y{lr’'ml?>—Sno67'0*} >- (8.15) 


Behandelt man das durch (3.4) gegebene #’ in der gleichen Weise, so ergibt 
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sich anstelle von (3.7) die ausfiihrlichere Formel 
Hg = — (FCy—$07C2) (D1 ¥ml*) 00 (8.16) 


In der gleichen Weise, wie wir damals auf #'o, < 0 fiir ¢ = 1 schlossen, 
finden wir hier E, < 0 fiir ¢ » 1. Die Schwankungsenergie ist also die 
negative Energie einer gegen die Ruhelage <y’)> verspannten Oberflache. 
Ein kinetischer Anteil tritt in E, nicht auf; die mit den Schwankungen der 
Kernform verkniipfte kinetische Energie ist implizit in dem kinetischen 
Glied von #, enthalten. 

Es ist allerdings ungewiB, ob die Schwankungen der Kernform durch 
voneinander unabhangige Bewegungen der Nukleonen oder durch kollektive 
Schwingungen hervorgerufen werden. Zur Entscheidung dieser Frage 
miiBte man, wie friiher erwahnt wurde, einen Rotations-Schwingungsaspekt 
aufstellen, der erlaubt, auBer den Eulerschen Winkeln noch y’, und y’,, als 
unabhangige Variable einzufiihren und in dem dann auch Deformations- 
impulse auftreten. Die Existenz von kollektiven Schwingungen hiangt 
davon ab, ob der Rotations-Schwingungsaspekt einen energetisch niedrigeren 
Grundzustand liefert als der Einachsenaspekt oder nicht. Diese Frage soll 
hier nicht untersucht werden, da wir uns im Rahmen des Einachsenaspektes 
halten wollen. 


8.4. ROTATIONSOPERATOR 
Nach (3.26) und (A5) ist 


HK 7 519 oq Ut ets eS 0) +0',,Jo+O' ads 

+q1O'r8(JoS's t+ J'3Ja) + ea vJ's + J's Jy) } +4 O'saJ3- (8-17) 
Fiele N in die z’-Richtung, so ware bei Symmetrie des Kreisels nur 0’,, 
von Null verschieden. Abweichungen von der Symmetrie ergeben nicht- 
verschwindendes 0’,,, und 0’,,. Fallt N nicht mehr in die z’-Richtung, so 
werden auch 0’,,, O’,3, O's, von Null verschieden, und in 0’,,, O’,,,, Oo, 
treten Zusatzglieder auf. Die nicht identisch verschwindenden Matrix- 
elemente von #, sind 


’ ws h® wr , ws h* wr ’ ws : 
(Pu, Pitt) = > (C8, Oe PH) J +1) 23+ > (OF, O's D3)" 





L, (8.18) 
bo, w(—1) (O%, O',,%)J J+) fir alle 2, 
oes aa / 
(Pig, 0. Pio) = - (Dp", O'p3 PO" 1) (22—1)V (J+ 2)(J—2+1) 
(8.19) 





9 
h? / 1 ond 


+8qq— w(—1)* (69, ',, 8%) (J+4)VJ-DU+9)> 223, 
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ww —— : 
(Wi, 0 Vie) = ov —<s (PY, Ops Pox) VI (J +1), (8.20) 
fof PA t 
( “i MQ 2) ne wie (8.21) 
g (Pa On» Po-2)% /(J +2) (J—2+1)(J+2-1)(J—24+2), 22> 3, 
h? — 
(Pio”, Pe.) ty? (Oy", O',, Pot) VJ J—-N)U+1)U+2). (8.22) 


Das zusatzliche Auftreten von 9’,, in (8.18) bei 22 = 1 und in (8.19) bei 
Q = Zist praktisch bedeutungslos, da sich bei geniigend starker Deformation 
in z’-Richtung die Diagonalelemente von 0’,, als groB gegen die Nicht- 
diagonalelemente und die Matrixelemente der anderen Komponenten von 0 
erweisen. 


8.5. ROTATIONSAUSTAUSCHOPERATOR; SONDERFALL 22 = } 
Nach (3.37) und (A3) 
Hy = —9¥(W'g Jat W' oJ 'p) —W's J's: (8.23) 


wobei W’, bei Zusammenfallen von N mit der z’-Achse verschwande. Die 
nicht identisch verschwindenden Matrixelemente sind 


(Vito, 0 Pita) = —h(Oq", W's G")Q 





h 8.24 

~ 6," w(—1)-4(@P", W',O%)(J4+4) fir alle a, 
(Pye, H PIs ,)=— = (Og, W', Oe )V (J+Q)J—Q+)), Q=B, (8.25) 
h | 

(Pia, Hg P Ie.) = — v2 (Dy, W', OM) VJ (J+1). (8.26) 


Das in (8.24) bei 2 = 4 auftretende Glied mit W’, kann wesentlich gréBer 
sein als das mit W’, und daher einen entscheidenden Beitrag zur Gesamt- 
energie liefern. Der Fall 2 = } ist daher ausgezeichnet. Die von ihm ver- 
ursachten Besonderheiten wirken sich auf den Kerndrehimpuls und die 
Kernmomente aus. 


8.6. TAUMELBEDINGUNG 


Die infolge der Systemkorrektur auftretenden Zusatzglieder in #, und 
H ,, setzen die Taumelbedingung auBer Kraft. Anstelle von (4.12) ergibt 
sich jetzt 


b+4(cos® & + $cos®) = $(0’,5]',+O'q3J'y) +O'33J'3—W's. (8-27) 
Mit Hilfe der Symmetriebeziehungen laBt sich aber zeigen, daB alle Matrix- 
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elemente von (8.27) verschwinden. Die Taumelbedingung ist daher fiir 
beliebige Zustande im Mittel erfiillt. 


8.7. ELEKTRISCHES QUADRUPOLMOMENT 


Das elektrische Quadrupolmoment g ist der Erwartungswert von 2/;,’, 
gebildet iiber einen Eigenzustand mit M = J. Nach (B20) und (B23) ist 


Ty = Yn (0, v)I”,, (8.28) 


und als nicht identisch verschwindende Matrixelemente fiir gegebenes J und 
M = J ergeben sich 


1 3Q%—J(J+1) 


(Wia", 2r? PIs") poe 7 (ovr, arr’ ors) 

















(+1) (J+) 
3 whe (8.29) 
—dp,w(—1)/ - 748 (ovr, 27250") fiir alle Q, 
(Q—4)V (J+2)(J—2+1) 
yur | pus) mie ovr oye ove 
(P70 P 70-1) T+00+8 (O0", 2244 real 
V3 J+k I-43 peer ore au , 
+dqy0(—1 4/5 TEE (om, 20%), 924, 
wr ws V3 1 J wr ’ Fyws 
(Wir, 20° a 2) — > J+8 Fan Oe 2rP Der), (8.31) 
(Pia", To" Pia-2) (8.32) 





3 V(J+2)(J+2—1)(J—2+1) (J—Q42) 
8 J+1)J+3) 


V3 1 VIT—DU+F2) nw ore 
27 ial Tei (PH F258). (8.33) 


Der Erwartungswert g’ von 2°’ kann als relatives elektrisches Quadru- 
polmoment bezeichnet werden, und g ware dann zur Unterscheidung abso- 
lutes elektrisches Quadrupolmoment zu nennen. Die Matrixelemente von 


or?’ sind 


(Oo", 27, O0'.), QS 3, 








(Pfe", 21," Pie) = 





(Wya", Wy" Pia") = (Og", 2 y"' Ho’). (8.34) 
Das fiir einen Zustand YJ, 2 #1, gebildete g ist daher nach (8.29) das 
Produkt aus g’ und einem von J und 2 abhangigen Faktor, der iiber die 


Lagen des Kerns mittelt. Diese Verkniipfung zwischen qg und q’ gilt auch 
fiir den allgemeineren Zustand 


Pis=>C,Pi7, DIC =1. (8.35) 


























CN 
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8.8. INNERES MAGNETISCHES DIPOLMOMENT 


Das magnetische Dipolmoment ist der Erwartungswert des in (3.38) 
angegebenen Operators .#,, gebildet iiber einen Eigenzustand mit M = J. 
Wir fiihren die Berechnung fiir die beiden Teile, in die sich. #, nach (3.41)... 
(3.43) zerlegen laBt, getrennt durch. 

M,, gibt den Teil des magnetischen Momentes, der von der Bewegung 
der Nukleonen bei festgehaltenem Koordinatensystem 2”, gemittelt iiber 
dessen Lagen, herriihrt. Wir bezeichnen es als inneres Moment. Auf 2” 
bezogen, ist 

M,, = —4sin O(e+4',,+e-%.4';,)+ cos OM'ss, (8.36) 
und die nicht identisch verschwindenden Matrixelemente fiir gegebenes 
J und M = 2 sind 














Q 
(Wfer, MV fae) =? (her, M's BI" 
J+! (8.37) 
| 
+- Soy deo —1 4 (oF m M',,0%), fiir alle Q, 
1 V(J+2 Q+1 vip @e 
(PIS, Mg Pah) = EEE (og, My O8s), DBF (8.38) 
(wyer, avis) =" VS ovr, .a,,0%2). (8.39) 
wt) = a 74a 


Entsprechend zum elektrischen Quadrupolmoment kénnte man den Erwar- 
tungswert von .#’;, als relatives inneres magnetisches Dipolmoment be- 
zeichnen. Aus Symmetriegriinden verschwinden aber alle iiber die ¥/5" 
gebildeten Matrixelemente von .#’,,. Daher ist es trotz dem BE 
Aufbau der Gleichungen (8.37) und (8.29) nicht mdglich, das innere mag- 
netische Moment in einem Zustand ¥/9" oder in dem allgemeineren Zustand 
(8.35) als Produkt eines relativen penaibioalln Momentes mit einem von 
J und 2 abhangigen Faktor zu deuten. Die in den genannten Zusténden 
enthaltenen Teile entgegengesetzten Vorzeichens von {2 haben Matrix- 
elemente von .#’;, mit entgegengesetzten Vorzeichen. Da sich auch der von 
J und 2 abhangige Faktor fiir beide Teile im Vorzeichen unterscheidet, 
ergibt sich ein endlicher Erwartungswert von .M;. 


8.9. AUSSERES MAGNETISCHES DIPOLMOMENT 


AM,; gibt den Teil des magnetischen Dipolmomentes, der durch die Rota- 
tion des ganzen Kerns als starrer Koérper entsteht. Wir bezeichnen ihn als 
auSeres Moment. Im Gegensatz zu .@,, wirken hier die Komponenten von 
J auf die Zj,.. Beim Darstellen von .#,, in Komponenten von 2” ist auf die 
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Wahrung der Hermitizitat zu achten. Das gelingt sicher, wenn man .@,, 
zunachst in Komponenten des festen Systems anschreibt und die Kompo- 
nenten von J und von G einzeln auf 2” transformiert. Die Darstellung von 
,,; in Komponenten von 2” wird aber auch richtig bei Benutzung der 
hermitisierten Transformationsformel (A9) 
AM, = ${—fsin O(et*™.4’,,+e-.4’,,) + cos O.M'ss 

—F(M',, et +.4',,e-¥) sin 0+.M',,c0s O}. (8.40) 
Bei M, ist es im Gegensatz zu J und #, namlich nicht gleichgiiltig, auf 
welcher Seite die Transformationskoeffizienten stehen. Dieser Unterschied 
ergibt sich aus der Unsymmetrie von G. Das Ergebnis der Transformation ist 


A : ’ ; : ’ . 
Meg = B{[-EG pet ¥ +60) sin ©+36's, cos ©] J’, 


+[—2(G’,,et4+G6',,e-™) sin 0+36's, COS Ol", 
+[—Z(G'pget¥+G"ge-™) sin ©+G'ss cos O]]’s (8.41) 
+J's[—2 sin @(e+G',, -e- G'yq) +4 008 O6'59] 
+J'a{—2 sin O(e+G’,, +e-G",,) +4 cos OG’5,] 
+J's[—} sin O(e+™G’,,+-e-G",5)+cos OG's5]}. 


Die nicht identisch verschwindenden Matrixelemente von .@,, fiir gegebenes 
J und M = J sind 


























wr ws l +1) wr , , 
(P75 » Ms; Po ) = MK - a - (BO , (G set G avrlPo *) 
ii (8.42) 
+ 7 yy OB, Cn PH) Oa fo(—1)/ (0%, C, ,o)} fi alle Q, 
(PY Mus Ps) =H (EV T+ Q)T—O41) (Q—2) (8, (6'ya-+G'sp] 844) 
(8.43) 
+} | 
+ bqp30(—1 428 VU-DUTH OH, 6',,0%)|, 92% 
i] 
(Wir, My wie) = “8 VS ow 16'y54G'ay]OM2), (8.44) 
we) = a3" TH 
(PIS, Mas PSs) ia 
/ " .t40 
_ bn V TFA) TFO-NT—-2+ TOF) ee or gee) 
4 J+1 ( Q» pp Q-2)) © & F> 
wr ws <—. +2 wr > 2 
(PfE", Mag Ie) — HE plu iat ) (@%, G’,, B%). (8.46) 


24/2 


Weiter gilt 
































UBER DIE KREISELEIGENSCHAFTEN DES ATOMKERNS 537 


(Pia", [G' pe tG' op] Pa’) = (Oo, [G’ pq tG' gy] PQ’). (8.47) 


Diese Beziehung gestattet es, das fiir einen Zustand Yj” oder den allge- 


meineren Zustand (8.35) gebildete <.#,,> als Produkt des zu diesem Zustand 
gehérigen gyromagnetischen Faktors ¢<G’,,+G’,,> mit einem von J und Q 
abhangigen Faktor aufzufassen. 


9. Aufstellung des Orthonormalsystems 


9.1. VORBEMERKUNGEN 


Wir wenden uns jetzt der Berechnung von Kernzustanden zu und be- 
handeln als Beispiel den Kern (21,24). Bei undeformiertem Potential 
befinden sich ein Proton und vier Neutronen in 4f;. Diese Unterschale 
bildet eine eigene Schale, ist also von den benachbarten Unterschalen 
energetisch merklich abgesetzt. Daher ist auch bei deformiertem Potential 
und dem dadurch bedingten kinematischen Verhalten des Kerns die gleiche 
Besetzung zu erwarten. Wir méchten wissen, aus welchen YJ" sich der 
Grundzustand zusammensetzt, wie groB die einzelnen Energieglieder und die 
Kernmomente sind und ob das Kriterium (3.3) erfiillt ist. 

Der Einfachheit halber rechnen wir mit dem Oszillatorpotential, obwohl 
das wirkliche Potential davon abweicht, denn sonst ware 4f; keine selb- 
staindige Schale. Das Verfahren zur Aufstellung des Orthonormalsystems 
wahlen wir dagegen so, daB es auch fiir ein allgemeineres Potential anwend- 
bar ist. 


9.2. NUKLEONENEIGENFUNKTIONEN FUR ¢£ = 0 


Die in den approximativen Basisfunktionen (7.1) und (7.2) auftretenden 
Zustande ®9" und @5f sind, wie am Anfang von 7. erwahnt wurde, Slater- 
determinanten aus Nukleoneneigenfunktionen. Zur Aufstellung eines geeig- 
neten Systems derartiger Funktionen gehen wir aus von dem Operator 


l A 
H = 5 P+ Volt) + area 8° PXerad Vo(7). (9.1) 
Er beschreibt nach 1. das Verhalten des einzelnen Nukleons im unde- 
formiertem Potential. Wir setzen 2 = 0 und interessieren uns zunichst fiir 


die spinlosen Eigenfunktionen. Sie haben mit (B11) die Form 
fn, (% 8, p) = R"(r)X;,, (8, @), (9.2) 


Z Quantenzahl des Bahndrehimpulses, 
m, Quantenzahl fiir dessen z-Komponente, 
nm Ordnungsindex. 


Im Sonderfall des Oszillatorpotentials 
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V = $Mo??? = 4Mo*(2?+y?+ 2?) (9.3) 
gilt 
23 5 =)! _ ate? 
R™ (r) = =I ° oie Ta) Bas (x27?), (9.4) 
re) : 


L Laguerresches Polynom **), » ganz oder Null, 
lsn, (n—l)/2 ganz oder Null. 


Auf Grund der Orthogonalitatsrelationen und der Rekursionsformeln ”) 
fiir die Laguerreschen Polynome gilt 
in R" R*'2dr = 5,,, (9.5) 
K272 RW — (n+$)R” 
—1V (n—1+ 2) (n+1+3)R™%!'—1V (n—l) (n+1+1)R"-*!, (9.6) 








aR" _ ape 


dr 
—1V(n—1+ 2) (n+1+3)R"**%'—1LV (n—l) (n+1+1)R"*", (9.7) 


Beim Oszillatorpotential lassen sich die spinlosen Eigenfunktionen aber auch 
durch die Eigenfunktionen 


K —— Mw 
¥,(2) = Vet e ° H.(xz), «= pas. (9.8) 


des eindimensionalen Oszillators ausdriicken, wo H,,(«~) das durch 




















H,,(x) = (—1)neet Fg" (9.9) 


definierte Hermitesche Polynom ”) ist. Es bestehen die Beziehungen 





ae AnXp It = Oyo, (9.10) 
yun n 

KLXn _ ris a  An-1 (9.11) 
dy,, yer /” 

ey pat ths eta 12 

_— ao Ansat YZ na (9.12) 


Die spinlosen Eigenfunktionen von (9.1) sind dann 


A nynang(% Ys 2) = Any (X)Xna(Y) Xns (2): (9.13) 


Der Vergleich der fy mit den Zn, n,n, ergibt 
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fo” = Xooo- 





l ‘ 
fa =— V2 (+ %100+? Zoro) (9.15) 
fo" = Xoo1> 
fee = 5 (%200— Xo20) + Ty taro 
l é 
rf aie (= %101 +? Xo11) (9.16) 


1 
{,* = ve X002~ 776 (%200+ Xo20)» 


1 
i= — v3 (%200+ Xo20+ Xoo2)» (9.17) 
1 oe -f 1 a 
a3 = + (— X%300—- V3 1120) 77 (— Xo30— V8 x20) 


u 
fee = (X%201— Zon) + Veg #1 (9.18) 
= = l (SE = l 
fe = + (V2 x102—V #5%300— 40 4120) = (V2 x012— V g5X200— 1/40 Xa10) 


fy? = V2 x003— V F5(X201+ Xo21)> 


fn =< | V35%20+ a (x120+ 2102) +71 { V35x080-+ si (xa10+ Xors)| 


1 = 9.19 
iL? = —- V5 (x201+ Xn) — VS Xo0s- ( ) 


9.3. DEFORMIERTE FUNKTIONEN OHNE SPIN 
Wir deformieren das Oszillatorpotential in z’-Richtung derart, daB eine 


enge Beziehung zu dem aus (9.3) nach (2.13)... (2.15) abzuleitenden 
Selbstpolarisationspotential 


V = {Motr*{1— 20 Sym Vn(B, 9) +0* S lyml?} (9.20) 


besteht. In diesem ersetzen wir y’, durch einen Deformationsparameter 2e 
und lassen y’,, und y’,, fort, oder, was dasselbe ist, wir ersetzen in dem 
Mittelpotential (8.6) ¢<y’,)> durch 2¢. Das entstehende Potential 


V, = Mo? *{1—4eY (8, y) +407} 


= 4Mw?r*{ (1+ 2e+ 4e?) (x’2+-y’2) + (1—2e)?2’?} (9.21) 
= 3M {o,? (x+y) +0 727}. 


bezeichnen wir als Parameterpotential. Einsetzen von V, anstelle von V, in 
(9.1) ergibt fiir 4 = 0 Eigenfunktionen j,,,,,,(%’, y’, 2’), die sich von den 
Annan(% Y, 2) in (9.13), abgesehen vom Koordinatensystem, dadurch 
unterscheiden, daB das in (9.4) und (9.8) angegebene « fiir x’ und y’ durch 
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M 
x, = yx =! on +5e+3e?) (9.22) 


und fiir z’ durch 





ry ./=- «(1—e+1e?) (9.23) 


zu ersetzen ist. Da aus (9.22) und (9.23) bei Entwicklung bis zu Gliedern 
mit ¢é? 
K2x3 = 1 (9.24) 


folgt, ist der Ersatz, wie (9.8) zeigt, nur dort vorzunehmen, wo « in der 
Verbindung «a, «xy, xz auftritt. Dann ist aber nach (9.22) und (9.23) 


ne ng (> y’, z’) 
= Lai nena? z'[1l+5 ze tse], y'[1+ge+ ge"), z'[1—e+$e*)), (9.25) 


und die Entwicklung dieses Ausdrucks ergibt 
Tnanany(@Y', 2’) = {1—eD+ $e2(D®?—2D) } yn nans(%'s Y', 2) (9.26) 


mit der Abkiirzung 





0 1 0 0 
D =;3' ry (2 “ +y' =) ; (9.27) 


Fiir das Parameterpotential kann man entsprechend schreiben 
V, = {1—2eD-+ 2e?(D?—D)} $Mw? 7’. (9.28) 


Die Eigenfunktionen deformieren sich also in erster Naherung halb so 
stark wie die Aquipotentialflachen. Um ¢ als Deformationsparameter der 
Eigenfunktionen bezeichnen zu kénnen, haben wir von vornherein den 
Deformationsparameter des Potentials gleich 2¢ gesetzt. 

Ersetzt man in den fy, die %,,ngng durch die Z,,n.n,, SO entstehen defor- 
mierte Funktionen and mit scharfen Bahndrehimpulskomponenten in 
z'-Richtung, wahrend der Drehimpuls selbst unscharf wird; / ist daher 
keine Quantenzahl mehr, sondern nur noch Ordnungsindex. Sind f, 
zwei beliebige Funktionen, die durch den DeformationsprozeB (9.26) aus 
/, g hervorgehen, und ist P irgendein Operator, so findet man unter Beach- 
tung der Antihermitizitat von D 


(7, Pg)= (7, Pg)+e(f, [D, Pig) +d%X{(t, [D, [D, Pl]g)+2(7, (D, P)g)}- (9.29) 


Diese Gleichung zeigt, daB Orthogonalitat und volt he bei der Defor- 
mation erhalten bleiben, und gestattet, die Matrixelemente der deformierten 
Funktionen auf die der undeformierten zuriickzufiihren. Sie erméglicht die 
Anwendung des Deformationsverfahrens auf die ix beliebiger V,(7): man 
ordnet nach (9.26) jedem /;) ein f;' zu und berechnet die Matrixelemente 
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nl 


nach (9.29); die Frage nach dem Hamiltonoperator, der die Fa 
funktionen liefert, interessiert nicht. 


als Eigen- 


9.4. DEFORMIERTE FUNKTIONEN MIT SPIN, ABKOPPLUNGSGRAD 


Im Fall des undeformierten Potentials lassen sich die spinlosen Eigen- 
funktionen (9.2) mit den Spinfunktionen «, # zu Funktionen 


pn! — cia mp OE Comey md B, (9.30) 
7 Quantenzahl des Gesamtdrehimpulses, 
m Quantenzahl fiir dessen z-Komponente, 
vereinigen. Die c sind gruppentheoretisch festgelegt und in (B16) angegeben. 
nl 


In entsprechender Weise vereinigen wir die f,, mit den jetzt auf 2” zu 
beziehenden Spinfunktionen «, # zu Funktionen 


pm! — ae dl a+ Dims A B, (9.31) 
wo 7 und / keine Quantenzahlen mehr sind. Die } beschreiben die Kopplung 


zwischen Spin und Bahn und brauchen mit den c in (B16) nicht iiberein- 
zustimmen. Wir verlangen nur die Giiltigkeit der Beziehungen 





a aa a a = ay or a = + a (9.32) 
Orton t = Om ett Ott a — bi (9.33) 
und die Erfiillung der Normierungsbedingung 
(Oinem—4) + (Ons meg)? = 1. (9.34) 
(9.32) wahrt die Symmetrie zwischen py?’ und g™! und (9.33) die Ortho- 
onalitat zwischen g”'**' und g™'-*', Wir vereinheitlichen die } aller gy 
§ Pm Pm Pm 
durch Einfiihrung des Abkopplungsgrades t mit der Festsetzung 
Ot Corte ed 
pitt ~ GaeeT ltr’ m > 0. (9.35) 


Die anderen 0 folgen aus (9.32) und (9.33). 

In einem Zustand gf?’ mit 7 = /+4 wachst nach diesen Festsetzungen 
bei einer Zunahme von t derjenige Anteil, bei dem die z’-Komponenten 
von Bahndrehimpuls und Spin das gleiche Vorzeichen haben, bei einem 
Zustand mit 7 = /—} fallt er. Das ist das gleiche Verhalten, wie es die 


Eigenfunktionen des Hamiltonoperators 


1 A 
Ss ee 
KH ; Ip/P?+V.+ 22 S:pxXgradV, (9.36) 


mit dem Potential 


Ve, = Vo(r) —2eV (7) Yo (8, »’) +2¢?V,(r) (9.37) 
mit V,(7) und V,(v) nach (2.14) und (2.15) bei zunehmendem « zeigen. 
Da «> 0 ein gedehntes und e < 0 ein abgeplattetes Potentialellipsoid 
und andererseits <y’)> > 0 einen gedehnten und <y’,> < 0 einen abgeplatte- 
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ten Kern bedeuten, ist zu erwarten, daB t das gleiche Vorzeichen hat wie 
(Yo: 

Aus den gy™! werden die in 7. erklairten Determinanten ®% und die 
approximativen Basisfunktionen V{'¥ gebildet. Sie enthalten die beiden 
Parameter e und 1, die nach dem Ritzschen Verfahren zu bestimmen sind. 
Damit ist das Orthonormalsystem aufgestellt. Die Berechnung der erforder- 
lichen Matrixelemente mit approximativen Basisfunktionen erfolgt nach 
Anhang D in Verbindung mit Formeln aus Anhang B und C sowie den 


Relationen (9.5)... (9.7) und (9.10)... (9.12). 


9.5. SCHREIBWEISE DER ZUSTANDE 
Um mit méglichst wenigen Indices auszukommen, schreiben wir fiir die 
Zustinde von 4f;, fiir diem = 3,7 = $,/ = 3ist, unter Beachtung von (9.32) 


4f35 at = fis 5 
(9.38) 
4fp3* = af F +42 f%3 
rr 
p 


4fy : = ofa 


x 
4f7 5* = ote” p +o 41 


Die mit den gy" zu bildenden Determinantenfunktionen sind véllig bestimm 
durch die Besetzung und durch die Angabe von « und t. Die fiir die Besetzung 
benutzte Schreibweise erlautern wir an dem Beispiel P4f;3*N4f; 3252, 
Das heiBt, ene Protonenteil ist von der Unterschale a, ein Zustand des 
Paares |m| = 4 besetzt, und zwar entweder m = +2 oder m = —Z, im 
aiereentra sind j in der Unterschale 4f; die beiden Mastuadpetre |m| = 3 
und |m| = 3 voll besetzt. Die nicht = drei ersten Schalen sind 
voll biiistied In diesem Zustand ist 2 = +3 und w = —1. Die fiir die 
Darstellung des Grundzustandes bendtigten Determinanten bezeichnen 
wir nicht durch die Angabe dreier Zahlen 2, w, r, sondern halten sie durch 


einen einzigen Index auseinander. 


10. Aufsuchen der approximativen Basisfunktion niedrigster 
Energie 
10.1. POTENTIELLER UND KINETISCHER ANTEIL DER MITTELENERGIE, 
BEDEUTUNG VON <I >e=0 
Fiir gegebenes @ ist der potentielle Anteil der Mittelenergie nach 


(8.6), (8.7), (2.3)... (2.5), wenn man erlaubterweise 
(I"> 
(y'> = SY (10.1) 
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setzt, 
Epot — $Mw*{I")>{1—2(2—€)<y'o>*}- (10.2) 


_ 


Dieser Ausdruck hat ein Minimum bei ¢ = 1 und geht bei Ersatz von ¢ 
durch 2—€ in sich iiber. Mit (9.29) ergibt sich weiter 

<< i _ (D> not 28( Tg) eno tE*4 I> eso t 3¢1"g> eat} (10.3) 
"> >= = <I") é= tel) not Lo exo} +HE7{3(I"> 9 + 5<I"'g) eno} (10. 4) 


Bildet man mit diesen beiden Formeln <y’,> nach (10.1) bis zum Glied mit 
e? und beschrankt sich im Koeffizienten von e auf Glieder héchstens zweiten 
und im Koeffizienten von ¢e? auf Glieder héchstens ersten Grades in <y’)>,<9, 
so wird, wenn man noch anstelle von ¢ die GréBe 


é=1-¢ (10.5) 
einfihrt, der endgiiltige Wert 
Et = MoT) 29{1— (1 )<y'o>enot 2e [8779 eno — (1—€*) <7'o eno] 
+ 6?[§°— (2—5&") <y"g> enol} (10.6) 


Zur Berechnung des kinetischen Anteils der Mittelenergie fiir gegebenes 
@* fiihren wir die GrdBen 


Q=2 |p), Qo= =2 {his —2 (Pn +P y2')} (10.7) 


ein, die aus J’ und J”, durch Ersatz der Lagekoordinaten durch die Impulse 
hervorgehen. Nach (9.29) ist dann 


<Q> = <Q)>.-0—- 2e<Q'o emo tE*{<Q emo — <Q'o> =o} (10.8) 


Es 1aBt sich aber zeigen, daB fiir jede aus Eigenfunktionen zum QOszil- 
ere gebildete Slaterdeterminante die ne gr i 


Dens = Pees aa One = 
bestehen. Dann ist nach (10.7)... (10.9) 
En" = = gMw*{<I>,- =o — 2e(T""g emo FE?(CL"> eno — (Lo en) }: (10.10) 
Fiir ¢ = 0, e = O ist bei der zugrundegelegten Besetzung 


Ept — FeO — 1Mo*(I") ug = 8} ho. (10.11) 





(10.9) 





out 


Die fiir ¢ 40, e 40 eintretenden Energieanderungen AEP und AE" 
schreiben wir in der Form 

AE 
Mow*<I'),. 





—§*)<y ‘exo t 2€[ [é?< yo «=o — (1—&) <y’y S20] 
+6?[£?— (2—5€)<y"g> eno], (10.12) 


| 

| 
-_— 
_ 


to| - 
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AEK 

5M w*< I") 6 

Beide Ausdriicke sind als Funktionen von ¢ Parabeln. Die zweite geht durch 
den Nullpunkt und hat bei 





a — 2e<y'o eno t &*[1—<y'g eno]: (10.13) 











i oem (10.14) 
1—<y' weno 
ein Minimum mit dem Wert 
( AEK ) eS 4)” (10.15) 
5Mw?<I") Wo min 1—<y"o)> emo 


Die erste Parabel schneidet die Ordinatenachse bei §* < 1 unterhalb des 
Nullpunktes und verlauft fiir den vornehmlich in Betracht kommenden 
Fall & ~ 0 wegen der Kleinheit von |<y’9>,~9| viel flacher als die erste. Der 
Verlauf von AEP%+AE*™ in Abhangigkeit von e wird daher bei é ~ 0 
im wesentlichen durch JE” bestimmt. 

Damit die Energie bei der Deformation abnimmt, miissen die Vorzeichen 
von |<y'9>,.<o| und e tibereinstimmen; der Kern muB sich so deformieren, 
daB die bei e = 0 vorhandene Abweichung von der Kugelform vergréBert 
wird. Eine méglichst starke Energieabnahme bei der Deformation verlangt 
ein méglichst hohes |<y’)>,~9|. Wir setzen voraus, fiir jede Unterschale sei die 
Anzahl der besetzten Zustande gegeben, und fragen, welche Zustande in 
jeder Unterschale zur Erzielung eines méglichst hohen |<y’)>,~»| besetzt 
werden miissen. Hierzu geniigt es wegen (10.1), das hdchste |<J")>,~o| 
zu suchen, da <J"),_, sich bei Umbesetzung innerhalb der Unterschalen 
nicht andert. Da die gesuchte Besetzung im allgemeinen von t abhangen 
wird, ist die vollstandige Beantwortung der gestellten Frage zu verwickelt. 
Wir beschranken uns daher auf das groBte |<J")>,_»| fiir t = 0 und itiber- 
legen anschlieBend, wie t abzudndern ist, damit |<J")>,_9| noch gr6éBer wird. 
Das so gefundene |<J”,>,~»| ist dann sicher das gréBte fiir eine gewisse 
Umgebung von t= 0. Fiir « = 0, t = 0 werden die g™' mit den y™! 
identisch, und jeder Zustand leistet zu <J")>,.9 nach (9.6) und (B17) 
den Beitrag 








al’ 1*Yoyal) = ar DE [I- ]. (10.16) 
Die iiber die besetzten m gebildete Summe der Ausdriicke 
P,j =} E tn | (10.17) 
10-+1) 


verschwindet bei vollbesetzter Unterschale. Ist z; die Anzahl der besetzten 
Zustande der betrachteten Unterschale, so ist der Betrag der Summe am 
groBten, wenn bei z; < 7+ 4 die Zustande mit den gréBten, bei z; > 7+4 die 
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mit den kleinsten |m| besetzt sind. Im ersten Fall ist die Summe positiv, 
im zweiten negativ. Bei z; = 7+4 ist der Betrag der Summe fiir beide 
Besetzungsfalle gleich, die Vorzeichen sind jedoch verschieden. Fiir den 
Kern (21, 24) ist |</")>,~9| bei der angenommenen Besetzung am gr6Bten 
fiir den Zustand 
®, = P4fz G+ N4iz, 3° 2? (10.18) 
und dem damit durch (6.9) verkniipften Zustand vom entgegengesetzten 22, 
den wir aber nicht anzugeben brauchen. Bei beliebigem rt setzt sich <I")>,~»9 
aus Gliedern 
h L(l+-1)—3m/? 


nl 2 nl _ is 3 
Fm,» 7° Yotm,) Mo (nrg) (2/+-3) (2/—1) 


zusammen. MaBgebend fiir den Anteil einer Unterschale zu </")>,_,) sind 
dann die Ausdriicke 


(10.19) 





» _ Ul+1)—3m 2 
m (2143) (2/—1) 


Jedes and wird mit dem Gewicht, mit dem x in den besetzten Zustanden 
der Unterschale auftritt, multipliziert, dann wird tiber m, summiert. Bei 
vollbesetzter Unterschale verschwindet die Summe nur fiir t= 0, die 
Summe iiber beide Unterschalen, die aus dem gleichen / durch verschiedene 
Spin-Bahn-Kopplung hervorgehen, verschwindet dagegen fiir beliebiges t. 
Fiir den Zustand @, ist 
CI’) = —_ {25° — (15—6a,")e+ (360+ 9a,?)e?} 





(10.20) 





h 
(I"’.> = Ug (2 3m + (135+ 3a,?)e+ (195+ 7h a,?)e*} (10.21) 


= —0.0346 fir r=0 
= —0.0526 fiir r= —1. 
Das damit berechnete J4EP+AE*™ ist in Fig. 2 dargestellt. 


Der Vergleich von (10.17) und (10.20) zeigt, daB der Fall/ = 1 ausgezeich- 
net ist. Es gilt naémlich 


Py] < (P| fir 723, [PH = |PH, (10.22) 


{Y'o>ex0 


dagegen 
Pol <|P,'| fir 223, |Po?| = |Ps?|, |Po'| > |Pr'|. (10.23) 


10.2. SPIN-BAHN-ANTEIL DER MITTELENERGIE, ABKOPPLUNGSGRAD, FEST- 
LEGUNG VON iow 


Wir gehen aus von dem durch (8.6) allgemein bestimmten Mittelpotential 
und setzen zur Abkiirzung 


v = pxXgrad V. (10.24) 
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Der mit irgendeinem g™' gebildete Erwartungswert des Spin-Bahn-Gliedes 
wird dann, da die b reell sind, 





A 
mia <8 PXerad > = Fin 
’ , ni 


2 (n~-a)*{ Das U3 _3)— (Dirm+4)?( ee » Us m+4)° 
In v wird das V des Oszillatorpotentials eingesetzt und folgender Ausdruck 
gebildet: 
U'aXnineny = Mo* hf Vn, (3+ 1)¥ n,—1manata—* V tg (3+ 1 ‘ +1 
—V (n+ 1)Znt1mang—1 8 V Mg (y+ L)Zn, ditt} (10.26) 
{1-Rdy'o> +0% yo? Bel <y'o> + 387} 
+Mo? hf V ny ny he X ny—1nene-1—* WV ngs Z XL ning—1n3-1 
— V (m+ 1) (%3+ 1)Z ny+-1manesa tt V (+1) (%3+1)% ay net testa 
: { —$o<v'o> +$e—Zet<y'o> +32}. 
Da bei der Deformation die Anteile der 7,,, ,,,,,, in den F bd nt sich nicht andern, ist 
(fn , v qa mtb) 
= {1—$ ody" +o%Xy'or®@—Fel<y'o> + Fe") Lima» U'elmes)e—o (10.27) 
und darin fiire=0,6€=0 
vain = —Mo*l' fn = —Mo®hV (l+-m,) (l—m,+1)fm_a- (10.28) 
Weiter ist 


nl 
{205 m4 Ommea RE (Fn m—t> U al m+4) (10.25) 








v's = —Mo?l’,{1+-6<y'o> +0770)" }. (10.29) 
Driickt man die 6 nach (9.35) durch die c und rt aus und setzt fiir die ¢ die 
Werte (B16) ein, so ergibt sich bei Entwicklung bis zu e und ¢<y’,> fiir 
j=l+} 




















Ah? w? { . j2@—m? 

: wd. _1_ ont 

M22 <s p X grad V» 2M c? f 3 j(1+4?)+2\|m|r - me 
313m?) (G+ 1) + 2elml G—9) +90 +90—-1)) 6g, +e)| | 
7(1-+1?)+2t|m!| Y o>e=0 

und fiir 7 = /—4 

eg et sone Su! ste 
M*c# ers 2Mc? {iH ’ (G7+1)(14+7?)+2|m|z (10.31) 


$[3m?—j(j+-1)]+2t|m| (j-+3) +30? lm?+ (+1) (7+2)] . 





Cdy'arenote)} 


(7-1) (1-4-1?) +2t|m| 


Das gesamte Spin-Bahn-Glied E>? der Mittelenergie fiir gegebenes 2% 
folgt aus (10.30) durch Summation iiber die besetzten Zustande von 4f;; 
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die ersten drei Schalen leisten keinen Beitrag. Damit die gegeniiber t = 0, 
¢ = 0 eintretende Anderung AES” méglichst klein wird, muB rt w 0 sein. 
Trifft das nicht zu, so miissen méglichst die Zustande mit den héchsten |m| 
besetzt sein, da das Glied mit rt? in (10.30) mit steigendem |m| abnimmt. 
Das steht bei hédchstens bis zur Halfte besetzten Unterschalen mit der 
Forderung nach méglichst kleinem 4 E?°t+ 4 E*" in Einklang und ist bei ®, 
erfiillt. Im Gegensatz zu AES® verlangt AEPCt+AE‘™ ¢ = —1 fir ®,. 
Das Minimum der gesamten Mittelenergie liegt daher bei —1 < t < 0. 








1Sthw 
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OE 








0.5 MA 


\ 





ST 

















> SAE RM. AES 








-O.5 




















0 -005 P - Ol -O15 


Fig. 2. Mittelenergie im Zustand @, fiir ¢ = 1. 


Der Vergleich der Spin-Bahn-Kopplungsenergie mit den anderen Energie- 
termen erfordert Festlegung eines Wertes fiir Ahw/Mc?. Wir setzen A = 20 
und bestimmen fw aus dem Kernradius, fiir den wir 


h 
R, = 1.3 10-3.44 cm = 6.18 At — (10.32) 


iV CO 
annehmen. Definiert man R, durch 





5 1 
Ri wD EPS, 10.33 
0 “hr esis (10.33) 


so wird mit dem aus (10.21) fiir e = 0 zu entnehmenden <J"> 
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hw = 10.9 TME, (10.34) 
und bei Zugrundelegung dieses Wertes ergibt sich 
hw 
—— = 0,218, (10.35) 
Mc? 


Das damit fiir ¢ = 1 berechnete AES” ist in Fig. 2 dargestellt. Man 
sieht, daB der Einflu8B der Verformung unbedeutend ist. Das wichtigste 
Glied in (10.30) und (10.31) ist daher das mit t®. Es hat fiir die beiden 
Kopplungsfalle entgegengesetztes Vorzeichen, und sein Betrag nimmt mit 
steigendem |m| ab. Das gesamte 4E,, ist in Fig. 6 aufgezeichnet. 


10.3. SCHWANKUNGSENERGIE 


In (8.9) kann man mit der gleichen Begriindung, die auf (8.13) fiihrte, 
setzen 
2 

Ey = 21-2) SS {Cal Spo). ——_(10.36) 

LP ‘m 

Die Vernachlassigung des Spin-Bahn-Anteils ist gestattet, weil hierzu nur 

die fiinf Nukleonen in 4fz beitragen und dieser Anteil den kleinen Faktor 

Ahw/Mc? tragt; die Berechtigung zum Fortlassen folgt auch aus der in Fig. 2 

zum Ausdruck kommenden schwachen Abhangigkeit gegen Verformungen. 

Die Glieder in der Summe von (10.36) hangen nur wenig von der Art der 

Besetzung von 4f; ab, da der Hauptanteil zu ihnen von den vollbesetzten 

ersten drei Schalen herriihrt. Die Abhangigkeit vom Zustand ist bei der 

Mittelenergie und vor allem bei der noch zu besprechenden Zwangsenergie 

viel gréBer, so daB E, beim Aufsuchen des tiefsten Zustandes keine ent- 
scheidende Bedeutung hat. 
Fiir den Zustand @, ist 





h \2 
(I*>—<I"')>* = * {43° 4+ 6a,2?—Ja,!+ (120+ 18a,2—9a,!)e 


Mo 

+ (510+ 51a,?—27a,*)e?} 
— h \? (10.37) 
("| > = (—--] 75(1+-e+ $e?) 


h 2 
<I’) = (=) ($8302) (1-26) 


Die einzelnen Glieder zeigen eine Abhangigkeit von e, doch hebt sich diese in 
der Summe nahezu heraus, wie das in Fig. 6 aufgezeichnete E, zeigt. 


10.4. MATRIXELEMENTE DES REZIPROKEN TRAGHEITSTENSORS 


Zur Berechnung von <@’,,,> fiir gegebenes 9" setzen wir in (7.3) in dem 
Ausdruck fiir 0’,, vor der geschweiften Klammer 


pa 
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a2 PD 45 (Mem) 


1 1 


Ty <I> 








(10.38) 





"0 Le 


und beschranken uns auf Glieder erster Ordnung in den Schwankungs- 
gr6Ben (||? —Omo< 19>?) /<I'’9 >?; diese Verabredung verlangt bei den in der 
geschweiften Klammer von @’,, in (7.3) stehenden |J’,|?/I)? und |J”,|2/I'? 
Ersatz von J", durch <J"’)>. Wegen der Kleinheit von <J",> gegen <I") 
vernachlassigen wir auch die Produkte von <J’)> mit den Schwankungs- 
gréBen, ausgenommen das starker ins Gewicht fallende I’)|J"’,|?/<I’,>?. 
Bei Ersatz der Erwartungswerte der Produkte von I’ oder J”, mit den 
SchwankungsgréBen durch die Produkte der Erwartungswerte ergibt sich 










































































dann 
4 Te*)—<I",>* 7 <I"; |* r’.|* 
(8'u) = ot ery (148 Oo" _ Ta 5 9 ls ») 
3M <I""9> "> 3 "> "o> 
8) (10.39) 
KI») (146: 
Bs ihe 
und in der gleichen Weise 
("a> 
0’ = i . 10.40 
< 33> 9M<I’,>? < > <I’,>? ( ) 
04 
EO (r'?y-¢r'y? 
-2/ ce] . fe) 
- a 
——— 
.@) -0.05 € -O1 -O15 
0.4 
0.2 
0) -0.05 














Fig. 3. SchwankungsgréBen im Zustand @,. 
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Die errechneten Ausdriicke fiir (0’,,> und <0’;,> verlangen Kleinheit der 
Schwankungsgr6Ben, also geniigend groBes |</”,>| und daher nicht zu kleines 
|e]. Der Ausdruck fiir <0’,,» ist ungenauer, aber auch wesentlich kleiner als 
der fiir <0’,,>. Die Schwankungsgr6Ben sind in Fig. 3, die reziproken Trag- 
heitsmomente in Fig. 4 dargestellt. 








-2/3 23 ~ 
2 XS = 5 Gq) 
0.5 hs é, i: 





il 


























0 -0.05 -0.15 


+E 


Fig. 4. Reziproke Tragheitsmomente im Zustand @,. 


Die Nichtdiagonalelemente von 0’,, sind klein gegen die Diagonalelemente, 
wie man auf Grund allgemeiner Uberlegungen und Abschatzungen folgern 
kann. DaB auch die Matrixelemente der anderen Komponenten klein sind, 
ist aus dem Fehlen von Gliedern nullten Grades in 1" ,,/I""9, ["’49/I"’g in (7.3) 
zu schlieBen und wird durch Rechnungen bestatigt. Es erweist sich als 
konsequent, in allen Ausdriicken, die 0 enthalten, nur die Diagonalelemente 
von @’,, und 0’, zu beriicksichtigen. 

Die Zahlwerte von <0’, sind etwa die gleichen wie bei der wirbelfreien 
Str6mung einer inkompressibelen Fliissigkeit 2122), Daraus darf aber nicht 
auf zu groBe Termabstande bei den Rotationsspektren geschlossen werden, 
denn #,, ergibt in zweiter st6rungstheoretischer Naherung einen negativen 
Beitrag, der nach (8.26) proportional zu J/(J+1) ist f. 


t Siehe 12. 
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10.5. ZWANGSENERGIE, ZERLEGUNG UND ERSTES GLIED, BEDEUTUNG VON 

L"a>e=o UND Jp Jot SoS a> e=0 
Den Zwangsoperator (8.5) kann man nach (4.21) und (4.19) schreiben 
KH = 50 - - J?—W,:- J—W,; J. (10.41) 


Die Zwangsenergie wird dadurch in drei Teile zerlegt. Im ersten beriick- 
sichtigen wir nur die Produkte der Erwartungswerte der Komponenten von 
© und J?, setzen also mit (A5) fiir gegebenes ®f” 


BO + +B) = 305g Spat SoS +35 O's3> Ja >. (10.42) 


Zur Rechtfertigung der begangenen Vernachlassigungen bemerken wir, daB 
in der Entwicklung 


(One sJ et eS'2)> = > (Dy, Opa Px) (Pres DoD ot aS v/P1) (10.48) 


die Glieder mit k + 1 klein gegen die mit k = 1 sind und daB diese Kleinheit, 
wie Abschatzungen zeigen, anscheinend nicht durch die hohe Zahl der 
Summanden aufgehoben wird. Das Fortlassen der Glieder mit 0’,,, O’,,, 
O’ 3, O's ergibt, groben Rechnungen zufolge, keinen nennenswerten Fehler. 
Es erscheint nicht folgerichtig, das verhaltnismaBig kleine Glied mit <0’,,» 
zu beriicksichtigen. Dieses kommt aber auBerdem in £, und, versehen mit 
dem Faktor —2, in E,, vor; hebt sich also in der Gesamtenergie heraus und 
beeinfluBt nur deren Aufteilung in £,, E,, £;,. Da sein Fortlassen merkliche 
Fehler in E, und £,, verursachen wiirde, wird es in allen drei Energietermen 
beriicksichtigt. 

Das in (10.42) auftretende <J’,]’,+J',J’,> besteht aus zwei Gliedern. 
Das erste, <J',J'g+J'¢J'»>e=o, hangt stark von der Verteilung der Nukleonen 
auf die Zustande der teilbesetzten Unterschalen und im allgemeinen auch 
von t ab. Das zweite Glied ist proportional zu «? und dndert sich nicht 
wesentlich, weil der Hauptanteil von den ersten drei Schalen herriihrt. 
Es bringt zum Ausdruck, daB die Nukleonen bei Deformation des Kerns 
stirker auf einen gewissen Winkelbereich lokalisiert werden, so daB die 
entsprechenden Drehimpulsquadrate zunehmen. Fiir den Zustand @, ist 


CJ" pJ'etJ'aJ'y> = {31+ (180+362,2)e%}. (10.44) 


Ein méglichst kleiner Wert von (10.42) verlangt ein méglichst kleines 
<0’ ,..>; das erfordert nach (10.39) und (10.4) ein méglichst groBes |<I"»>,~o! 
und fiihrt ebenfalls auf ®,. Beim Aufsuchen der Zustandsdeterminante mit 
dem niedrigsten <¢J’, J’, +J'.J'»>e<9 beschranken wir uns auf t = 0; der so 
aufgefundene Zustand ist dann sicher auch in einer gewissen Umgebung von 
t = 0 der mit dem kleinsten ¢J’, J’,+J',J'p>e-9: Unter Benutzung von 
(D14) ergibt sich 
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SoS ct FT st one 


T=0 


= 22> [j(j-+1)—m*]— > > (j—m) (j+-M+1)b nmr}. (10.45) 


Die Summe erstreckt sich tiber die besetzten Zustande m und m’ der teil- 
besetzten Unterschalen. Der Zustand @®, zeichnet sich dadurch aus, dab 
(10.45) fiir ihn ein relatives Minimum hat. Damit meinen wir, daB bei Ver- 
schiebung eines Nukleons oder einiger weniger Nukleonen auf benachbarte 
Platze der Wert von (10.45) zunimmt. Das ist stets der Fall, wenn die 
Nukleonen entweder auf die héchsten oder die niedrigsten |m| zusammen- 
gedrangt sind. Der Wert 31h? von (10.45) fiir ®, ist aber nicht der niedrigste, 
den eine Zustandsdeterminante der gegebenen Unterschalenbesetzung 
haben kann. Dieser liegt vielmehr bei P4f;3+N4fz;3+3+3+3+ und betragt 
23 h®. Aber fiir diesen Zustand ist auch |</")>,_9| kleiner als bei ®,, <0’,,,» 
also gréBer, und die Rechnung zeigt, daB bei —1 S rt S 0 fiir alle in Be- 
tracht kommenden e« der Ausdruck <0’,.><J’,J'.+J',J'»> grodBer ist 
als bei ®,. AuBerdem ist die Mittelenergie gréBer. Das Gleiche ist der Fall 
fiir P4fz+N4f;7?3+3+. Andererseites ist 31 #? nicht der niedrigste Wert, den 
CJ'oJ'atJ'aJ'y>eno fiir einen Zustand mit Q = $ annehmen kann, sondern 
7h?. Zustande mit diesem Wert sind aber Linearkombinationen von Deter- 
minanten, deren innere Energien wegen der verschiedenen <J”)>,<. und 
CJ’ oJ et J'eJ'y>e=o Wesentlich voneinander abweichen. 

Die Forderung nach einem méglichst groBen |<J")>,-9| und einem még- 
lichst kleinen <J’, J’,+J',J'»>e=o fiihrt also auf verschiedene Zustands- 
determinanten, aber der EinfluB von |<J")>,<9| tiberwiegt. 


10.6. ZWEITES GLIED DER ZWANGSENERGIE 


Der mit dem Parameterpotential gebildete Hamiltonoperator 


H = Sag Ip, P+V.(7, ,0,)| (10.46) 


gestattet eine Umformung des zu berechnenden Gliedes. In W, vernach- 
lassigen wir Schwankungen der Formmomente, gehen also nach (7.4) aus 
von 





, t , 1 / 
Woy = 3g (Wage, + 7s) 

‘ 1 | (10.47) 
W're = — 99 a pr +r I] a 
W't3 = 9 


und ersetzen J”) durch das <J"’)> des Zustandes 9%’, fiir das <W,-J> zu 
bilden ist. Dann sind nur noch <J7’,; J’,> und <J7',; J’,> zu berechnen. Fiir 
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die durch (3.55) und (3.57) festgelegten Deformationsimpulse ergeben die 
elementaren Vertauschungsrelationen 


1 1 1 

—Tl/]'..= — —(#,, I’_,]. 10.48 

M p3 h 6 - € 1] ( ) 
Dann wird 


5 po PAS IH aU HI, (10.49) 
und mit (B2) folgt unter Beachtung, daB dort I der Operator der infinitesi- 
malen Drehungen des Einzelnukleons ist, 

[J'¢, #,] = —24V6 Moel™,. (10.50) 
Nach Ausfiihrung der gleichen Rechnung fiir <J7’,,]’,> ergibt sich 
] 
M 


1 
M CIT’ 53J'q> — 


{<IT's3J'a> an IT’ 3J'5>} 





fo oo oe | 
= ie S « aa at L “as pl >—4#Mow?e < [LI >}. (10.51) 
Das Ergebnis laBt sich unter Benutzung der aus (B2) herzuleitenden 
Beziehung 


i” 5) am ~ 84/6 I". (10.52) 


etwas klarer fassen. Danach kann in (10.51) J’,,/’, durch J’, /’’;, unter 
Hinzufiigen von {[#,, J’) | unter die geschweifte Klammer ersetzt werden. Das 
letzte Glied ist aber wegen des verabredeten Ersatzes von I’, durch <J"’y)»> 
fortzulassen. Der entstandene Operator ist antihermitisch und laBt deswegen 
die Hermitizitat des Kommutators dieses Operators mit #, erkennen. 
Die Determinanten ®¥” sind Uberlagerungen von Eigenfunktionen des 
Operators #,, weil jede Nukleoneneinzelfunktion (9.31) die Summe 
zweier Eigenfunktionen mit verschiedenen Eigenwerten des in (10.46) ent- 
haltenen Einzeloperators ist. Zur Berechnung des ersten Gliedes auf der 
rechten Seite von (10.51) ist ®9’ als Summe von Eigenfunktionen von #, 
darzustellen. Die Diagonalelemente fallen heraus, und die Nichtdiagonal- 
elemente sind klein gegen das zweite Glied, also kann man schreiben 


anloe 


(W, +3) = 4Mare A 
ro) Ts) 


(10.53) 





Die Beriicksichtigung weiterer Glieder in W, fiihrt auf Glieder héherer 
Ordnung in J” ,,/I’) und I”’,,/I’’9. Ihr Fortlassen steht in Einklang damit, 
da8 bei den reziproken Tragheitsmomenten auch nur Glieder héchstens 
zweiter Ordnung beriicksichtigt wurden. 

Da W;- J nach (10.41) in #, mit dem negativen Vorzeichen versehen ist, 
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muB der wegen des gleichen Vorzeichens von e und </"’))> positive Ausdruck 
(10.53) zur Erzielung eines méglichst kleinen E, méglichst groB, |<I"9>,~9 
also méglichst klein sein, wahrend 4F,, und das erste Glied in (10.41) 


ein méglichst groBes |<J"’9>,~9| verlangen. 








9 Hw 
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Fig. 5. Zwangsenergie im Zustand ®,. 


10.7. GESAMTE ZWANGSENERGIE 


Da das letzte Glied in (10.41) sich als vernachlassigbar erweist, ergibt sich 
mit (10.42) und (10.53) 
(104 |2> 


7 569 nq><J' ad: ots et > +3<O's3><J3 >— 4M? “a “Tp (10.54) 





In Fig. 5 sind fiir ®, die Summe aus den beiden ersten Gliedern und das 
letzte Glied einzeln dargestellt. Da die ersten beiden Glieder gréBer sind 
als das letzte und auBerdem <J”,,» in den ersten beiden quadratisch, im letzte 
nur linear vorkommt, wird das Verhalten von £, in Abhangigkeit von 
<I,» durch die ersten beiden Glieder bestimmt. Ein méglichst kleines EF, 
verlangt dann ein méglichst groBes |<J”)>,~9| und ein méglichst kleines 


FoF et S'S went 
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10.8. ROTATIONSENERGIE 


Nach (8.18) gilt fiir gegebenes YJ" 


a 


9 


h* LQ’ <2 wr Be 
Ey = 4 £0’ sa J (J +1) —-2*}4+ oy (O'33 22”. (10.55) 


Ein méglichst kleines FE, verlangt nach (10.39) und (10.40) ein mdglichst 
groBes |<J"’,>,~9| und wegen der aus Fig. 4 zu erkennenden GroBenverhalt- 
nisse von <0’,,) und <0’3,> auBerdem 2 = J. 


10.9. ROTATIONSAUSTAUSCHENERGIE 


Sie ist durch (8.24) gegeben. Wie in der Zwangsenergie vernachlassigen 
wir W,, entnehmen W, aus (10.47), das dann ebenfalls fortfallt, und lassen in 
dem durch (4.19) gegebenen und nach (A4) zu berechnenden W, die Glieder 
mit 0’,, und @’;, fort. Dann ist fiir gegebenes ¥J# 

Ei, = —h?<O's,)>22*. (10.56) 
Aus (10.54)... (10.56) erkennt man, daB die Glieder mit <0’, sich in der 
Gesamtenergie fortheben, was schon friiher bemerkt wurde. Die bei (10.56) 
fortgelassenen Komponenten von £,, verursachen einen Fehler von etwa 
30%. Diese Ungenauigkeit von £,, wird aber relativ kleiner, wenn der 
Grundzustand aus mehreren approximativen Basisfunktionen aufgebaut 
wird, weil dann |£,,|! gr6éBer ist. 


10.10. APPROXIMATIVE BASISFUNKTION NIEDRIGSTER ENERGIE 


Nach den vorangegangenen Rechnungen ist ®, die Determinantenfunktion 
mit dem niedrigsten 
AE, = AE,+£;5+E£,. (10.57) 


Fiir ®, ist Q = %. Es lassen sich daher aus ®, und der mit ®, durch (6.9) 
verkniipften Determinantenfunktion approximative Basisfunktionen ¥4%5 
mit 2 = fund J = { bilden. Die mit J = hat das niedrigste E, und daher 
auch das niedrigste 


AE = AE,+E,+Ex 


h? 
= AE,— — <0'5,>2? + r Ona (J +1) — 27}. (10.58) 


Wir bezeichnen sie mit Y,. Nach Fig. 6 liegt das Minimum von AE bei 
e © —0.145, t » —¥ und betragt etwa 1.7 hw. Es ist nachzupriifen, ob ¥, 
das YJ"* mit der niedrigsten Energie iiberhaupt ist. Hierzu brauchen wir nur 
den Fall 2 = J zu betrachten. Jedes bei der gegebenen Unterschalenbeset- 
zung mégliche ¥4i5 mit J ¢ fist auf einem 9" aufgebaut, dessen |<J"’p>,<9! 
kleiner ist als bei ®,. Folglich sind das erste Glied rechts in (10.58) und 
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<O'5q> gréBer als bei ¥,. Fiir J > ist auBerdem J(J+1)—2? = J 
groBer, so daB AE sicher groBer ist als bei ¥,. Fiir J < Gist J(J+1)—-2? = J 
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Fig. 6. Einzelenergien und Gesamtenergie im Zustand ¥,. 
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kleiner als bei Y,; das zweite Glied rechts in (10.58) kénnte dann vielleicht 
kleiner sein als bei Y, und womdglich die VergréBerung des ersten iiber- 
treffen. Die Rechnung zeigt aber, daB das nicht zutrifft; das pie mit dem 
niedrigsten JE hat also den experimentellen Wert J = %. Eine derartige 
Ubereinstimmung ist nicht fiir alle Kerne zu erwarten. Es wird beispielsweise 
vorkommen, daB ein Y45 mit J = 2 zwar das niedrigste 4, und auch das 
richtige J, aber nicht das niedrigste JE hat und daB erst die auf dem ge- 
nannten YJ" aufgebaute Linearkombination die mit dem niedrigsten AE ist. 


11. Der Grundzustand als Linearkombination 


11.1. ZUSATZLICHE APPROXIMATIVE BASISFUNKTIONEN MIT 2 = J] 


Wir fragen jetzt, welche Y4% mit Q= J = % zu Y, hinzuzufiigen sind, um 
eine Verbesserung des Grundzustandes zu exreichea. Hierzu betrachten wir 
das vom Zwangsoperator herriihrende Matrixelement 


(Pe, Onl oot Sov Pi) =X (Pr Ong Ps) (Po (I'oJ'ot J aSJ'v)Pi)- (11-1) 


Wegen der Kleinheit der Nichtdiagonalelemente von 0’,, gegen die Dia- 
gonalelemente ist es besonders groB fiir solche Paare ®, @,, fiir die 


(Pe, Po etSaJo]P1) gr0B, das heiBt, mit (M,, (J",J’at+J'eJ'] Px) und 
(D,, (J pJ tJ eJ'p|P1) vergleichbar ist. Wir setzen dann naherungsweise 


(P,, Oral J’ oJ et J es pl? 1) _ (P,., O'5¢Px) (D,, VoD at J ‘aS 'o)Pi). (11.2) 
In der gleichen Weise ergibt sich 


(P,, Jot et Set lO se™ )= (P,, Ong P,)(@ k» LJ’ oJ e +J° mi pl®, ). (11.3) 


Wenn aber (®,, [J’,J’.+J',J',)|®,) groB ist, so sind, wie man nachpriifen 
kann, die entsprechenden Matrixelemente aller Teiloperatoren in #, 
die nur auf die inneren Zustande wirken, klein gegen die rechten Seiten von 
(11.2) und (11.3). Bildet man mit ®, und @,, die nach den Voraussetzungen 
gleiches 2 und w haben, zwei Zustande YJ" mit gleichem J und M, die wir 
sinngemaB mit Y%, und VY, bezeichnen, so gilt dann naherungsweise fiir die 
Nichtdiagonalelemente von # 


KH — rai(, O'n¢Px) + (P:, O',® 1) }(P k» LF oJ ett Pm r]®,), kA. (11.4) 


Der Wert von #,, wird also wesentlich nur durch den Zwangsoperator 
und davon wesentlich nur durch das Glied mit 0’, bestimmt. 

Von den zu ¥, hinzuzufiigenden Y%, verlangen wir nun, daB sie zu ¥, 
energetisch benachbart sind und daB (®,, [J’, J’. +J’,J',|®,) groB ist. Fiir 
é = 0 und t = 0 gibt es nach den in Anhang D angegebenen Formeln fiir 
die Matrixelemente von Determinantenfunktionen tiberhaupt nur zwei ®, 
mit endlichem (®,, [J’,J’,+J'.J’,]®), namlich 
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D, = P4fy J+ N4f; 3? 3, (11.5) 
®, = P4f; $+ N4f; 22 S+ S-. (11.6) 


Man gelangt zu ihnen durch Verschiebung zweier Nukleonen innerhalb 
4f; auf benachbarte Platze derart, daB m bei dem einen Einzelzustand 
um 1 erhéht, bei dem anderen um 1 erniedrigt wird. Ist « 4 0, aber weiter 
t = 0, so ergeben sich auch endliche Matrixelemente zwischen ®, und 
Zustinden ®, mit anderen Unterschalenbesetzungen, doch sind ihre Werte 
von der GréBenordnung e« oder «? und die damit gebildeten Y% von ¥, 
energetisch weiter entfernt. Bei gréBerem |r| gelangt man dagegen zu Zu- 
standen ®, mit groBem (®,, [J’,J’,+J',J',|®) auch durch Verschieben 
von Nukleonen aus 4f; nach 5f;, beispielsweise durch Verschieben der 
Neutronen von 4f;3? nach 5fs2?. Auch sind dann Verschiebungen eines 
einzelnen Nukleons ohne Anderung von m méglich, namlich von 4f; $* nach 
5{53*. Die Beriicksichtigung dieser Zustande wiirde aber die Zahl der Y, 
in der Linearkombination sehr erhdhen. Es ist daher zweckmaBig, nur 
Zustinde der gleichen Unterschalenbesetzung wie ¥, heranzuziehen und 
erst dann, wenn sich diese als durchaus ungeniigend erweisen, andere 
Zustande aufzunehmen. Diese Regelung steht im Einklang mit dem Auf- 
suchen des gréBten |<J")>,-9| und des kleinsten ¢J’, J’,+J'qJ‘>e<o in 10.: 
wir nehmen zundchst t = 0 an und lassen in der so gefundenen Linear- 
kombination t 4 0 zu. Dieses Vorgehen ist berechtigt, wenn |t| nicht zu 
groB ausfallt. 


11.2. APPROXIMATIVE BASISFUNKTIONEN MIT 2 = J-—1 


Fiir die zu Y, hinzutretenden Zustainde Y{75 mit Q = J—1 = 3 sind H,, 
und die Glieder mit 0’,, und 0’,, in #, maBgebend. Das in den Matrix- 
elementen von #,, nach (8.25) auftretende (®,, W’,@,) ist nach (4.21) 
und (4.19) besonders groB, wenn (®,, J’,@®,) groB ist, und zwar gilt dann 
naherungsweise wegen der Kleinheit der Nichtdiagonalelemente von 0’,, 
gegen die man mn und der Vernachlassigbarkeit von W, und W, 


(D,, W’,®,) = 3{(Dy, O'y,,) + (1, 'yqP,)}(Pp, J'y®,)- (11.7) 
Bildet man aus pa ile Zustanden ®, und @,, fiir die (®,, J’,®,) groB 
sein soll und fiir die wegen des Nichtverschwindens dieses Matrixelementes 
2Q, = 2,—1 sein muB, zwei mit Y%, und Y, bezeichnete Zustande ¥Y4%5 mit 
gleichem J, M, w, so gilt daher annahernd fiir die Nichtdiagonalelemente 
von # 





H yy = — 2 VTE) T— QAM { (e, sot) + (Pr, sa ®.)} (Oe, J’p®) 
kl, (11.8) 


denn der Beitrag von #, ist wegen der Kleinheit der Matrixelemente von 
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0’, zu den Diagonalelementen von 0’,, vernachlassigbar. Der Wert von 
H ,, wird also im wesentlichen nur durch #,;, und davon wesentlich nur 
durch das Glied mit 0’,, bestimmt. 

In die Linearkombinationen fiir den Grundzustand nehmen wir solche 
WY. auf, die zu Y, energetisch benachbart sind und fiir die (9,, J’, ®,) groB 
ist. Zu derartigen Zustanden gelangt man durch Verschieben eines Nukleons 
innerhalb 4f; auf einen Nachbarzustand mit einem um I erniedrigten m, 
namlich 

D, = P4fz $+ N4f; 2? 32, (11.9) 
D, = P4fy 2+ N4fz 2? 3- St. (11.10) 


Fiir « = 0, tr = 0 sind diese Zustande die einzigen mit nichtverschwinden- 
dem (®,, J’,®,); fir e ~0, t=O sind sie die einzigen mit groBem 
(D,, J’, ®,). Fiir gréBeres |t| gelangt man dagegen zu Zustanden mit groBem 
(®,, J’,®,) auch durch Verschieben eines Nukleons aus 4f; nach 5fg. 
Diese werden aus dem vorhin angegebenem Grund nicht beriicksichtigt. 

Die Glieder mit O’,,, und O’,, in #, fiihren auf Zustinde YJ" mit 
Q = J—2 = 3. Sie sind nach (8.21) wegen der Kleinheit der Matrixelemente 
von 0’,, gegen die Diagonalelemente von 0’, zu vernachlassigen. 


11.3. ZUSTANDSKOEFFIZIENTEN UND ENERGIE 
Der Grundzustand hat jetzt die Gestalt 
P=)5C,¥%,,. > IC,/* = 1. (11.11) 
k k 


Die ¥,, sind die mit den in (10.18) (11.5), (11.6), (11.9), (11.10) angegebenen 
Zustanden ®,...@,; zu bildenden approximativen Basisfunktionen. Ge- 
sucht sind e, t und die C,,. Die #@,, sind nach (11.4) oder(11.5) zu errechnen. 
Sie sind reell; #4,, #43, Ho3, #4, sind vom Typ (11.4) und positiv, 
H 4, Hy5, H 95, H 44 vom Typ (11.8) und negativ, #,, und #3, verschwin- 
den. Die C,, sind dann ebenfalls reell. Zum Auffinden ary gesuchten GréBen 
wurden fiir e = —0.1, —0.125, —0.15 und tr = 0, —}, —%, —l die #,, 
und die Gesamtenergie berechnet. Fiir jedes t wurde den Energieminimum 
und das zugehérige « bestimmt unter Approximation des Energieverlaufs 
zwischen den angegebenen ¢ durch eine Parabel. Die Energieminima und 
ihre Lagen ¢ wurden durch eine Gleichung dritten Grades als Funktion 
von t dargestellt und das t mit der niedrigsten Energie und das zugehorige 
é aufgesucht. Fiir die so bestimmten Werte e, t wurden erneut die #,, 
und damit die C, berechnet. Mit dem nun bekannten «¢, t und den C, wurden 
AE, Es, E,, AE;, Eg, Ey,, A4E bestimmt. Die Lésung des Sakularproblems 


> (4H r—Sn EC, = 0 (11.12) 


U 
wurde durch schrittweise Naherungen gewonnen. Es ergeben sich die Werte 
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e= —0.136 C,= 0.9387 AE, = 0.90ho E, = 0.78 hw 
t= —0.308 C,=—0211 E, =—14lhw E,, = —0.91 ho 
C,=—0.148 E, = 144h%@ AE = —0.80 ho (11.13) 
Cy,= 0.128 AE, = 0.93 hw 
C,;= 0.203 
Wir erinnern, daB bei der Aufteilung in Mittel- und in Schwankungsenergie 
I") = 22 CeCi(Pr, L"o®,) (11.14) 


zu setzen ist, wobei allerdings die Nichtdiagonalelemente von J”, ver- 
schwinden. Wegen des Uberwiegens von ¥, in ¥ ergibt sich aber fast das 
Gleiche, wenn man die Aufteilung fiir jeden Zustand getrennt vornimmt und 
die gleichen Anteile addiert. Aus dem gleichen Grund kann im Spin-Bahn- 
Glied <I’) durch (®,, 1") ®,) ersetzt werden. 

Typisch am Aufbau des Zustandes ¥ ist das klare Uberwiegen von ¥,. 
Wir bezeichnen daher ¥, als Dominante, die tibrigen ¥, als Sateiliten und 
teilen sie ihrer Herkunft nach ein in die Zwangssatelliten Y%,, Y, und die 
Rotationsaustauschsatelliten Y,, W;. Da die Satelliten nicht nur eine 
Abnahme von E£, und £,,, sondern auch fiirabnehmendes |e| ein schwacheres 
Ansteigen von £, und ein starkeres Abfallen von £,, verursachen, liegt das 
Minimum der Gesamtenergie jetzt bei einem kleineren |e|, und infolge der 
Zunahme der Betrage von #1., #13, #14, #, fiir fallendes |t| ist dieses 
ebenfalls kleiner. Vergleicht man das errechnete 4E,,, E,, E,, Eg, Ey, mit 
den entsprechenden Energiewerten der Dominanten bei demselben e¢, t, so 
zeigt sich eine Abnahme von £, und £,, und eine leichte Zunahme von £,, 
hervorgerufen von den Rotationsaustauschsatelliten wegen des wesentlich 
gréBeren J (J+1)—2?; MAE, und E£, bleiben praktisch ungedndert. 

Der errechnete Grundzustand verletzt das Kriterium (3.3). Dieses laBt 
sich namlich nach Abzug von £, auf die Form 


AE < Hy (11.15) 


bringen; am Anfang von 3. wurde festgestellt, daB #'o, < 0 ist, und nach 
(11.13) ist AE > 0. Also sollte der sich fiir ¢ = 0 ergebende Grundzustand 
Y,, bei dem keine Kollektivbewegung besteht, besser sein als Y. Das mit 
Y, zu bildende #9, ist nach den Ausfiihrungen iiber die Schwankungs- 
energie etwa gleich dem fiir Y errechneten E,. Damit Y der bessere Grund- 
zustand ist, miBte AE um mindestens 2.2 hw niedriger liegen. Das sind 
etwa 3% der kinetischen Energie im Zustand ¥. 

Das Ergebnis, WY, sei besser als Y, steht im Gegensatz zu den am Anfang 
von 3. ausgesprochenen Erwartungen. Sollte der noch zu fiihrende Vergleich 
mit der Erfahrung hingegen ¥ als den besseren Grundzustand erweisen, so 
muB8 festgestellt werden, ob der Formalismus unbrauchbar ist oder ob nur 
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die bei der Rechnung gemachten Annahmen fehlerhaft sind. Abschatzungen 
zeigen, daB bei einer Verbesserung von V (7) die in (11.13) unbefriedigend 
hohe Zwangsenergie wesentlich sinkt. Dann ist vielleicht bei richtiger Wahl 
von V,(v) das Kriterium (11.15) erfiillt. Aber méglicherweise ist die Energie- 
differenz zwischen Y und ¥, so klein, daB sie bei den begangenen Vernach- 
lassigungen nicht erfaBt wird. Wir verfolgen die Frage spater weiter. 


11.4. EINE BERICHTIGUNG 


V, ist die potentielle Energie zwischen dem yv-ten Nukleon und allen 
anderen. Das in # auftretende >,V, ist folglich die doppelte gesamte 
potentielle Energie und <#)» daher nicht gleich der Gesamtenergie. Wir 
miissen nachpriifen, ob deswegen Fehler bei der Berechnung des Grund- 
zustandes entstanden sind. Das Aufsuchen der stationadren Zustande 
bedeutet Lésung des Eigenwertproblems fiir #, das wir naherungsweise 
durch Bestimmung von e, t und der C, erledigt haben. Auch das Kriterium 
(11.15) bezieht sich auf # und nicht auf die Energie. <#» wurde in einzelne 
Glieder aufgeteilt, die wir kritiklos als Energie bezeichnet haben. Beim 
Schalenmodell mit undeformiertem Potential erhalt man die Energie richtig, 
wenn man fiir den Grundzustand und fiir die angeregten Zustande von <#) 
das fiir den Grundzustand gebildete 4<},V,> abzieht. Bei deformierbarem 
Potential zerfallt der potentielle Anteil von <#) in den schon bei ¢ = 0, 
é = 0 vorhandenen deformationsunabhangigen Anteil und den Zusatz 
infolge ¢ 40, e £0. Es ist zunachst nicht klar, ob zur Ermittlung der 
potentiellen Energie fiir alle Zusténde bei beiden Anteilen der halbe Er- 
wartungswert des Grundzustandes abzuziehen ist. Fiir den deformations- 
unabhangigen Anteil ist es sicher richtig, aber unwichtig, da wir uns nur 
fiir die Energiedifferenzen der Zustande und fiir die Aufteilung der Energie 
in den einzelnen Zustaénden interessieren. Der Schwankungsanteil E£, 
andert sich nur unbedeutend mit der Besetzung, und der potentielle Anteil 
von AE,, ist klein gegen die anderen Energieterme. Daraus folgt, daB der 
Zustand mit dem niedrigsten <#» auch der mit der niedrigsten Energie ist. 
Die Bezeichnung der Terme AE,, und E, als Energien ist dagegen nicht 
richtig. Den Deformationsanteil der Mittelenergie erhalt man aus 4E,, durch 
Abziehen des halben potentiellen Anteils, und die Energie infolge Schwan- 
kungen der Kernform ist nicht E,, sondern }£,. 


11.5. ELEKTRISCHES QUADRUPOLMOMENT 


Die Berechnung erfolgt mit den allgemeinen Formeln von 8. Die durch 
(9.38) erklarten Koeffizienten a, , a,, b,, 6, sind nach (9.35) 


a, = 0.792 a, = 0.610 


(11.16) 
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Fiir die GréBen 


Q'er = (P,, 209°’ P,) (11.17) 
ergeben sich dann die Zahlwerte 
/ , , 4° h 
f1-"c{a= {na *=-— 16.70 7 
h 
‘3 = 74 = — 15.00 — 
aiahiliainn aes (11.18) 
i p h 
qu > 1.12 Ma 
Vi = 0 sonst. 


Die g’,, sind die relativen Quadrupolmomente der betreffenden ¥,. Das 
relative Quadrupolmoment des gesamten Zustandes ist 


, oy P? oF 4-4 h 
ee D2 2 OeCi(Pr, 2ry° Y,) = x Cx? ee = 16.55 (11.19) 


Fiir die Ausdriicke 
Yur = (We, 2g’ Y,), (11.20) 


von denen die g,, die absoluten Quadrupolmomente der betreffenden Y, 
sind, ergibt sich 


91 = Y22 = —7.79 _ q33 = —7.00 7 
Ge =—1.005- agg = —1L11 (11.21) 
Jig = —90.48 _ 
Das gesamte Quadrupolmoment 
g= p3 2 Cer Ger (11.22) 


zerlegen wir in den fiir C, = 1 allein vorhandenen Dominantenanteil und 
den Rest. Dessen Glieder sind 


(CyY?—1)9¢y, = +0.95 a 


Mo 
C.2Ge0 = —0.35 —* 
a ee a 
h 
h 
Ca? Jaa = —0.02 se (11.23) 
9 h 


20, Cad, = —0.12 ie 





Summe = +0.27 ee 
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Dann ist 
ioe | 
_— — 
7 59 ( h — 
= — | Z2i—_— —— 
Me hw 
uct (11.24) 
= —7.52x (0.210 x 10-8 cm)?—— 
hw 
Mc? x 1073 
= —3.32 ee SS x 10-% cm?. 
hw 


g ist nur um etwa 3.5 % von q,, verschieden. Bei einem nicht deformierten 
Kern ist, wenn sich die vier Neutronen in 4f; zum Drehimpuls Null zusam- 
mensetzen, 


Ge=o = (4f; 4*|2r? Yo|4f; 7 e=0 = —S ye : (11.25) 


Setzen sich die fiinf Nukleonen in 4f; auf eine allgemeinere Art zu J = $ 


zusammen, so ist |g,-9| kleiner, weil dann das Proton, auf das feste System 
bezogen, nicht nur im Zustand 4f; $+ ist. Daher ist nach (11.19), (11.24), 
(11.25) 

lq’| ] 5.6/¢.-o], |¢| = 2-5]¢.n01. (11.26) 


Der experimentelle Wert von g ist zwar nicht bekannt, doch fiigt sich das 
mit iw = 10.9 TME aus (11.24) folgende g = —0.30 x 10-*4 cm? gut in die 
Werte der anderen Kerne ?* 2425) ein. 


11.6. MAGNETISCHES DIPOLMOMENT 


Ausgangspunkt sind die allgemeinen Formeln von 8. Wie bei @ sind im 
Fall geniigender Deformation in z’-Richtung die Diagonalelemente von 
G’,, und G’,,, groB gegen die Nichtdiagonalelemente und die Matrixelemente 
der tibrigen Komponenten von G. Wir beriicksichtigen nur die ersteren, 
vernachlassigen also die Schwankungen der Kernform, und haben dann 
nach (7.5) zu setzen 

, ry _ (Pa, Lo OF) 
Oz", G’,,. 02") = =. 11.2 
( Q»? pa Q ) ( 21", DY") ( 7) 
In dieser Naherung fallt bei (8.37) in dem Matrixelement mit .#’;,, wie 
(3.42) und (A4) zeigen, der gyromagnetische Tensor iiberhaupt heraus. 
In den Matrixelementen mit .#’,, in (8.38) und (8.39) ist wie in dem ent- 
sprechenden Fall (11.4) zu setzen 





(Po, |G -I+S + G)’, o's) 
= { (OY, G’,, D8") + (OE, G’yg Pz" )} (Ow, J’, O84), (11.28) 
und von den in (8.42)... (8.46) angegebenen Matrixelementen mit -@,, ist 


nur das erste fiir s = ry von Null verschieden. Bei Riickkehr zur Bezeichnung 
der Funktionen mit einem Index gelten also mit der Abkiirzung 
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1 es Ty’ ®,)  (®,, To" ®,) 


= (11.29) 
2A(M,, LP) (P,, Lo ®,) 


ne = 


die Formeln 


(D,, M's,,) =—* (@,, [L,” +g" Sy” +e%S,*']®,), Q, = Q,, (11.30) 





h 
’ lu 
(D,, & ip?) = r} (®, ,[(lL—mer) LZ” + (¢” —er)S,” (11.31) 
— ey L* + (gX—ny,)S,*]®,), Q, —_ 2,—1, 
1)—2Q? 
(Ve, Mas.) = Pe a” ins fiir alle 2. (11.32) 


J+ 


Die Ausdriicke (11.30) und (11.31) kénnen nach Anhang D nur dann von 
Null verschieden sein, wenn ®, und @, sich bei k ~/ in nur einer Einzel- 
funktion unterscheiden. Dann kommt entweder nur der Protonenteil oder 
nur der Neutronenteil des Operators zur Geltung. 

Fiir den Kern (21,24) ergibt 


M1 = 0.407 Nia = 0.394 "15 = 0.416 


Noo = 0.443 Nos = 0.434 

N33 = 0.378 N34 = 0.380 (11.33) 
Nag = 0.382 

"55 = 0.425. 


Bei Benutzung des Naherungswertes (3.45) fiir G trate an die Stelle aller 
Me, der Wert Z/A = 0.467. Mit den Abkiirzungen 


Mer = Mieit Hari 


l l (11.34) 
Mier = — (Pe, Mig Pi), Maxi = — (Pe, Mas P71) 
MK MK 
wird das gesamte magnetische Moment 
w= 2d CeCime- (11.35) 
k tl 
Es ergeben sich die Zahlwerte 
yy, = 4.51 Mai = 0.32 My = 1.29 445 = —1.10 
Myag = 4.51 gag = 0.34 Mog = —1.12 
M433 = 2.66 Ma33 = 0.29 Ms, = —1.06 
Myag = 1.72 Masa = 0.80 (11.36) 


(155 = 3.04 Mass = 0.90. 


Wir zerlegen wu in die folgenden drei Teile: 
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I II III 
My, = 4.82 2C My = +0.33 (C,2—1)u,, = —0.59 
2Cs ity = —0.45 2(C,—1)C gy, = —0.02 
Summe = —0.12 2(C,—1)Cs5iy5 = (02.08 
Cates = 0.22 
Cs2p3g = 0.06 (11.37) 
Carta = 0.04 
C5755 = 0.16 
2C,C5uo5 = 0.10 





Summe = _s—0.04. 


Typisch fiir den dritten Teil ist, daB er kleiner ausfallt als die Einzelglieder 
des zweiten und daB er nur wenig zu uw beitragt. uw wird also im wesentlichen 
durch den ersten und den zweiten Teil festgelegt. Der Gesamtwert 


a= 4,74 (11.38) 
liegt etwa 0.3 % unter dem experimentellen Wert ** 2425) 4,7556+-0.0010. 


11.7. UNSCHARFE DER AUSGEZEICHNETEN ACHSE 


Fiir den Winkel # zwischen N und der 2z’-Achse ergeben die bei der 
Systemkorrektur angestellten Rechnungen bei kleinem # 
_ 2 WP 
| dae 
Daher ist der fiir gegebenes ®§” gebildete Erwartungswert dieser GroBe, 
fiir den wir naherungsweise 





9? (11.39) 


2 <I> 
3 "> 
schreiben kénnen, ein MaB fiir die Unscharfe von N. Um seine Bedeutung 
zu erkennen, bedenken wir, daB die Oberfliche der Kugelkappe der Ein- 
heitskugel gegeben ist durch 
{(8’) = 2x(1—cos #’) 
= nf"? fiir kleine #’. 





(92) = (11.40) 


(11.41) 


Ware N gleichmaBig auf 0< # < #5, #, < 2/2, verteilt, so gilte 


ALO) -[ ‘ ihn o sin 8 dd’ dg’ pcr ne vers 
ht ¢'=0 J 9'=0 am ) au(1—cos 8%) ele tineein 





Dabei wurde beriicksichtigt, da8 wegen der Vertauschbarkeit von N mit 
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—N nur Werte 0 < # < 2/2 betrachtet zu werden brauchen. Im Fall 
gleichmaBiger Verteilung tiber die halbe Einheitskugel ist </(#’)/a> = 1. 
Verdichten sich die Lagen von N nach der z’-Achse hin, so ist </(#’)/a> < 1, 
und bei Zusammenfallen von N mit der 2z’-Achse wird </(#')/a7> = 0. 
Folglich ist </(0’)/z> ein absolutes MaB fiir die Unscharfe von N. Es laBt 
sich nach (11.42) deuten als Anteil der halben Einheitskugel, auf den N 
verteilt ist. Bei kleinem # kann aber /(#’)/a nach (11.41) durch # ersetzt 
werden. Also ist <#’*>, wenn es klein ausfallt, ein absolutes MaB fiir die 
Unschiarfe von N. Fiir die einzelnen Zustande ist 


Y, Ys Ps 4 Ps 
<0 = 0.10 0.13 0.12 0.12 0.12. 


Fiir den Gesamtzustand ergibt sich, da die Nichtdiagonalelemente ver- 
nachlassigt werden kénnen 


(11.43) 


(#2) = 0.10. (11.44) 


11.8. BESPRECHUNG 


Die gute Ubereinstimmung zwischen dem berechneten und dem gemesse- 
nen Wert fiir w zeigt zwar, daB WY der richtige Grundzustand sein kann, 
schlieBt aber Y, nicht aus, da wir dessen wu nicht kennen. Der experimentelle 
Wert fiir g ist nicht bekannt. Ware aber Y, der bessere Grundzustand, so 
miiBte g nach (11.26) erheblich kleiner sein als der fiir ¥% berechnete Wert. 
Der Kern (21,24) bildete dann eine Annahme von der Regel, daB die 
Quadrupolmomente bedeutend gr6éBer sind, als wenn sie nur von einem 
Proton herriihrten. Das ist unwahrscheinlich. 

Eine Betrachtung der Kerne bis zu A & 60 weist auf die Brauchbarkeit 
des Formalismus. Es ist ndmlich méglich, die Grundzustande so aus approxi- 
mativen Basisfunktionen des fiir den betreffenden Kern gemessenen / 
aufzubauen, daB sich die richtigen Werte fiir ~ ergeben und daf Einklang 
oder zumindest kein Widerspruch mit energetischen Erérterungen besteht. 
Die Grundzustande bauen sich im allgemeinen aus einer Dominante und 
einigen Satelliten auf, doch ist die Unterschalenbesetzung nicht immer die 
mit der tiefsten Energie fiir ¢ = 0, weil die Forderung nach einem méglichst 
groBen |<I"9>,-9| teilbesetzte Unterschalen begiinstigt. Als Ausnahmen 
erweisen sich (23,28), (19,22), (8,9). Die ersten besitzen zwei Dominanten. 
Der letzte Kern zeigt keine kollektive Rotation; der fiir ¢ = 0 berechnete 
Grundzustand ist hier der bessere. 

Der Grundzustand von (23,28) 1a4Bt auch verstehen, daB fiir gg-Kerne 
J = Oist. Bestande er nur aus einer Dominante, so zeigt die Untersuchung, 
daB dann J = 3 sein muB, wahrend der richtige Wert J = $ eine Doppel- 
dominante erfordert. Die entsprechende Erscheinung bei gg-Kernen, daB 
anstelle eines monodominanten Grundzustandes mit J] = 0 ein bidominanter 
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mit J] = 1 auftritt, ist aber nicht méglich, weil die eine zur Bildung der 
Doppeldominanten erforderliche Basisfunktion aus Symmetriegriinden 
nicht existiert. 

Die Zwangsenergie zeigt, daB die Dehnung des Kerns in Richtung der 
ausgezeichneten Achse im allgemeinen energetisch giinstiger ist als die 
Abplattung. Zum Beweis betrachten wir das im Nenner von <@’,,»> auf- 
tretende <J”,> in (10.4). Da e das gleiche Vorzeichen hat wie <J"9>,W» 
und da |<J"»>,<o| < <J">,n ist, haben die beiden ersten Glieder das gleiche 
Vorzeichen. Ist dieses negativ, so schwacht das stets positive dritte Glied 
die ersten beiden, wirkt also im Sinn einer VergréBerung von <0’,,> und 
damit der Zwangsenergie; im anderen Fall tritt das Gegenteil ein. Dieser 
EinfluB vermag sich bei kleinem |e| gegeniiber den anderen Energietermen 
nicht durchzusetzen, wird aber bei gr6Berem |e! entscheidend. Zum Beispiel 
ist fiir den Kern (9,10) im Grundzustand ¢« < 0 unméglich. Es wird daher 
verstandlich, daB hohe Quadrupolmomente niemals das negative Vorzeichen 
haben. 

Zusammenfassend ergibt sich, da der Formalismus brauchbar ist, 
doch machen die bei seiner Anwendung getroffenen Vernachlassigungen 
den angestrebten Existenzbeweis eines kreiselartigen Verhaltens vielleicht 
unmdglich, und das Kriterium (11.15) ist nur fiir grébere Vergleiche niitzlich. 
Kennzeichnend ist das starke Uberwiegen einer approximativen Basis- 
funktion in der Linearkombination des Grundzustandes. Sie allein gibt schon 
einen besseren Wert fiir das magnetische Moment als das Schalenmodell mit 
undeformiertem Potential. Die Anzahl der Funktionen in der Linear- 
kombination ist bedeutend kleiner als die Nukleonenzahl. Die miihevolle 
Aufgabe, eine erhebliche Anzahl von Zustandsdeterminanten zu einer 
Funktion mit scharfem Gesamtdrehimpuls zusammenzusetzen, wird ver- 
mieden. Der gestellte Vorsatz, das Modell zu verbessern durch Verwendung 
von Funktionen, die eine kollektive Rotation des Kerns zum Ausdruck 
bringen, ohne sich tiber die Frage der iiberzahligen Freiheitsgrade einfach 
hinwegzusetzen, kann als gelungen angesehen werden. 


12. Erganzungen 
12.1. ROTATIONSSPEKTREN 


Der Einfachheit halber betrachten wir zunachst einen Kern mit / = 0 
im Grundzustand und fragen nach der Struktur des tiefsten Zustandes 
fiir J = 2. Der Grundzustand bestehe aus einer Dominante und einigen 
Zwangssatelliten; alle diese Funktionen sind vom Typ (7.2). Wir schreiben 
sie vereinfachend 


1 
Yo — Do Pj. = Vent (12.1) 
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Die Indices k = 0, 1, 2,... numerieren die inneren Zustande, k = 0 sei 
die Dominante. 

Im tiefsten Zustand fiir ] = 2 sind approximative Basisfunktionen mit 
2 = 0, 1, 2 enthalten. Bei groBem <0’,,»> ist fiir eine médglichst kleine 
Gesamtenergie die Rotationsenergie entscheidend. Sie ist nach (8.18) 
am niedrigsten fiir 2 = J. Also kommen in dem Zustand tiberwiegend 
approximative Basisfunktionen mit 2 = 2 vor. Deren innere Zustiande sind 
aber sicher von ®, verschieden. Bei kleinem <¢0’,,> dagegen ist die innere 
Energie fiir eine médglichst kleine Gesamtenergie entscheidend. Da ®, 
die Zustandsdeterminante mit dem kleinsten <#,)> ist, besteht der Zustand 
im wesentlichen aus der auf ®, aufgebauten approximativen Basisfunktion 
mit J = 2. Dazu kommen Zwangssatelliten mit den gleichen ®, wie im 
Grundzustand und, vermittelt durch ™,;,, einige Rotationsaustausch- 
satelliten mit 2 = 1. Zustande mit 2 = 2 brauchen nicht beriicksichtigt zu 
werden, da sie klein von zweiter Ordnung sind. Also sind die approxima- 
tiven Basisfunktionen des tiefsten Zustandes fiir J = 2 nach (7.2) 
und (7.1) 


P,! st Dio D, 


l (12.2) 
ys = v {Pi D,+... 


wobei der Index / = 1, 2, ... die inneren Zustande mit 2 = 1 numeriert. 

Bei Vernachlassigung der Satelliten und der durch die Rotation be- 
dingten leichten Anderung von « und rt trate zur Energie des Grundzustandes 
nach (8.18) im tiefsten Zustand mit J = 2 die Rotationsenergie 


h2 
Ey =| 601G'yc10J( T+), <018'sgI0> = (Po, Ogg Po). (12.3) 


Zur Energieberechnung mit Beriicksichtigung der Satelliten nehmen wir 
deren Anteil als so klein an, daB die Stérungsrechnung angewendet werden 
kann. Alle hierzu benétigten Matrixelemente sind reell. Dann ist im Grund- 
zustand 





“i! , CRI s|0>? 
EY = (0|H;|0>— x E°,—E,° (12.4) 


E,° = (¥,°, HPO) = (k\H,\k> 


und im tiefsten Zustand mit J = 2, wenn wir das kleine Glied mit 0’;,, 
das sich in der Gesamtenergie forthebt, iiberall weglassen, mit (8.18) und 
(8.24) 
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, <k| A \0>° 
E! = <0|#,|0)— > EJ—EJ 
h? ~ xx, <L|W",|0>? 
T 4 <0|0 oe) —3 > E/J—E,/ J(J+}), 


U 








(12.5) 
h2 
Ey) = (Py), OP) = CRI R>+ TRIO nal kJ J +1) 


h2 
Ef = (Bf, VJ) = UH D+ TUT +) 


Vernachlassigt man die kleinen Unterschiede in den Matrixelementen fiir 
0’,,, so wird E,J—E,J = E,°—E,° und E,/—E,/ unabhangig von J. Dann 
ist EY — E° dem Glied mit ](J+1) gleich und die in der geschweiften Klam- 
mer stehende GréBe das effektive reziproke Tragheitsmoment. 

Bei geniigend kleinem <0|0’,,|0> haben auch die tiefsten Zustande 
mit héherem geraden J fast die gleiche innere Struktur wie der Grund- 
zustand. Sie bauen sich dann ebenfalls aus den in (12.2) angegebenen Zu- 
standen auf; Zustéinde mit 2 > 1 sind klein von héherer Ordnung und 
daher zu vernachlassigen. 

Wir betrachten jetzt einen Kern mit J = J, 4 0, }im Grundzustand und 
fragen nach dem tiefsten Zustanden fiir J > J). Der Grundzustand soll 
wie beim Kern (21, 24) aus einer Dominanten mit 2 = J), einigen Zwangs- 
satelliten mit 2 = J, und aus einigen Rotationsaustauschsatelliten mit 
Q = J,—1 bestehen. Die approximativen Basisfunktionen des Grund- 
zustandes seien 


1 
ys Je as /2 {Die Py, | 
, (12.6) 
y Je — ve {Dye P+ .... 
k = 0, 1, 2,... numeriert die inneren Zustande mit 2 = J,,7 = 1, 2,... 


die mit 2 = J,—1, k = 0 bedeute die Dominante. In den tiefsten Zu- 
standen mit J > J, sind die gleichen inneren Zustande ®, und @, enthalten, 
hierzu treten kleine Beimengungen von Zustanden mit 2 = J,+1, Zustande 
mit 2 > J,+1 sind klein von hoéherer Ordnung. Die approximativen 
Basisfunktionen sind 


J : J 
yy = V2 {Dyry,Pxt 
1 
yd v3 {Bit 7,-1Py+ ... (12.7) 
1 


ps = v8 {DhroraPit ... 
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1=1, 2, ... numeriert die Zustande mit 2 = J,+1. Die Energie ist im 
Grundzustand 
| ,\0>5? 
Eve i (0)H ,|0>— ys | 1! » 
. E,/°—E,"° us 8) 
hi? <0|W’|7>? 
—{0|0’,.|0)— 
T 4 {< |\O wal ? 2 Eh E,/° Jo 
und in den Rotationszustanden 
<h\| <a h® 
EJ = <0|#,|0>— > {6G nal0>J J +1) —Jo?} 
- E,/—E,! 
<0|W",\9>* 
-335 E/J— E,! (J+Jo)(J—Jo+ 1) (12.9) 


<1|W",|0>? 
TF > E/—E,/ (J —Jo) (J+Jo+1). 


Vernachlassigt man wieder die Unterschiede in den Matrixelementen von 
0’ ..., so wird 





pa? 
h2 
EI— Eh =~ | (016,90) 


0|W’|7>? l|W’ ,|0>? 
— Fen Spiga UU+N—JoUott)}- (12.10) 


l 








Bei Jo = 4 macht sich das anomale Glied in (8.24) bemerkbar. Im 
Grundzustand besteht der Kern nur aus Zustainden mit 2 = 4; die appro- 
ximativen Basisfunktionen seien 


yt — 7 {Pt D,+wHt, _,D;}. (12.11) 


Die ®; sind die in (7.1) mit dem Index —2 versehenen Zustande. Die 
Rotationszustande bestehen aus den Funktionen 


1 
YJ = V2 {Diy Py + (—1)P*Dhy_, De} 
(12.12) 


Die Energien sind 


h? h - 
Et = (0|3,|0>+ 7 ¢0/0’,<19>3— > w<0|W’,|0> 


h _ 2 
(0138 |k>— > w(0|W’,IR| (12.13) 





k 


~2 Ei—E,} 
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h? 
El=(0|H 10> + F010’ nel J+1)— y- 3 y @(— 1 KO 10>(J +3) 
hi nd 
aya ee 
—2 E,/—E,! — oMetpen. Diet 
<1|W’,|0>? 
a 4 E/J—E,! (J+) (J—$). 
Dann ist 
i? L0|W’,.|k>? <l|W’,|0>2 
EJ_ Et = {01603 SE —2 os , 5}U J+))—3} 
(12.15) 


h 0|\ 7 |R><O|W' Rk 
— | col’ 02” Se Nery 





Wir gelangten zu den Rotationsspektren durch die Frage nach den 
tiefsten Zusténden. Es ist aber grundsatzlich nicht notwendig, daB die 
Rotationszustande die tiefsten Zustande der betreffenden J sind. Unsere 
Art des Vorgehens erleichterte nur den Existenzbeweis. 

Ob die Stérungsrechnung anwendbar ist, kann bezweifelt werden, denn 
beim Kern (21,24) ist sie auch nicht brauchbar. Nun kommt es aber 
offensichtlich nur auf die Kleinheit des Anteils der Rotationsaustausch- 
satelliten an, damit sie Energieabstande » J (J-+-1) sind, wenn wir den Fall 
Jo = 9 betrachten. Der Anteil dieser Satelliten ist dann nach (8.25) 


wu V JTU+)). ; der Operator #,, liefert daher einen Energieanteil ~ J (J+-1). 
Die Kleinheit des Anteils der Rotationsaustauschsatelliten ist aber bei den 
Kernen mit Rotationsspektren zu erwarten, denn diese Kerne haben mehrere 
nicht vollbesetzte Unterschalen, und bei gg-Kernen ist die Zahl der Rota- 
tionsaustauschsatelliten gleich der Zahl der teilbesetzten Unterschalen, die 
Zahl der Zwangssatelliten dagegen gleich deren Quadrat. Der den Satelliten 
zustehende Anteil in der Zustandsfunktion wird also in tiberwiegendem 
MaB von den Zwangssatelliten beansprucht. 

Ein Rotationsspektrum hat stets endlich viele Niveaus, weil der Anteil 
der als klein oder vernachlassigbar angenommenen infolge der Rotation 
hinzutretenden Basisfunktionen mit steigendem J wachst, so daB der Kern 
bei geniigend hohem J eine vom Grundzustand merklich verschiedene 
innere Struktur besitzt und die Abhangigkeit der Energie von J geadndert 
wird. 

© laBt sich mit W auf Grund der Vertauschungsrelationen (C4) zu dem 
effektiven reziproken Tragheitstensor @ zusammenfassen mit den Kompo- 
nenten 
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O19 = 0'12— aaa WwW’ ., entspr. 0’ .5, 6's, (12.16) 


a 1 pi ai 
0'4, = O'1o+ z W’,, entspr. 0’3,, O'45. 


Dann ist 


Hat HF y= 22 2 OS J'r- (12.17) 


Der reziproke Tragheitstensor eines starren K6rpers ist symmetrisch, 
hangt nur von der Massenverteilung ab und gibt die mit der Rotation 
verkniipfte Energie. Unser Tensor @ hat mit ihm die ersten beiden Eigen- 
schaften gemeinsam, liefert aber nur denjenigen mit der Rotation des 
kernfesten Koordinatensystems verkniipften Energieanteil, der von der 
Relativbewegung der Nukleonen nicht abhangt und den wir wegen seiner 
Gleichheit mit dem entsprechenden Ausdruck des starren K6rpers als 
Rotationsenergie bezeichnet haben. O gibt dagegen die Abstande der Ge- 
samtenergie in den Rotationsspektren, enthalt aber die Impulse und ist 
nicht symmetrisch; die letzte Eigenschaft regelt den Anteil der Rotations- 
austauschsatelliten und bewirkt dadurch kleine Unterschiede der inneren 
Struktur in den verschiedenen Rotationszustanden. DaB die Eigenschaften 
des reziproken Tragheitstensors fiir den starren Korper hier auf zwei 
Tensoren verteilt sind, kann als typisch fiir die nichtstarren Eigenschaften 
des Kerns angesehen werden. 

Die Energiedifferenzen der Rotationszustande verteilen sich auf die drei 
Anteile E,, £;,, £,. Deren GréBe hangt von der Art der Verkniipfung des 
drehbaren Systems mit dem Kern ab. Verschwande W, so wiirde 0 = 89, es 
traten keine Rotationsaustauschsatelliten auf und die Energien der Rota- 
tionszustande ergaben sich als Erwartungswerte; dieser Fall ist daher aus- 
gezeichnet. Das Aufsuchen eines mit dem Kern verkniipften Koordinaten- 
systems, das W = 0 zur Folge hat, ware sinnvoll, wenn es in iibersichtlicher 
Weise von den dynamischen Variablen der Nukleonen abhinge und der 
Formalismus nicht verwickelter wiirde. Augenscheinlich ist aber das 
Gegenteil der Fall. Solange die ausgezeichnete Achse N nur von den Lagen 
abhangt, verschwindet W nach dem am Ende von 4. Gesagten nicht. Also 
miiBte N auBerdem die Spins oder die Impulse enthalten. Da fiir das Be- 
stehen einer kollektiven Rotation die Existenz des Spins anscheinend nicht 
entscheidend ist, wird man die Impulse in N aufnehmen miissen. Dann 
kommutiert N nicht mehr mit der potentiellen Energie, und man kann mit 
Sicherheit schlieBen, daB N in verwickelter Weise von den dynamischen 
Variablen der Nukleonen abhangt, denn es enthalt implizit die gesamte 
Kerndynamik. Diese verwickelte Abhangigkeit iibertragt sich auf alle 
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GréBen, wie O und G. Die Vereinfachung durch den Wegfall von W wird 
erkauft durch erhebliche Schwierigkeiten an anderen Stellen. Es ist ein- 
facher und natiirlicher, N mit Hilfe der Massenmomente zweiter Ordnung 
zu definieren und die Bewegung des so bestimmten Koordinatensystems zu 
untersuchen. Bei den Rotationsspektren kommt es darauf an, ihre Existenz 
nachzuweisen und die Berechnung der Energie zu erméglichen. Die Forderung 
daB die Energiedifferenzen Erwartungswerte sind, ist tibertrieben. 

Es bleibt die Frage, ob sich durch eine geeignete Wahl der Abhangigkeit 
der Achse N von den Nukleonenlagen eine Verkleinerung des Einflusses von 
HA ,, erreichen laBt. Hierzu miiBte man die Abhangigkeit der Formmomente 
von den 7, andern ft. Es zeigt sich aber, daB dadurch nichts Nennenswertes 
erreicht wird, die Formmomente werden beim Rechnen unbequemer, und 
ihre Verwandtschaft mit den elektrischen Quadrupolmomenten geht ver- 


loren. 


12.2. ANDERE ARBEITEN 
Wahrend wir im Hamiltonoperator kollektive Rotationen durch eine 
bestimmte Umgruppierung der abstrakten Nukleonenoperatoren in 
Erscheinung treten lieBen und erst dann zur Differentialdarstellung der 
Operatoren iibergingen, stellt Nataf **) eine allgemeine Zustandsfunktion, 
die von den Lagekoordinaten der Nukleonen in bezug auf ein festes System 
abhangt, und die zugehérige Schrédingersche Differentialgleichung an den 
Anfang. Er trennt zunachst die Schwerpunktbewegung ab, was wir der 
Einfachheit halber unterlieBen, fiihrt sechs Formmomente ein, die unseren 
I’, entsprechen, und bestimmt ein gestrichenes Koordinatensystem, in dem 
drei der Formmomente verschwinden. Es gibt dann drei Schwerpunkt- 
koordinaten, drei Eulersche Winkel, drei Formmomente und 3A auf das 
gestrichene System bezogene Nukleonenkoordinaten, die neun Neben- 
bedingungen unterworfen sind. AnschlieBend wird die Schrédingersche 
Differentialgleichung auf die neuen Koordinaten transformiert. Die L6- 
sungen der Differentialgleichung brauchen die Nebenbedingungen nicht zu 
erfiillen, Eulersche Winkel und Formmomente kénnen zuniachst als unab- 
hangig Variable betrachtet werden. Die zur Bildung der Matrixelemente 
erforderliche Integration erstreckt Nataf dagegen nur auf den durch die 
Nebenbedingungen eingeschrankten Teil des Konfigurationsraumes. Dieses 
Verfahren zur Behandlung iiberzahliger Freiheitsgrade ist zwar korrekt, 
aber fiir die Anwendung zu umstandlich; es macht den Vorteil des Schalen- 
modells, die Bewegung der Nukleonen als unabhangig voneinander ansehen 
zu kénnen, zunichte. Nataf richtet sein Interesse nun ausschlieBlich auf 
die kollektive Rotation und vernachlissigt hierzu die Anderungen der drei 
noch verbliebenen Formmomente. Dann ware es grundsatzlich einfacher 


t Siehe FuBnote auf S. 500. 
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gewesen, diese gar nicht erst aufzunehmen; dem Verfasser kommt es aber 
darauf an, das kollektive Modell von A. Bohr 2}: 22:27, 29,30) 74 untersuchen, 
das die Nukleonenkoordinaten und sechs Oberflachenvariable enthalt. 
Der gewonnene Ausdruck fiir die kinetische Energie 


5 : ! y (I J )? ! N’ (l J ) ! 1 
“x i 2 K K K\"K K ’ 2. 
. i=1 2M : k | 2S .. x pe 5 il 7s 


gestattet einen Vergleich mit unserem aspektierten Hamiltonoperator. 
Bezieht man diesen auf ein Koordinatensystem, das gerade mit sémtlichen 
Hauptachsen des Kernellipsoides zusammenfallt, so ergibt sich ein Ausdruck, 
den man aus (12.18) durch Streichen der Terme « = 3 und der P’, erhalt. 
Die Terme mit «x = 3 treten bei Nataf auf, weil er kollektive Rotationen um 
alle drei Achsen behandelt, die Anwesenheit der P’, erscheint dagegen 
vom Standpunkt unserer Theorie aus merkwiirdig, da diese Operatoren mit 
allen Hauptachsenrichtungen kommutieren. 

Was Nataf an dem Energieausdruck (12.18) stért, sind die Glieder 
N’.I,/4,; er befiirchtet, daB sie den gewohnten Bau der Rotationsspektren 
zerstéren. Er zeigt, daB sie klein sind gegen die Glieder mit /, ],, die er nicht als 
stérend empfindet, doch erfiillte bei ihrem Fortlassen der Hamiltonoperator 
die zur fehlerfreien Anwendung der Methode der tiberzahligen Variablen 
notwendigen Kommutierungsforderungen nicht mehr. Nataf kommt so zum 
SchluB, daB die dynamischen Variablen der Kernoberflache nicht als Funk- 
tionen der Nukleonenlagen allein betrachtet werden kénnen; andererseits 
entstiinden Komplikationen, wenn sie auch die Impulse enthielten. Einen 
Ausweg aus diesen Schwierigkeiten sieht er in den Arbeiten von Inglis **) 
sowie von Peierls und Yoccoz **»%%), Wir fanden dagegen bei den Rotations- 
spektren, daB jeder Operator von der Form W-: J, wo W irgendein mit N 
vertauschbarer Vektor ist, bei geniigender Kleinheit einen Beitrag zur 
Energie liefert, welcher die gleiche Abhangigkeit von den Gesamtdrehim- 
pulsen hat wie #,; die Notwendigkeit, gewisse Teile in #;, zu beseitigen, 
ergab sich nicht. 

Villars **) verwendet bei seiner Behandlung der kollektiven Rotation 3A 
unabhangige Lagekoordinaten, némlich drei Schwerpunktkoordinaten, die 
drei Eulerschen Winkel eines mit dem Kern verbundenen Koordinaten- 
systems und 3A —6 innere Variable, welche die Lage der Nukleonen relativ 
zum drehbaren System angeben. Die zu den Eulerschen Winkeln gehérigen 
Impulse sind lineare Funktionen der Drehimpulskomponenten, also gibt die 
kanonische Form der kinetischen Energie deren Abhangigkeit vom Dreh- 
impuls und damit den reziproken Tragheitstensor. Die diesen bestimmenden 
GréBen M,,,, entsprechen unseren fiir den Dreiachsenaspekt abgeleiteten 
Impulsaufteilungstensor A, in (3.51). Fiir das Auftreten von Rotationsspek- 
tren ist nach Villars notwendig, daB erstens die im Gesamtdrehimpuls 





e 
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linearen Glieder als kleine Stérung betrachtet werden kénnen und zweitens 
die Abweichung des reziproken Tragheitstensors von einem geeignet ge- 
wahlten Mittelwert klein ist. Die letzte Bedingung entspricht unserer bereits 
bei der Berechnung des Kerns (21,24) aufgestellten Forderung nach 
Kleinheit der Schwankungsgr6éBen. 

Der Wert der Komponenten des reziproken Tragheitstensors hangt davon 
ab, wie das drehbare System mit dem Kern verbunden ist. Villars stellt 
hierzu Molekiil und Atomkern gegeniiber. Beim Molekiil kann man, da 
die Kerne um Gleichgewichtslagen schwingen, das drehbare System so 
wahlen, daB die bei uns mit W bezeichnete GréBe so klein wie mdglich wird. 
Das fiihrt auf den reziproken Tragheitstensor des starren Koérpers. Beim 
Atomkern dagegen erstreckt sich die Wellenfunktion jedes Nukleons iiber 
den ganzen Kern. Hier bestimmt Villars das drehbare System durch das 
Nullsetzen dreier Massenmomente zweiter Ordnung. In diese nimmt er 
Gewichtsfaktoren w(i) auf, die er zundchst gleich 1 setzt. Dann ist das 
drehbare System in der gleichen Weise festgelegt wie bei uns im Fall des 
Dreiachsenaspektes, und die reziproken Tragheitsmomente sind die gleichen 
wie bei Nataf. 

Das Rechnen mit Zustandsfunktionen, die von den inneren Variablen 
abhaingen, ist zu verwickelt. Villars umgeht diese Schwierigkeit durch 
Bildung eines unsymmetrischen Hamiltonoperators. Der Kern wird in 
einen Rumpf und in eine Anzahl ,,Valenz’’-Nukleonen eingeteilt. Diese 
werden durch unabhangige Lage- und Impulskoordinaten beschrieben, und 
die kinetische Energie des Rumpfes wird auf die kanonische Form ge- 
bracht. Uber den Rumpf denkt sich Villars mit Hilfe geeigneter Funk- 
tionen, die drei Oberflachenvariable enthalten, gemittelt. Um den Hamilton- 
operator auf die von A. Bohr angegebene Form *’) bringen zu kénnen, 
muB er die Annahme machen, da8B die von ihm eingefiihrten inneren Dreh- 
impulse fiir den Rumpf verschwinden. Ob diese Bedingung tatsiachlich 
erfiillt ist, steht, wie er erwahnt, nicht fest, aber ihre Befriedigung liefert ein 
dynamisches Argument zur Bestimmung der w(7). Hierzu sei bemerkt, daB 
die Einteilung des Kerns in Rumpf und Valenznukleonen im allgemeinen 
nicht von vornherein feststeht, oft bieten sich verschiedene Méglich- 
keiten fiir die Besetzung der Unterschalen an, von denen die richtige durch 
Energievergleich gefunden werden muB. Villars zeigt schlieBlich unter 
Weglassen des Spins, daB sich aus dem gewonnenen unsymmetrischen 
Hamiltonoperator die gleichen effektiven Tragheitsmomente ergeben wie 
bei Inglis *4), wenn der Gesamtdrehimpuls als klassischer Vektor aufgefaBt 
wird. 

Wir stellen bei dieser Gelegenheit einige Formeln zusammen, die fiir die 
Betrachtungsweise von Inglis *4) niitzlich sind. 

Ein Koordinatensystem & rotiere mit der vorgegebenen Winkelgeschwin- 
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digkeit w. Dann lautet der auf 2 bezogenen Hamiltonoperator eines spin- 


losen Teilchens 
1 


2M 


Er ist nicht mit dem Energieoperator @& identisch, vielmehr gilt 





lp?—@-I14+V, l=rxp. (12.19) 


f= _ Ip|?-+V. (12.20) 
Wir leiten zunachst die entsprechenden klassischen Formeln ab. Alle 
relativen Zeitdifferentiationen werden mit einem Punkt bezeichnet. Dann ist 
Vrel = 1, Vans = F+oxr, (12.21) 

und als richtige Lagrangefunktion erweist sich 
L=T,—V, (12.22) 


wobei d/dé @L/ér als relative zeitliche Anderung zu nehmen, also nur auf 
die Koordinaten und nicht auf die Basisvektoren zu erstrecken ist. Dann 
ergibt sich mit dem Impuls 


OL 7 
p — M(r+oxr) (12.23) 
die Hamiltonfunktion 
1 
H= 2_H@)- 4 12. 
sy Pita -1+V, (12.24) 


jedoch fiir die Energie mit (12.21) und (12.23) 


M l 
Fans ly lVans|?>+V = aM Ipi?+V. (12.25) 


Die Aufteilung von Vgp, nach (12.21) legt eine entsprechende Zerlegung 


Eas -_ Fat Fut E£, (12.26) 
nahe: 
M =< es, " | ie 7 
Ey => |¥reil +V = om |?! —@-1+ > |oxr| 
M 
Be = > |oxr/? (12.27) 


~ 


Eya = MVyq,° OXT = @:-14+-M\ox?r|?. 


Keine der Energien ist mit H identisch. # folgt aus H durch Umdeuten 
von p und r als Operatoren, die den elementaren Vertauschungsrelationen 
gentigen. Um zu beweisen, daB (12.25)... (12.27) auch quantenmechanisch 
gelten, bilden wir 
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r=—(#,r] =—p—oxr (12.28) 
7 


und erkennen, da8 r der Operator der Relativgeschwindigkeit ist, denn die 
elementaren Vertauschungsrelationen, aus denen (12.28) folgt, wirken nur 
auf die Komponenten der Vektoren und nicht auf die Koordinatenachsen. 
Der Operator der Absolutgeschwindigkeit folgt aus (12.28) durch Addition 
der Fahrzeuggeschwindigkeit w@ xr. Dann gelten die Gleichungen (12.21) 
und (12.23) und folglich (12.25)... (12.27) auch fiir die Operatoren. 

Die andere Méglichkeit zur Ableitung von (12.19) hat als Ausgangspunkt 
die Schrédingergleichung fiir ein festes Koordinatensystem 


(2+ = <) y=0, #2 => Pty. (12.29) 


Ubergang auf das rotierende System Z bedeutet Einfiihrung von Funktionen, 
deren Raumkoordinaten auf 2 zu beziehen sind. Dann ist die bei konstanten 
Absolutkoordinaten zu nehmende Zeitableitung in (12.29) durch die Zeit- 
ableitung bei konstanten Relativkoordinaten zu ersetzen. So entsteht gerade 
das Glied —q@-1. Diese Ableitung 148t sofort erkennen, daB der neue 
Hamiltonoperator nicht mit dem Energieoperator identisch ist. 

Bei mehreren Teilchen lauten die Operatoren 


1 


KH = ¥— 2_q@- 2. 

2 ou Ip,?—@-L+V, (12.30) 
€ =>— pp, t+v (12.31) 

—_— 

1 
f,a%T— 2_qw- (L—q@-: %)—1iqg?-- 7 
Faye Pree t4F vism ne 

é, = 4w*?:- S enees 
é:.= @- (L—@ SF), 
J =MY) {lr,|?6—r,?}. (12.33) 


Die Glieder in (12.32) sind auf die gleiche Form gebracht wie der aspektierte 
Hamiltonoperator (3.34) ... (3.37). An die Stelle von J ist w und an die 
Stelle des reziproken Tragheitstensors der Tragheitstensor, und zwar der des 
starren K6rpers, getreten; W ist ersetzt durch den relativen elementaren 
Bahndrehimpuls L—q@ - 4%. Wir nehmen mit Inglis an, daB sich die Nukleonen 
in einem mit der Winkelgeschwindigkeit rotierenden Ellipsoidpotential 
bewegen. Das Aufsuchen der im System & stationéren Liésungen bedeutet 
Lésung des Eigenwertproblems fiir #. Der niedrigste Eigenwert H von #, 
dessen Kenntnis grundsatzlich nicht nétig ist, da # mit keinem der Energie- 
operatoren tibereinstimmt, lautet in zweiter Naherung nach Inglis 
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pes 
-1 
oa) 


H = Ey—fw* F ory. (12.34) 


Nachdem die Eigenfunktionen stérungsmaBig bestimmt sind, bildet man 
mit diesen die Erwartungswerte der Energieoperatoren und erhalt 


<é» = Ey+4u* Fore, (12.35) 
(E:> = Eyt4o%{(Se0>—Fett} 
(E> = }oXF2> (12.36) 


<P ig> = —O*{< Son) —S ett} 
Man sieht, daB H und <@,> nicht gleich sind, wie es von Inglis angegeben 
und von Villars iibernommen wurde. 

Eine ganz andere Methode zur Bestimmung der Rotationsniveaus stammt 
von Peierls und Yoccoz 7% 8%), Betrachtet wird ein gg-Kern. Die Nukleonen 
sollen sich in einem Ellipsoidpotential mit Symmetrie um die z-Achse be- 
wegen. ®(x), wo x die Gesamtheit der Lagekoordinaten bedeutet, sei der 
Zustand mit dem tiefsten Erwartungswert des exakten Hamiltonoperatores 
HA . Es kann als Hartree-Fock-Lésung zu # angenommen werden. Zustande 
mit verschiedenen Richtungen der ausgezeichneten Achse werden iiber- 
lagert: 


W = | sin Pdddgz (9, y)P(Ro,x). t (12.37) 
R,, ist der Operator, der die z-Achse in die Richtung #, » dreht. Da ® 


axialsymmetrisch ist, eriibrigt sich die Einfiihrung eines weiteren Winkels. 
x(#, ~) wird bestimmt durch die Forderung 


(Y, HP) 


WW) = Minimum. (12.38) 


E, = 


Das ergibt 
x4(8, py) = const - Y,,, (3, ¢), (12.39) 


und die Energie erscheint in der Form 


[ (P(Ro, X), HD (Roy X)) VE(9, PY m(9", deo den’ 








E.. = - (12.40) 
| (®(RoyX), P(Re gy X)) VR, &)¥im(9', "deo der’ 
Bei geniigend starker Deformation wird 
H N.H, AH 
Em == +H(l41 : tl, 12.41 
lm Np +3 ( + ) N,2 No ( ) 


wo H,, H,, No, Nz Konstanten sind. 

Die Methode ist die Ubertragung des folgenden fiir die Translation giiltigen 
Sachverhaltes auf die Rotation. Will man die Zustande eines Kerns nahe- 
rungsweise mit Hilfe eines im Koordinatenursprung befindlichen kugel- 


t Der Faktor sin # ist in der zitierten Arbeit versehentlich fortgelassen. 
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symmetrischen Potentialtopfes beschreiben, so verst6Bt man gegen die 
Symmetrie, denn der Hamiltonoperator ist invariant gegen Translationen. 
Die Symmetrie laBt sich wiederherstellen durch Uberlagerung von Zu- 
standen mit allen médglichen Lagen des Potentialtopfes, die Bestimmung 
der Uberlagerungsfunktion erfolgt nach dem Variationsprinzip. Die Ver- 
wendung eines von der Kugelform abweichenden Potentials wird von 
Peierls und Yoccoz damit begriindet, daB nach Rainwater *°) ein Ellipsoid- 
potential im allgemeinen einen niedrigeren Wert fiir 
_ (0, #0) ss 
EE, = ©, ) (12.42) 
ergibt. Nun interessieren Rainwater aber die Eigenwerte zu einem Hamilton- 
operator #, mit Ellipsoidpotentialin Abhangigkeit von dessen Deformations- 
grad, wahrend Peierls und Yoccoz hier die Erwartungswerte eines exakten 
Hamiltonoperators #, gebildet mit Eigenfunktionen von #,, betrachten. 
Die Erniedrigung der Energie hat aber dann folgende Griinde. Es seien 
WY. (k= 0, 1, 2,...) die Eigenfunktionen eines Hamiltonoperators mit 
Kugelpotential. Jedes ¥%, habe Drehimpulsquantenzahlen J, M@; Y, sei die 
Funktion mit dem niedrigsten (VY, # ¥W,). Der Grundzustand kann durch 
Ansetzen einer Linearkombination 


P= > Vecw (12.43) 
k 


verbessert werden. Andererseits konnen die bei deformiertem Potential sich 
ergebenden Zustande ®, nach dem Orthogonalsystem der ¥, entwickelt 
werden. Fiir den Zustand ®), mit dem niedrigsten (®,, #@,) gilt dann 


Dy = > Prbxo(e), (12.44) 


wo ¢ der Deformationsgrad des Potentials ist. ®) enthalt sicher einen wesent- 
lichen Anteil von Y%. Die Y%, in ®, lassen sich danach unterscheiden, ob sie 
auch in ¥Y’, vorkommen oder nicht. Die ersten verbessern bei geeignet 
gewahltem e den Grundzustand, die anderen verschlechtern ihn und er- 
zeugen besonders eine Unscharfe des Drehimpulses, die wegen der Rota- 
tionssymmetrie von # gar nicht aufzutreten braucht und daher unerwiinscht 
ist. Die Verbesserung des Grundzustandes durch Deformation des Potentials 
besteht also lediglich darin, daB zu Y, unter anderen solche Funktionen 
hinzutreten, die auch in dem korrekten Ausdruck enthalten sind; der beste 
Wert von ¢ ist derjenige, bei dem der verbessernde EinfluB dieser Funktionen 
die Verschlechterung durch die anderen am meisten iiberwiegt. Die von 
Peierls und Yoccoz an den Anfang gestellte Funktion ®(x) ist ein derart 
verbesserter Grundzustand. Die Integration mit Y,,, nach (12.37) und (12.39) 
erfaBt die verschiedenen Drehimpulse, die das unerwiinschte Nebenprodukt 
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der Verbesserung des Grundzustandes sind. Beweis: ®(x) laBt sich nach den 
einzelnen Drehimpulsen L entwickeln, es ist also 


D(x) = dc’ Y," (x). (12.45) 


Das in (12.37) auftretende ®(R,,x) geht durch eine Drehung D aus (x) 
hervor, und es gilt entsprechend zu (B18) 





D®(x) = > > ch Py" (x) ahyo(D). (12.46) 
Nach (C6) und (C7) ist aber tf 
ay9(D) = loom Yim (9, ?), (12.47) 


wenn #, die zwei wesentlichen Eulerschen Winkel der Drehung sind. Dann 
wird aber 





4: 

| dwY ,, (8, )D®(x) = Fury chW ox), g.ed.. (12.48) 
Die Energie dieser Anteile ist durch (12.41) gegeben; sie hangt nicht von der 
Starke der Anteile, sondern nur von der Struktur von @(x) ab. 

Offenbar mu8 man in @(x) mehr erblicken kénnen als einen mangelhaft 
verbesserten Grundzustand. Das ist tatsachlich méglich, wenn man die von 
Peierls und Yoccoz betrachteten Verhiltnisse bei der Translation auf die 
Rotation tibertragt. Es wird dort die Funktion ®(x,,...x,) eingefiihrt, 
welche die Bewegung der Nukleonen in einem Kugelpotential mit dem 
Zentrum im Koordinatenursprung beschreibt. Was man kennen mochte, 
ist die Nukleonenbewegung bei festem Schwerpunkt. ® enthalt dagegen 
Schwerpunktbewegungen, die von Elliot und Skyrme **) untersucht worden 
sind. Die Bedeutung der von Peierls und Yoccoz gebildeten Funktion 


1 
V 20 
mit der sie die Energie berechnen und fiir nicht zu groBe k einen Ausdruck 
von der Form 








i ae fem rocx,—r, ...,X4—r)d’r, = (12.49) 


h? k? 
erhalten, erkennt man durch Einfiihrung von Schwerpunkt- und Relativ- 
koordinaten und Fourierzerlegung der Schwerpunktbewegung: 


E = E,+ (12.50) 


@(x,,...,X4) = (22)7t fom ron'y .. X’4,k)d%k. (12.51) 


t Zwecks Ubereinstimmung mit Peierls und Yoccoz bezeichnen wir hier die auf 1 normierten 
Kugelflachenfunktionen mit Y,,,(3, 9). 
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Dann ist namlich 
Pe, . oop a) Pe, . es (12.52) 


Das zweite Glied in (12.50) gibt nicht nur die Translationsenergie, sondern 
auch die Abhangigkeit der inneren Energie der Fourierkomponenten von k. 
Nach Peierls und Yoccoz ist Ags ~ A, also sind die F fast gleich. Die 
kennzeichnende Eigenschaft von ®(x,,..., X,) ist, daB es nadherungsweise 
aus den Translationszustanden des Kerns bei gleichem inneren Zustand 
besteht. 

Bei der Ubertragung auf Rotationen mu8 man dem Ellipsoidpotential die 
Eigenschaft zuschreiben, daB die von ihm beschriebenen Nukleonen- 
bewegung mit mehr Freiheitsgraden erfolgt, als man urspriinglich wiinscht. 
Die Rotation des Kerns ]aBt sich so darstellen, daB man die Bewegung einer 
mit dem Kern verbundenen Achse N verfolgt und die Nukleonenbewegung 
relativ zu N untersucht. Wir fiihren das schon benutzte Ellipsoidpotential 
mit Symmetrie um die z-Achse ein und betrachten den Zustand ®(x) mit 
dem Drehimpuls Null um die Potentialachse, der zu (12.37) fiihrte. Sodann 
fiihren wir ein Koordinatensystem 2” ein, dessen z’-Achse mit N zusammen- 
fallt. Man gewinnt es in folgender Weise. Zunachst wird ein Koordinaten- 
system mit den beliebigen Eulerschen Winkeln 9, %, © aufgestellt und das 
nach (12.45) zerlegte ®(x) darauf bezogen. Das gibt nach Anhang B 


= >> P," (x')abo(T), (12.53) 


wenn 7 die Raumdrehung mit den genannten Eulerschen Winkeln ist. 
Diese werden jetzt wie in 3. so gewahlt, daB J” ,, = 0 wird. Dadurch ver- 
lieren die ¥,"(x’) ihre scharfen Drehimpulse, und die auf 2’ bezogenen 
Lagekoordinaten x’ werden zwei Nebenbedingungen unterworfen; um das 
zum Ausdruck zu bringen, schreiben wir ®{")[x’] anstelle von Y," (x’). Wir 
k6nnen jetzt die Eulerschen Winkel und die x’ als neue Variable wahlen. 
Unter Beriicksichtigung von (C6) wird dann 





=22 yw I% q(9, >, ¥). (12.54) 
+3 


Dreht man die Achse des Potentialellipsoides in die Richtung #, g, so wird, 
wenn D die Drehung mit den Eulerschen Winkeln #, 9, y ist, 


23 
D®(x) = >> —— F OD [xD (9, %, W)a%,(D) (12.55) 
LQM VL+4 


und mit (C6) und (C7) 





oo Ox" DE (0, ©, V)Y,4,(0, g). (12.56) 
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Der zu #, » hinzugefiigte willkiirliche Winkel y tritt also nicht auf. Die 
Funktionen, deren Energien Peierls und Yoccoz berechnen, sind dann nach 


(12.37) und (12.39) 
V 823 
ae rs © 


Das sind aber, in unserer Sprache ausgedriickt, exakte Basisfunktionen. 
Das Verfahren erzeugt also fiir jedes / eine bestimmte Linearkombination 
exakter Basisfunktionen, deren innere Struktur und Anteile in der Linear- 
kombination summarisch durch das Variationsprinzip festgelegt sind. Der 
Ersatz der exakten durch approximative Basisfunktionen wird vermieden, 
weil die in (12.57) angegebene Darstellung in Wirklichkeit nicht aufgesucht 
wird. Allerdings diirfte das Berechnen der Matrixelemente von # iiber 
Funktionen ® mit verschiedener Orientierung des Potentialellipsoides 
ziemlich schwierig sein. Es bleibt die Frage, ob die summarisch durch das 
Variationsprinzip gegebenen Zustande (12.57) die gleichen sind, wie man 
sie bei voneinander unabhangigen Anteilen der Zustande erhielte. Als 
unbefriedigend kénnte empfunden werden, daB die Existenz einer kollek- 
tiven Rotation als Folge der Verwendung von Naherungsfunktionen fiir die 
Kernzustande erscheint. 


c! x BD) x'|D9(0, %,¥). (12.57) 


Der Verfasser dankt den Herren R. Hagedorn, A. Bohr und K. W. Ford 
fiir das der Arbeit entgegengebrachte Interesse. Das Urteil dieser Personen 
war entscheidend fiir die Anerkennung der schon sehr friih begonnenen und 
infolge ungewohnlich widriger Umstande erst gegen Ende 1956 abgeschlosse- 
nen Arbeit. DaB sie nicht véllig zum Erliegen kam, ist Herrn Professor 
von Weizsacker zu danken, der den Verfasser unterstiitzte, obwohl die 
Arbeit gar nicht bei ihm angefertigt wurde. Der 12. Abschnitt wurde jetzt 
auf freundliche Anregung von Herrn Professor L. Rosenfeld hinzugefiigt. 


Mathematischer Anhang 


A. VEKTOREN UND TENSOREN 


p- und q-Komponenten. Anstelle der Komponenten 4a,, a), a, des Vektors 
a benutzt man bisweilen vorteilhafter }®) die Komponenten a,, a,, a3 mit 
der Festsetzung 


Aa, =a,+1a,, a, = a,—t1a, (Al) 


und bei einem Senape zweiter Stufe die Komponenten 7,,,, 7,., Tap, Laqs Los 
Fini Pasi Cees Oe 


q3? 3p? 3q? 
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Typ = Ty ttT +2 (Ty2+tT 92) = Ty —T94+14(T42+T 21) 

TV yq = Ty +17 --1(Ty2+%T 92) = Ty +T 9-1 (142—T 21) 

Pap = Ty —tT 9 +0(Ty2—tT 92) = Ty + Tg tt (T2—T 01) 

Vag = Ty tT 9-1 (1 2—1t1 92) = Ty —T 92-1 (L42 + T 21) (A2) 
T 53 = T13+1T 95 

Vq3 = T3—11 93 


Vp = Tg, +11 32 
V'3q = T3,—1T 3. 
Die Bedingungen fiir Symmetrie oder Antisymmetrie lauten dann 7;,, = + 
T,, und die Komponenten des zu T transponierten Tensors 7’ sind gegeben 
durch 7',,, = T,; in beiden Fallen ist k, 1 = , q, 3. Fiir die Skalarprodukte 
gilt 
a:b = 4(a,b,+4,b,) +45, (A3) 
(a , LT), _ +(a, Tut, Tx) +43 T 3k - p, q; 3, (A4) 
(T : a), = osm 4(T kp Agt Tgp) + 1x34 


PssS= z(T op eat lL peS cet Tl epSent TF ceSs) 
+3(Ty3Sso+T 3Sspt+T3,Seat+TsqSvs)+T33S33- (A5) 
Eulersche Winkel; Koordinatentransformationen. Gegeben seien die gegen- 


einander verdrehten Koordinatensysteme 2 und 2”. Die Lage von 2” 
relativ zu X wird durch die in Fig. 7 erklarten Eulerschen Winkel 0, %, v 


bestimmt. 








Fig. 7. Eulersche Winkel. + positive bzw. negative Richtung der Knotenlinie. 
Die Eulerschen Winkel 9’, %’, ¥’ von & relativ zu X”’ sind dann 
e’=|090, %=2-Y, W=2-9., (A6) 


Die Komponenten eines Vektors v in den beiden Systemen seien mitein- 
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ander verkniipft durch 
vn = D> Cer. (A7) 


l 


Die Transformationskoeffizienten lauten dann 


C1, = cos Ocos cos ¥ — sin Msin V 
Ci. = cos Osin @cos W + cos sin W 


C13 = — sin Ocos ¥ 
Co, = — cos Ocos sin ¥ — sin cos V 
Cop = — cos Osin sin W + cos cos v (A8) 


Coz = Sin O sin W 
C3, = sin Ocos ® 
C39 = Sin O sin ® 
C33 = cos 9. 


Dann lauten die Transformationsformeln fiir die durch (Al) und (A2) 
bestimmten Komponenten 
v'»,q = {4v,(cos 0+ 1)e—* +2, (cos OF 1)et+* +7, sin O}er™ 


v's = £(v,e- +0, e+) sin ©+, cos 8, 


(A9) 


a ‘ 
T v) = {¥) T,,(Cos 0+1)%et?%_1(T,+T yy ) sin 20+ T4(cos OF l)e2” 
qq 
+3(T,3+T3,) sin @(cos O+1)e+™+23(T,,+T75,) sin O(cos OF 1)e-™ 
+T3, sin? O}e+2 
io 
hd = —}(T,,e+%+T,,e-™) sin? ©+17,,(1cos @)?+17,,(1cos @)? 
ap 
+2(T,3(cos @+1)+T7;,(cos © 1)]jsin Get 
+$[T,3(cos OF 1)+T;,(cos +1) ]sin Oe-”+T7,, sin? © 
ze , ; 
ay = {—1[(T,,e+?%+T,,) (cos 041)+(T,,e°+T,,) (cos OF 1)]sin © 
@ 
+3[T,3(cos O+1)e++T,,(cos OF 1)e—™] cos © (A10) 
—3(T ,e++T,,e-) sin? 0+T,, sin © cos O}e**® 
Zz - ' , , 
i = {—-}[(T,,e*"+T,,) (cos 041)+(T,,e?%+T,,) (cos OF 1)]sin © 
qa 
+3([T5,(cos O+1)e+™+T,, (cos OF 1)e-] cos © 
—4(T,,e++T,,e-™) sin? 0+T7,, sin © cos 0} e* 


I"3 = ET 908 +7 t+T ot Ta ??) sin? @ 
—$[(Ty3+T ,)et™+ (T43+T3.)e-] sin © cos © + Ts cos? @. 
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B. KUGELFLACHENFUNKTIONEN 


Definitionen und Formeln. Die Kugelflachenfunktionen Y,,'(#, m), 2 und 
m ganz,l = 0, —l =< m S +, sind so normiert, daB sie sich in der Normal- 
darstellung der Drehungsgruppe ?") befinden. Ist I der Operator der infinite- 
simalen Drehungen — er wird in Polarkoordinaten durch 





. 0 
I, « = e**# (cts 0 a0 ==) ~) 

j (B1) 

lL =-=— 

3 ap 

dargestellt — , so gilt 

Ty ¥ mi = —tV (Fm) (liAm+1)Y4 a, (B2) 
I,Y,,' = —imY,,'. ‘ 


Verlangt man noch unter Benutzung der Definitionen ”°) 














eS 
P,™(cos #) = (—1)"(1—cos? #)? Pi(cos#), m=O, (B3) 
d cos™ # 
’ l d! , , 
P,(cos #) = B11 cost @ (cos? #—1) (B4) 
die Erfiillung der Beziehung 
Y,'(#, vy) = P,(cos 9), (B5) 
so sind die Y,,' véllig bestimmt und lauten 
itm V/ (/—|m|)! 
Y,,'(8, y) = (—1) ? yo p,|" me, B6 
(8,9) =(-1) * VT Pim(cos a) (B6) 
Dann gilt 
[va [ao in OY,'Y", = ——"_8,.4 B7) 
S + = —— by bam 
0 7? 9 m m 2/+-1 ll’ mm’? ( 
> IY,,H? = 1. (B8) 


Die Y,,”, bei denen im Text der obere Index fortgelassen ist, lauten 
Y,2(9, y) = $(3 cos? 8—1) 
Y2, (8, p) = + V3 sin 8 cos # et” (B9) 
Y2.(9, vy) = V3 sin? de*?, 


Die Produkte Y,,? Y;,, lassen sich folgendermaBen durch die Y4,,,.,, Y24m's 


4m’ ausdriicken: 


be 


™m 
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Ye, 7%, = -_ Vie ys, 

¥*. Yt, = V2, 

Ys i= = V#is Vie —7 Vie 
Yt. Y3, = Ver Yt, -VeY3, 





245 
Y2,Y2, = 2 Y,'—2 Y,2+2 (B10) 
a! ¥ 7 Ve —vs ys. 
y2,Y,? = = Vite Y4,4+2Y%, 
Yo - = $5 Yo'—7 Y—-¢ 
Y,?Y,? on ey of t+FYo 243% 
Aus den Y,,' lassen sich auf 1 normierte Kugelflachenfunktionen 
2/+-1 
x40, 9) =) v.80, 9 (B11) 


bilden. Fiir sie gelten folgende Beziehungen: 





31 /(C42)*—m][(041)2— mi] |, 


















































A> aE Pe fs x. 
2 21+3 (2/-+-5) (2/+-1) : 
12 
b L(/+-1) —3m? x 3 l | (aed aol) hd ( ) 
(224+3)(2/—1)° ™" ° 2 2-1" = (2d41)(/-3) 7 ™ 
y2_XxX _y3: Vv ( (1-1)? —m? | tem+? 2) (/-m+3) yu 
+1<*m ) 2/+-3 (2/+-5) (2/+1) m+1 
1/3 2m+1 = 
~ 2 (31-3) (21-1) V (lm) (lim+1) Xia (B13) 
Vs 3 VP lf fn wile 
2 2-1 (2/+-1)(2/—-3) ~ ™*” 
= a se (m+) (l-m+2) (l+-m+3) (lLm+4) yee 
+2<*m 8 2/+-3 (2/+-5) (2/+1) m+2 
3 2 
an 1 <a = / a, - 
y3 (2/+-3)(2l—1) * (J--m-+ 1) (L4-m—1) (/-Fm) (l-m—1) X1,, (B14) 








4 y3 2. YEE iia ere PO 


(2/-+-1) (2/—3) all 
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Spin-Winkel-Funktionen. Die aus den X,,’ und den Spinfunktionen «, 8 
gebildeten Funktionen mit den Quantenzahlen 7 = /+4 lauten, wenn m 
jetzt die Quantenzahl des Gesamtdrehimpulses in Richtung der z-Achse ist, 


} _ Coat Xin—4% +Cmts Xintd B, (B15) 
——— 
cithl _ ras _ l+m+% 
mm— mm 2] l 
rel (B16) 
1 
cltth i—m+3 
mm+} mm—t 2/+-1 





Wichtig ist die aus (B12) folgende Beziehung 


3 Vi - sai _ Zit? FH? 
(j+1)? (j-+2)? 





Y,? Z mii ** = 




















1( 
|1— | Z,,) (B17) 





8 

3 om / lias? 
+— — pan ox - Zit sete 

4 7()+2) (j+1)? 

1 

+ 

3 





4 7?—1 











; = 
8 ?? g—iF 


Entsprechende Gleichungen folgen aus (B13) und (B14). 

Transformation auf ein gedrehtes Koordinatensystem; gruppentheoretische 
Drehungskoeffizienten. Die Kugelflachenfunktionen vom gleichen / bilden 
eine Darstellung der Drehungsgruppe !*). Bei der Raumdrehung D geht 
daher Y,,'(8#, m) tiber in die Funktion 


DY,,'(9, ~) = YY 2'(8, 9) @nm(D). (B18) 
Die Matrix der a,,(D) ist unitér. Das bedeutet 
Am(D) = @mn(D). (B19) 


Ist D die Raumdrehung, die in Fig. 7 X in ” iiberfiihrt, so ist DY,,,'(3, ¢) 
gerade das auf 2” zu beziehende Y,,,'(#’, y’). Sind 8, y und &, g’ die Koordi- 
naten des gleichen Punktes in XY und 2”, so gilt also 


Ym! (®, v) = Yui (9, Y)4nm(D). (B20) 
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Die gruppentheoretischen Drehungskoeffizienten lauten, wenn sich die 
Funktionen der Darstellung gegeniiber infinitesimalen Drehungen nach 
(B2) verhalten, mit 90, ®, © als Eulerschen Winkeln der Raumdrehung 


[e 9 ., 9 
a'.,(D) =C! efin®+mYsin27 — cos?” — Gi_oir (1420-42, 1+-2¢, sin? 5) 


nm 





26 = |n—m|, 2c = |n+m/); 
_ (i+-n\ (l—m =, (B21) 
=o Vy) Bef Tae 


cami 
Ci. = 





l+m\ (l—n | 
Vir \(—,) ; nSm. 


Die G sind Jacobische Polynome und kénnen definiert werden durch 7) 








G,,(%, y, %) = (B22) 
Fir / = 2 ist 


W429, 42 > 

a2, 41(D) = F2eFH2O sin = cost — 

a®, .(D) = V6 er sin?-< cos? = = Y2,(0, >) 
@ia.41(D) = F2eF2e-) sin’ > cos ~ 

Ass 4_(D) = eF2O-™) sint © (B23) 


~ 


0 
@53 as (D) = +2eFX%+2) cin —— cos* = 


a a 





) ' 
41, 41(D) = eF H+) cos? — (1 —4 sin? 


9 


a®, .(D) = £6 eF ® sin > cos = Y%,(9, %) 


e @ 
7 


_ 


ew 
ai3,41(D) = —eF®—) sin? — (1 —4 cos? 5) 


a 
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..@ ] 
ais,¢a(D) = F2e*«°-™ sin? — cos — 
/@ oF uv 2 2 8 2 


C, KREISELEIGENFUNKTIONEN 


Definitionen und Formeln. Gegeben seien die Koordinatensysteme 2 
und 2” der Fig. 7. Die Kreiseleigenfunktionen Dj,,.(0, &, VW) beschreiben das 
Verhalten des drehbaren Systems und sind bestimmt durch 


{1/?+J(J+1)} Phe = 0 
Us +iM}Dhro = 0 (C1) 
{I's +i ND o ax 0, 


I ist der Operator der infinitesimalen Drehungen des drehbaren Systems, 
Die Differentialdarstellungen seiner Komponenten lauten 





0 ey re 0 
nen etfage 1 2 5:8) 
ne (88 8 56 Sn 6 ov | 90 
(C2) 
are 
. ao ’ 
0 0 0 
l'..= + | — —ctg 0 — =a) 
na = © len 0 00 8 ° Gy +" 50 
(C3) 
eS 
ae 
Es gelten die Vertauschungsrelationen 
(I,,f,] =I, und zyklisch Vertauschte, (C4) 
(I’,,1',] = —l’,; und zyklisch Vertauschte. (C5) 


Die Verschiedenheit der Vorzeichen in (C4) und (C5) kommt daher, daB 
bei zwei aufeinanderfolgenden Drehungen um gegebene Achsen in 2” die 
raumliche Lage der zweiten Drehachse durch die erste Drehung verandert 
wird. 

Die Kreiseleigenfunktionen sind mit den gruppentheoretischen Drehungs- 
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koeffizienten verknipft durch 





Dio, %,v) = ayo(D), (C6) 


wenn D die Raumdrehung mit den Eulerschen Winkeln 9, 9%, © ist. Speziell 
fiir 2 = 0 gilt 


1 
Dh (9, %, ¥) = Van xm (9, >). (C7) 
IU 
Die 2{,g befinden sich in der Normaldarstellung der Drehungsgruppe. 
Entsprechend zu (B2) gilt 


I,,cPua ra —iV (J=M) (JJ+M-+1) Diiss.0 








8 
Dagegen ergibt sich mit (C2) 


I'sDig = —ti QD a. 
Die Normierungsgleichung lautet 
(Dio, Deg) = eg dw og dé [” d@ sin OD o Dirge = b;pduySeq- (C10) 


Die Drehimpulsoperatoren sind die mit 7% multiplizierten Operatoren der 
infinitesimalen Drehungen. Werden die 2J,,. zur Beschreibung eines quanten- 
mechanischen Systems benutzt, dessen Bestandteile Bahndrehimpuls und 
Spin besitzen, so ist auseinanderzuhalten, ob die Bezugsachse fiir den Spin 
in der z- oder in der z’-Richtung liegt. Im zweiten Fall wird bei einer Ande- 
rung der Eulerschen Winkel zugleich das Bezugssystem fiir den Spin ge- 
dreht, und es gilt, wenn J der Gesamtdrehimpuls-Operator ist, 


J = hl. (C11) 
Fiir den ersten Fall ist dagegen mit L als Bahndrehimpuls-Operator 
L = ikl (C12) 


Die Quantenzahlen von Yj, beziehen sich dann auf den Bahndrehimpuls. 
Man ersetzt sie in diesem Fall durch fiir den Bahndrehimpuls tbliche 
Zeichen, etwa L, M,, A. 

Die DJ, sind Eigenfunktionen des symmetrischen Kreisels. Dessen 
Hamiltonoperator ist nach (4.2) 





CO4 ys (C13) 


Ss +9 


A 
H => |Sl?+ 
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und die Energieeigenwerte sind nach (C5) 
































E,/ = i? “jut 4. ee }. (C14) 
Matrixelemente 
(D_, sin Cet ]’, PI,) = i a een, (C15) 
22 

(Aig, cos @ Diy) = Fu’ (C16) 

, V (JF) (J+2+1) . 
(Pros: cos 0 et 9.) = — VJ re , (C17) 

Gps 2 »J * 2. —JU+}) & 
(Pia, Yel, *) 290) = > T+) rs: 

3 s SUPRe th (Q+4) 
Dyo.1, Y2, (0, &) DI oe , (C19 
(Phos 1(9, ®)Dig) = + +1) +3) (C19) 
(Prose, Yi2(®, %) Do) 

— 3 VUFM)TLO+NUFO-NTtOt2) Coo) 


8 (J+1)J+3) 


D. MATRIXELEMENTE VON OPERATORSUMMEN MIT SLATERDETERMINAN- 
TEN 

Eine einzige Determinante. ® sei eine Slaterdeterminante, bestehend aus 
den Einzelzustanden g,, 1 S k S Z, und « ein Operator, dernur von den 
Koordinaten eines Teilchens abhiangt. Sollen gy, und « sich auf das »-te 
Teichen beziehen, so schreiben wir y,(v) und «(v). Der Operator 


A = Sab) (D1) 


v 


hat dann den Erwartungswert 
<A> = (®, A®) = 2 Mex» Axe = (Pr Px). (D2) 


Y sei eine andere Slaterdeterminante, die sich von ® nur in einem Einzel- 
zustand unterscheidet, und zwar nehmen wir y, + 9,, Y, = 9, fiirk ~ lan. 
Dann ist 


(P, AP) = (y,, ayy). (D3) 


Fiir Slaterdeterminanten, die sich in mehr als einem Einzelzustand unter- 
scheiden, verschwinden die Matrixelemente von (D1). 
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6 sei ein Operator, der ebenfalls nur von den Koordinaten eines Teilchens 
abhangt. Fiir den Operator 
AB = ¥ a(n) X Bl) (D4) 
ergibt sich f 
(AB) = (®, ABO) = p2 (XB) t+ > x (nx Bir —%er Bx), (D5) 


k 


<A B)—<A)><B) = > (x2) xe — x 2 HBr, (D6) 


k 


(2, ABV) = (9, «By,)+ D3 {(91, a) Brxr—%e (Pr, BYr) 
+ Onn (Pr, BY1)— (Pe, Ys) Brx}- (D7) 


X sei eine Slaterdeterminante, die sich von @ in zwei Einzelzustanden 
unterscheidet; es sei 7; #91, %2 ~ Yo, Xr = Oe fiir k #1, 2. Dann ist 


(D, ABX) = (91, &%1) (Pz, Bx2)—(P1» &X2) (Pe, Bx) 
+ (Pe, a>) (1, Bxui)— (Pe, “%%1)(%1, Bx2)- (D8) 


Fiir Slaterdeterminanten, die sich in mehr als zwei Einzelzustanden unter- 
scheiden, verschwinden die Matrixelemente von (D4). 

Produkt von Protonen- und Neutronendeterminanten. Es seien ®* und ®*% 
Slaterdeterminanten fiir die Protonen und Neutronen und 9,”, 9%, «”, «% 
die zugehérigen Einzeleigenfunktionen und -operatoren. Die Nukleonen 
jeder Sorte seien getrennt numeriert, ebenso die zugehérigen Einzelzustande. 
Der mit 


@ = Op (D9) 
gebildete Erwartungswert des Operators 
A = AP+A*%, AMX = Fa? Ny), (D10) 
ist dann nach (D2) 
<A> = (®, AD) = (®", APD?)+ (DN, ANDY) = YS akt+ Yay. (D111) 
Das Produkt ¥Y von Slaterdeterminanten der beiden Nukleonensorten soll 


sich von ® in einem Einzelzustand unterscheiden. Das gibt die beiden 
Moglichkeiten 


P= PPP, PPwn. (D12) 
Fiir die erste ist nach (D3) 
(O, AP) = (W", AP @*) = (¢,", ay’), (D13) 


und die zweite folgt daraus durch Ersatz von P durch N. 
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Fiir den Operator AB, bei dem B in der gleichen Weise bestimmt ist wie 
A in (D10), ergibt sich mit (D5), (D2), (D11) 


(AB) = (®, ABO) 
= (@, AP BP?) + (@", APD?) (DN, BND) 
+ (", att AN @®) + (GN, AN BN@®) (D14) 
= =2(« +2 > (ob Bix —%e2 Bi) + p2 Op p2 Br 


U 


v 2 Oy p2 But 2 (« Saat x x (af Bir — nr Bie)» 


(A B)—<A)<B)> = > (a? BY) ne — 22% But D3 (a Bin — rain | (D15) 


k 


und fiir den ersten Fall in (D12) 


(0, ABY) 
_ (@?, AP BP wP)4 (DP, A? yP) (DN, BN @*) + (O°, BP yr) (DN, AN@N) 
= (pr’, oF BP P)+ p2 {(pr"; ar ¥1' ) Bin— te (Pr' > BP 1’) (D16) 


ote (Pr, BP ys”) — (pe® &? yr”) Bix} 
+ (py", a? yy”) x Bret (9" 1 BP yx”) p2 Op 
Der zweite Fall von (D12) ergibt sich hieraus durch Vertauschen von PundN. 


Das Produkt X von Slaterdeterminanten der beiden Nukleonensorten 
soll sich von @ in zwei Einzelzustinden unterscheiden. Dann sind die drei 


Fille 
X= X*O", Py", ox" (D17) 
moglich. Fiir den ersten ist nach (D8) 
(B, ABX) = (@", AP BP xX?) 
= (py, & x1") Pa", BP xa”) — (a, &? xa”) Ga", BP x1") (D18) 
+ (p2", &* x2") (1°, BP xx”) — a", & 41”) (Pr”, BP X42"). 


Daraus geht der dritte Fall durch Vertauschen von P und N hervor. Fiir 
den zweiten Fall ist nach (D3) 


(B, ABN) = (@?, APW”) (@Y, BNW) 4 (GP, BP WP) (GN, ANWN) 


D19 
= (1°, oF V1. ) (1%, ps yi )+ (p1°, BP V1) (1%, aNy,). ( 
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Abstract: The Foldy-Wouthuysen transformation is generalized in one direction to yield 
a non-relativistic approximation procedure for an arbitrary number of interacting Dirac 
particles, and in another direction to give an extreme relativistic approximation for a 
single particle in an external field. The application of the formalism to high energy 
scattering is briefly sketched. Ambiguities in the procedure are discussed, and are shown 
to be equivalent, within the validity of the approximation, to unitary transformations 
of the approximate theory. 


1. Introduction 


This paper discusses three problems concerning the approximate de- 
coupling of the Dirac equation by means of successive unitary transforma- 
tions (generalized Foldy-Wouthuysen transformations), namely the non- 
relativistic approximation for an arbitrarily large number of Dirac particles, 
the extreme relativistic approximation for a single particle, and the essential 
uniqueness of the approximation method. 


2. Non-Relativistic Approximation for Many Particles 


The most satisfying procedure for the approximate decoupling of the 
equations for the ‘large’ and ‘small’ components of the Dirac equation, in 
order to obtain an approximate two-component non-relativistic equation, 
is that due to Foldy and Wouthuysen 1). This method defines a sequence of 
unitary transformations which make the coupling terms of arbitrarily high 
order in the inverse of the particle mass. The non-relativistic approximation 
is obtained by dropping all terms of the same or higher order in the inverse 
mass as the coupling terms, and by retaining only that one of the two 
uncoupled two-component equations so obtained which corresponds to a 
positive rest energy. 

Chraplyvy ?%) solved the corresponding problem for two particles. In 
this case, it is important to realize that one need only uncouple four compo- 
nents (corresponding to both rest energies positive) from the remaining 
twelve, and it is unnecessary to decouple these twelve. Chraplyvy *) found 
that the sequence of unitary transformations which performs the decoupling 


t Permanent address: Tait Institute of Mathematical Physics, University of Edinburgh, 
Scotland. 
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is not unique. Indeed it will be seen later that there is still greater ambiguity 
than was considered by Chraplyvy, and there is even an ambiguity in the 
single particle case. 

For a system of m interacting Dirac particles, the Hamiltonian can be 


written 


n k-l 
H = SAm ++ 30+ 2 Ont (1) 
j=1 j 1j=1 
where f,; is the Dirac # matrix for the jth Jatihe: which has mass m,, and 
€, O;, Oy,..., are defined by the commutation properties 
[B;, &] = 9, all j, 
{B;, On,...} = 0 if 7 is one of &,/,..., (2) 
[B;, On...| = 0 if 7 is not one of k&,/.... 
Here [..., ...] and {..., ...} denote respectively commutators and 
anticommutators. 
It is convenient to define the projection operators 
P,= $(1+48;) (3) 
and 
P= Il P,. (4) 
j= 


If an operator commutes with £, then it is called even with respect to P,; if it 
anticommutes with £,, then it is odd with respect to P,. 

The expansion parameters to be used are the inverse masses, which are 
all presumed to be of the same order of magnitude. The components of the 
wave function for which all the rest energies are positive are defined by the 
eigenvalue +1 of P. We wish therefore to decouple these components from 
the rest. As a first step, we wish to find a unitary transformation 


H + H’ =e°He~ = H-+([S,H]+... (5) 
of the Hamiltonian so that the terms in H’ which are odd with respect to P 
are of one order higher in the inverse masses than the corresponding terms 
in H. 

It is easily seen that 
Ose, t$([P; PrP... Oxn...], B;] 

is even with respect to P;P,P,... and therefore also with respect to P, 
and is symmetric in all the indices 7, k, /.... It follows that a particular 
solution for S is 


n 








1 
i]+ > s [P;Pr, On] 








S= j? 
j=u1 2 k=1 j=1 2(m;-+m,) 
n t—1 k-1 l 
+ Be @ [PiPr Pi, Onml+---- (6) 


t=1 k=1 j=1 2(M;+™,+M,) 
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The terms odd with respect to P can now be made of arbitrarily high 
order in the inverse masses by iteration. To obtain a non-relativistic approx - 
imation, it remains only to drop all terms in the Hamiltonian of order 
equal to or higher than the terms odd with respect to P, and to multiply by 
P in order to project out that part which corresponds to all the rest energies 
positive. 

The solution (6) is not unique: the most general operator S which satisfies 
the conditions of the problem is obtained from (6) by adding any operator 
whose even part with respect to P is at least of first order and whose odd 
part is at least of second order in the inverse masses. This ambiguity exists 
even in the single particle case. All the ambiguities discussed by Chraplyvy °) 
are included as special cases. Further discussion of the ambiguities is post- 
poned till section 5. 


3. Relativistic Limit for a Single Particle 


The non-relativistic theory obtained by successive unitary transformations 
was an expansion in inverse powers of the particle mass. If a similar approach 
could be developed to generate an expansion in inverse powers of the mo- 
mentum or of the momentum together with some other parts of the Hamil- 
tonian, this could be used as the basis of an extreme relativistic approxima- 
tion, which might be valuable for the discussion of high energy scattering. 
Indeed we shall see that the approach of Yennie, Ravenhall and Wilson *) 
and of Brenner, Brown and Elton *) to the scattering of fast electrons by 
nuclei is essentially the zero order approximation in such a theory. 

To carry out this programme, it is necessary to consider a more general 
version of the Foldy-Wouthuysen procedure which is analogous to regarding 
the mass as an operator rather than a c-number. We consider the Hamil- 
tonian 


H = yA+&+0, (7) 


where y is an operator whose eigenvalues are +1, and which has the follow- 
ing commutation properties: 
[y, 4] = ly, €] = , G = 0. (8) 
The state-vectors |A’> are a complete set of simultaneous eigenvectors of 
y and A, such that 
AA’) =A’ |d'). (9) 
If 
H' =e* He = H-+[S, H]+..., (10) 


where 


MYM OaM)<A" 
say y ADO Da" ays 





foe 
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then the terms in H’ odd with respect to P = $(1+-y) are of one order 
higher in the inverse eigenvalues of 4 than the corresponding terms of H. 
By iteration, these odd terms can be made of arbitrary high order in the 
inverse eigenvalues of 4. Provided we are concerned only with eigenstates of 
the total Hamiltonian for which (4’+-4")<A'|O|A" <A" |E> is sufficiently 
small, we can get an approximate theory by dropping all terms of higher 
than some chosen order in the inverse eigenvalues, and reduce the dimension 
of the problem by using the diagonal character of the approximate Hamil- 
tonian with respect to y. Particular care must be taken in discussing the 
validity of the procedure if the eigenvalues of A have not all the same sign, 
for then there may be a cancellation in some of the denominators of (11). 

H’ defined by (10) will have corrections to & of first and higher orders in 
the inverse eigenvalues of A. The first order correction is 


1 1 
; ~ + — 7) XH’ Z' 0 ,” are 0 hed ar : 12 
ee Cos page) AOI" ><A" ><A", (12) 
which corresponds to the term (1/2m)8@? in the usual Foldy-Wouthuysen 
theory. It is obvious from (12) that the additional corrections to & obtained 
by iteration will be of at least third order, so that the transformation with S 
given by (11) already gives @ correct to second order. 





4. Application to High Energy Scattering 


As an example, we consider the scattering of an electron by an electro- 
static field, such as that of a nucleus. The Hamiltonian has the form 


H = bm+a:p+o(r). (13) 
The choice of y = @- p/p, A = p which at first suggests itself is not con- 


venient, because @ will be comparable in importance to @ - p near the nucleus 
except for extremely high energies. We therefore take 
yA = a: p+@. (14) 
The mathematical discussion of the problem will be simplified if the factori- 
zation of (14) is chosen so that the mass term is wholly odd. This suggests 
that we take 
¥=Ys> A=O°P+y7s5¢. (15) 
Unfortunately, the eigenvalues of 4 can have either sign, so that the denom- 
inators in (11) and (12) may be small even though the eigenvalues are 
themselves large. However, provided g is bounded everywhere, and tends 
to zero sufficiently rapidly outside a finite region, as is true for the potential 
due to a finite nucleus screened by its atomic electrons, it is easy to show 


that the matrix elements <A’|6|A’’) are of order (4’—A’’)-", so that all terms 
in (11) are in fact of the same order in the inverse eigenvalues. The sums in 
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(11) and (12) should here be interpreted as principal value integrals. There 
are still questions, which we shall not discuss, concerning the convergence of 
these expressions. 

The zero-order approximation is obtained by dropping the mass term 
entirely, as in ref. **°). The next lowest correction to the Hamiltonian is 
given by (12) with 0 = fm, and is therefore proportional to m?*. It follows 
that the mass corrections to the scattering phase-shifts and therefore to the 
differential cross-section are of order m? rather than m. For the cross- 
section, this is a well-known result *°), 

Elton 7) has investigated the mass corrections in detail, and found that 
although the correction to the cross-section is of order m?, the corrections to 
the phase shifts are of order m. The contradiction with the present result is 
only apparent, and its resolution illumines the underlying reason for the 
cross-section result. Elton’s partial wave analysis is the usual one in terms 
of simultaneous eigenstates of angular momentum and parity. The partial 
wave analysis used implicitly here is quite different from this, and indeed 
is in terms of states for which parity is not a good quantum number. In 
effect, we have found an operator of the form y,+O(m), which has eigen- 
values +1, and which up to first order in m commutes with the Hamiltonian 
(though not with the parity operator), and by means of a unitary trans- 
formation we have mapped this operator onto y, which we have then taken 
diagonal. In this way, we have a partial wave analysis in terms of simul- 
taneous eigenstates of this operator (/’, say) andthe total angular momentum, 
and in this analysis the phase shifts have no terms linear in m. However, 
when the eigenstates of parity are expressed as linear combinations of those 
of J’, the coefficients contain terms of first order in m, so that in the parity- 
angular momentum analysis the phase shifts will have terms of first order in 
m as well as second order terms. 

The approach outlined here is the natural extension to the case of non- 
vanishing mass of the approach used by Yennie, Ravenhall and Wilson *). 
It bears the same relationship to the Cini-Touschek §) transformation for a 
free particle as does the usual sequence of Foldy-Wouthuysen transforma- 
tions for a particle in an external field to the exact transformation for a free 
particle. 


5. Essential Uniqueness of Procedure 


In section 2 it was shown that there is great ambiguity in the definition of 
the successive unitary transformations in the Foldy-Wouthuysen procedure, 
and it is not a priori obvious that the different non-relativistic approxima- 
tions are equivalent. In this section we shall show that any two approximate 
Hamiltonians, each valid to order » in the expansion parameters, can be 
transformed one into the other (apart from terms of order greater than ” in 
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the expansion parameters) by a unitary transformation which operates sep- 
arately in the subspaces corresponding to positive and negative rest energies. 
This means that within the validity of the approximation the ambiguities in 
the transformations can cause at most a unitary transformation of the approxi- 
mate theory, so that the approximation procedure is essentially unique. 

The result will be proved in detail for the single particle case; the extension 
to the many particle case is straightforward. Ambiguities in the relativistic 
limit described in section 3 may be treated analogously. 

We consider the Hamiltonian 


H = bm+€&+0, (16) 
and two unitary transforms of H, 
H’ =e* He 
and (17) 


H" =e° He, 


such that both H’ and H”’ are even with respect to P = $(1+-£) up to order 
n in 1/m. Then certainly there exists an anti-hermitian operator « so that 


H” = e* HH’ e~. (18) 
Since both S’ and S”’ are of at least first order in 1/m, so is «. We consider 
a to be expanded in inverse powers of m, and wish to show that « is even with 


respect to P up to order n+l. 
The leading term in H’, regarded as a power series in 1/m, is Bm. The first 
two terms in H” are therefore 


bm-+H"y+m/[a,, B], (19) 
where H’, is the zero order part of H’ and «a, the first order part of «. Since 
this by hypothesis must be even, [«,, 8] must be even, and this is possible 
only if a, itself is even. The next term in H”’ is 


Hy = H',+[%, H’o]+m[ae, 8], (20) 
and since this is even and we have already shown «, to be even, it follows 
that a, is also even. Step by step procedure in this manner shows that « is 
even up to order ”+-l. 

It follows that H’’, up to order ” in 1/m, is just a unitary transform of H’ by 
a unitary operator which, up to order m+-1 in 1/m, operates separately i the 
subspace of Hilbert space defined by P = 1, so that the two approximate 
Hamiltonians define non-relativistic theories which are equivalent within 
their common range of validity. 


I wish to thank Dr. K. Johnson for a number of valuable discussions. It is 
a pleasure to thank Professor Niels Bohr for hospitality at Universitetets 
Institut for Teoretisk Fysik, Copenhagen, and also to acknowledge financial 
support from the Ford Foundation. 
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REPULSIVE CORE FORCES IN THE TRITON 
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Abstract: A variational calculation is made for H® with repulsive core forces fitted to two- 
body data. The binding energy so found increases with increasing core radius. 


1. Introduction 


Considerable information about the forces operating between two nucleons 
has been gained from the experimental data on the ground state of the 
deuteron, on neutron-proton scattering, and on proton-proton scattering!»*»8), 
It is interesting to investigate the consequences of this force law between two 
nuclear particles for three body nuclei. 

The present paper deals with one limited phase of this investigation, 
namely, the discussion of the effect of ‘repulsive core’ forces within the main, 
attractive, interaction. For this purpose, we have ignored other complica- 
tions in the problem (primarily the spin-orbit coupling introduced by the 
tensor force and by a possible L-S force). From studies of the two-body 
data, it seems very likely that the nuclear force becomes highly repulsive 
when two nucleons approach each other closely, to distances of the order 
5 x 10-4 cm or less. It is conventional to idealize this situation by an ‘infinite 
repulsive core’ in the nuclear potential, i.e., the central force is assumed to 
become repulsive and infinitely large for inter-nucleon distances 7 less than 
or equal to some ‘core radius’ 7). The wave function of a many-body nucleus 
is required to vanish whenever any two nucleons approach each other more 
closely than r = 7%. 

To the extent that a repulsive core restricts the amount of configuration 
space available to the wave function, we expect an increase in kinetic energy 
and hence a decreased amount of binding energy in the triton. However, in 
order to give a reasonable fit to the low-energy two-body data, the introduc- 
tion of a repulsive core implies a change in the force law outside the core as 
well: the central force outside the core becomes deeper and narrower *). This 
effect results in an increase of the binding energy in the triton. Thus two 
opposing effects are at work. 

t Also supported by the Nuclear Research Foundation within the University of Sydney. 

602 














REPULSIVE CORE FORCES IN THE TRITON 603 


2. Variation Method and Trial Function Used 


The wave equation can be written as 
(T+A4V)¢ = Ed (1) 


where J is the kinetic energy operator, AV the potential energy operator, 
¢ is the wave function, and E is the energy of the triton. 4 is a multiplicative 
‘strength constant’ for the potential. Since the actual energy of the triton is 
known experimentally, we can rewrite (1) as an eigenvalue problem for the 
strength constant A required to give the observed triton energy, i.e. 


(T—E)¢d = —AV¢. (2) 


From (2) we can derive a variational expression which gives an upper bound 
for the lowest eigenvalue 4, namely 


(py, (T—E)y) ~ 
(y, —Vy) 

Here y is any trial function; the operator —V is usually positive; for yp = ¢, 

the equality sign holds. 


We have used central forces for the potential, i.e., 
V = Ve(ty2) +V ¢(%23) +V e(%s1) (4) 


where 7,,; is the distance between nucleons 7 andj, and V, is the average of the 
central force potentials in the triplet-even and singlet-even states of the 
two-body system: 


V(r) = 4[V,(sing-even)+V,(trip-even) ]. (5) 


The reason for this choice is explained in ref. °). 

With central forces only, the ground state of the triton is a pure *S, state; 
its wave function depends on three coordinates only, which may be chosen as 
the three interparticle distances 7;,. In the presence of the repulsive core, 
this is the most appropriate choice of coordinates. Our trial function has the 
following form: 


A 





A 


Y = U(712)t (73) (71) (6) 
where u(r) vanishes at the core radius, y = 7), and is otherwise at our dis- 
posal. Although it would be possible to determine the ‘best’ function u(r) in 
(6), the resulting equation is an integral equation of awkward type, and we 
felt that we could get a sufficient approximation to 4 by choosing u(r) 
from among a certain set of functions, namely the set of functions satisfying 
the differential equation 


d2 
dr? 


2d 
u(r)-+ — — u(r) = [y*+ nV (r)]u(?). (7 





7 
| 
| 
| 
| 
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This equation arises in the ‘equivalent two-body approximation’ which 
has often been used for the triton ® 7”), Since it is known that this approxima- 
tion leads to surprisingly accurate results for the triton energy, we believe 
that a trial wave function constructed along these lines should be a reason- 
able approximation to the ‘best’ trial wave function of type (6). The para- 
meter y in (7) is a free parameter, and we evaluate (3) with various choices 
for y, until we find that value of y which gives the lowest upper bound for / in 
(3). The eigenvalue uw is chosen so that u(7) decreases exponentially for larger. 

We have performed a check on the accuracy of our choice of trial wave 
function by making one calculation with the more elaborate trial wave 


function: 

Y = U(742)% (723) (731) +C [4 (742) (723) (731) + permutations] (8) 
where C is an adjustable parameter, and v(r) is a solution of the differential 
equation (7) with one node at finite 7, and a correspondingly different value 
of uw. The resulting upper bound on 4, from (3), was only 0.2 percent lower 
than the value obtained with the trial function (6). 

As a second check, we have computed 4 for potentials with which very 
elaborate variational calculations have been carried out by Rarita and 
Present §) and by Svartholm ®). With the trial function (6), (7), our value of 
A was 1.1 percent higher (i.e. not as good as) the value of Rarita and Present 
for the same potential; using a potential investigated by Svartholm (Gaussian 
well) our value of 4 differed from his by only 0.4 percent, ours being the 
better. 


3. Results 


In table 1 we give the value of 4 obtained by our variational calculation 














TABLE 1 
Force strength A 
Well shape Well depth s 
%, = 0 ¥o = 0.22 | ro = 0.43 | rp = 0.65 x 10-8cm 

Exponential 0.3 — 1.90 1.81 1.76 
0.6 1.52 1.47 1.44 1.42 
0.9 1.23 1.21 1.20 1.20 
1.0 | 1.16 1.15 1.14 1.14 
Yukawa 0.6 _ 1.45 1.41 1.38 
0.9 1.18 1.18 1.17 1.15 
1.0 L.il 1.12 1.11 1.09 


























This table contains values of A for various core radii 7) and triplet central force well depths s. 

A = 1 means that, within the accuracy of our variational calculation, the central forces in the 

1S and 8S states alone suffice to give the observed binding energy of the triton. A value of A in 

excess of 1 means that additional binding forces (e.g. the tensor force) are necessary to yield the 

observed binding energy of the triton; and the excess of Aover lisanindication of the necessary 
strength of such additional binding forces. 
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for various choices of the nuclear force. In all cases the well shape and the 
core radius 7, were the same for singlet and triplet wells. The well depth 
and range of the singlet force were adjusted to fit the scattering length and 
effective range in the !S state of the two-body system; the triplet (central) 
well depth and range were taken from the tables of ref. *); for each triplet 
central well used, there exists a tensor potential of the same well shape, such 
that the binding energy of the deuteron, the quadrupole moment of the 
deuteron, and the *S+°D «-wave scattering length can all be fitted. 

If our value of 4 for any entry in this table had turned out to be /ess than 
unity, the corresponding potential would be automatically excluded, since 
the tensor force (which we have ignored) must necessarily add to the 
binding of the triton, and with 4 < 1, the actual central force (A = 1) gives 
already too much binding for the triton. However, all values of A in table 1 
exceed unity; thus none of these potentials are excluded by our present 
calculation. 

It will be seen that on the whole the force strength A decreases with in- 
creasing core radius 7, for a given triplet central well depth. This means 
that for the actual potential V(A = 1) the binding energy increases with 
increasing 7,. Though the change in A with 7 is small there is a much greater 
proportionate change in the binding energy since the potential and kinetic 
energies are each many times larger in magnitude than their difference. 

It should be pointed out that the opposite result is obtained if the tensor 
force in the triplet-even states is disregarded completely, and the triplet 
even central force is adjusted to fit the binding energy of the deuteron and 
the triplet scattering length. (Such a force necessarily gives zero for the 
quadrupole moment of the deuteron.) Such a calculation has been carried 
out by Kikuta e¢ a/.!°) using analytic methods and a trial wave function of 
the same form, (6) as ours. We find good agreement between their results Tf 
and our machine results. Our results for 4 are given in table 2. 








TABLE 2 
rv, in 10-3 cm | A 
0 0.96 
0.2 | 0.99 
0.4 | 1.02 
0.6 1.03 











Values of A for alternative (unrealistic) assumptions about the central force in the triplet- 
even states: the tensor force is ignored and the triplet-even central force is determined so as to 
fit the binding energy of the deuteron and the triplet scattering length. 


We see that this time A increases with increasing core radius: furthermore, 
for very small core radii (7) = 0 and 7% = 0.2 x 10-8 cm), Ais less than unity, 


t The coefficient of C(x) in the second line of the expression for K™(x) on page 232 of 
ref. 1°) should be (D?—14D/zx—8/z*). 
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indicating that the potential is unacceptable. This is of course the well-known 
result that a central force of zero core radius which binds the deuteron 
properly gives too much binding for the triton. We do not attribute much 
significance to the results of table 2, since the nuclear force law used there is 
quite unrealistic; we use table 2 merely to point out that the results of table 1 
depend on the existence of the tensor force and the quadrupole moment of 
the deuteron, even though this dependence is entirely implicit. 


We are grateful to the staff of the Adolph Basser Computing Laboratories 
for the excellent facilities afforded us, and in particular for the use of the 
electronic computor SILLIAC. One of us (G. D.) would also like to thank the 
Australian Atomic Energy Commission for a Post Graduate Research- 
Studentship which has enabled him to carry out this work. 
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Abstract: We carried out beta-gamma ray coincidence investigations by means of a magnetic 
spectrometer and a NalI(T1) scintillation gamma-ray spectrometer incorporated into the 
former one in order to determine the number and maximum energy of partial beta-ray 
spectra at the decay of Nd'*?. We found the following beta-ray groups of end point 
energy: 815+10, 529+25, 365+15, and 215+15 keV. 


1. Introduction 


The decay of Nd? has been investigated by a number of authors, yet its 
decay scheme cannot be considered as thoroughly clarified even today. 
Generally two beta-ray groups are distinguished in the earlier investiga- 
tions '~*), although Kondaiah suggests the existence of a possible third 
group on the basis of gamma-ray spectrum analysis. 

The beta-ray spectrum and at the same time the internal conversion 
spectrum of neodymium-147 were last examined by Emmerich and Kur- 
batov **), Their measurements were supplemented also by coincidence 
absorption measurements to determine the decay scheme. On the other hand, 
level schemes were established through careful analyses of internal conversion 
lines by Rutledge, Cork and Burson *) and of the gamma spectrum by Hans, 
Saraf and Mandeville *»*), The values for the maximum energy of partial! 
spectra obtained by the afore-mentioned investigations are represented in 
the corresponding columns of table 1. 

Until recently, coincidence beta-ray spectrometric measurements have 
not been made for the neodymium-147 isotope. We report on measurements 
of this kind in the following to contribute to the clarification of the Nd!47 
decay scheme. 


2. Experimental Details 


In our measurements, a magnetic spectrometer of the toroid-sector type 
was employed. For the detection of f-rays, an anthracene crystal scintillation 
counter was made available inside the instrument !%!1), 
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We combined a coincidence spectrometer out of the above beta-ray 
spectrometer, an Nal(T1) crystal scintillation y-ray spectrometer and a 
coincidence-circuit !* 13), The diameter of the cylindrical NaI (T1) crystal was 
35.5 mm, and its height 22 mm. The multipliers both in the anthracene detec- 
tor and scintillation spectrometer were of the RCA 5819 type. The resolving 
time of the coincidence circuit was ~ 1.5 x 1077 sec. 

Our Nd! isotope was supplied by Harwell in the form of NdCi,. It was 
carrier-free but containing organic break-down material from ion exchange 
resin in a concentration of about 1—2 mg/ml. The source was prepared by 
drop method with a backing of » 1 mg/cm? mylar foil. In order to prevent 
charging of the backing, it had been previously coated with vacuum evap- 
oration of aluminium together with the plexi source holder. The thickness 
of the source was » 1 mg/cm?. No covering foil was used. 

In order to check the radioactive purity of the shipped Nd", we carefully 
observed the decay of a sample for over a month. For the half-life we ob- 
tained the value reported in litterature !) within the limit of error. Thus, the 
presence of radioactive contamination could not be detected. 


3. Results and Discussion 


Considering that in our measurements we intended to find also groups of 
low intensity, it was advisable not to use the differential discriminator in the 
y-channel, but only the integral one. 

At one series of measurements the y-discriminator was set so that only the 
detection of y-rays with a quantum energy exceeding 91 keV might be 
possible. That is to say, according to measurements referred to in the intro- 
duction, the f-ray group of the highest intensity and, at the same time, of 
the highest energy is in coincidence with the y-radiation of 91 keV. With this 
discrimination it can be expected that the internal groups may be observed 
more distinctly. In fig. 1, the Fermi-Kurie analysis of the coincidence spec- 
trum obtained under the above circumstances can be seen. Each single 
value of measurement is the result of measurements of 10x10 minute 
duration. 

In the second series of measurements, on the other hand, we proceeded 
with such a setting of the discriminator to obtain the f—y coincidence 
counting rate for all y-rays from the decay of Nd’. The Fermi-Kurie anal- 
ysis of measurement values obtained in this manner is shown in fig. 2. The 
values in this plot were obtained as a result of a series of three ten-minute 
measurements. 

Two partial spectra are well distinguishable in fig. 1, and three in fig. 2. 
In the coincidence studies, the spectrum of lower end-point energy somewhat 
above 200 keV that were expected on the basis of the y-spectrum investiga- 
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Fig. 1. The Fermi-Kurie plot of the 6—y coincidence spectrum at which the coincidence was 
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Fig. 2. The Fermi-Kurie plot of the 8—y coincidence spectrum when every y-line took part in 
the coincidence. 
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tions of Mandeville and co-workers, could not be found. The reason for this 
failure was that because of the long series of measurements, the discriminator 
had to be set in the f-channel in such a way that it made the counting of 
lower energies impossible in our experimental conditions. Nevertheless we 
measured the f-spectrum itself — without making coincidence measure- 
ments — at a setting of the discriminator favourable for lower energies. 
The Fermi-Kurie diagram of the measured f-spectrum is represented in 
fig. 3. Here the partial spectrum of 215 keV end point energy is well distin- 
guishable. The group distinctly observable at the coincidence spectra, with 
an end point energy not much higher than 500 keV, was not discernible here 
at all. By this measurement, however — as it can be seen also in fig. 3 -—- 
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Fig. 3. The Fermi-Kurie plot for the part of lower energy of the f-spectrum. 


the maximum energy of the group with the highest end point energy could 
not be well evaluated. 

The reported errors of measured values are the results of estimation. The 
least exactitude we could reach in giving the maximum energy value of the 
group with an energy not much higher than 500 keV end point energy. 
Taking a mean value from the analyses of the two coincidence spectra 
(cf. figs. 1 and 2), the end point energy of this group is 529+ 25 keV. Although 
as it can be seen in figs. 1 and 2 the errors of the single measuring data are 
rather considerable, on the ground of the plots, the supposition might not be 
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too daring that in the case of this group we are confronted with a transition 
uniquely forbidden in the first order, the plot of which can be straightened 
out by an a, factor }*), that is AJ = 2, Am = — 1. This hypothesis seems to 
be supported also by the log /¢ values (cf. ref.®7-8)) published up to now 
regarding this transition. All these values are within the 7.3—10.1 region 
characteristic of the transition uniquely forbidden in the first order 1), 

No intensity data were derived from these measurements. 

In the course of our studies, we received an unclassified report that several 
Canadian authors !”) also carried out S—y coincidence spectrometric measure- 
ments for the decay scheme of Nd'*’. Their results together with ours and 
those of some other authors mentioned before have been summed up in 


table 1. 


TABLE 1 


The end point energy of the partial spectra of Nd!’ according to the measurements of several authors 










































































Kondaiah *: 4) Emmerich | Rutledge Hans Ewan — 
(1951) et al, » ®) et al.’) et al,®®) et al.4*) (1958) 
(1951) | (1952) (1955) (1956) 

| | 297 ww 2% 214415 215415 
350+8 32% | 380430 25% | 384 395 20 % 368 + 10 365+15 
?470 3% | 2518 516 we 38% 529425 
ee ‘eabsnaueklineumtiinames Lceieidbdanticnicscuiel ee | — 
600+30 15% | 598 | | 
EEE ——— _ aU em - 
2643 | | 
780+8 65% | 8254+15 60% 825 835 75 % 818+7 815+10 
f-spectrum, f-spectrum, internal y-scintillation |S—y coincidence |f$—y coincidence 
internal internal conversion spectrometer spectrometric spectrometric 
conversion conversion measurements | measurements | measurements | measurements 
measurements and abs. 
coincidence 
measurements | 


























All energies in keV. 


The estimates of error relating to the individual groups as well as the rela- 
tive intensity data are represented in the table only where they were also 
given in the original paper. The table was arranged so that data referring to 
probably identical groups should be in the same line. We indicated under 
each column the type of measurement applied in obtaining the recorded 
results. 


I should like to take advantage of this opportunity to express my deep 
gratitude to Prof. A. Szalay for the continuous interest he has shown in my 
work, and for his valuable help. I am also greatly indebted to Prof. O. B. 
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Nielsen (Copenhagen) for having called my attention to the problem. 

Thanks are due to my colleagues T. Scharbert and G. Mathé for their help 
in the solution of electronic problems, as well as to Cs. Ujhelvi for the 
careful preparation of the sources. 
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Abstract: It has been predicted, by largely classical arguments, that destructive interference 
of the radiation from many collisions greatly reduces the rate of energy loss by very high 
energy electrons undergoing multiple scattering. It is observed that this is incompatible 
with a standard formula in classical theory, and the discrepancy is traced to an inadequate 
account of the high frequency part of the radiation spectrum. It is concluded that any real 
effect of this kind is of essentially quantal origin. 


1. Introduction 


It has been claimed by Landau and Pomeran¢éuk (see the review article of 
Feinberg and Pomeran¢tuk !)), and in more detail by Migdal?), that at 
sufficiently high energies electrons become penetrating particles. It is 
argued, largely on the basis of classical theory, that the expected increase of 
bremsstrahlung with energy is actually changed to a decrease when inter- 
ference of the radiations from many deflections is considered. However, this 
conflicts with the standard classical formula *) for the energy radiated by an 
electron moving in an electric field, 

2e* ( E?—(E- v)? 

3m? 1—v? 
(we take c = 1) where v is the velocity of, and E the electric field on, the 
electron at time ¢. The integrand is positive definite (v = |v| < 1) so that 
energies radiated during different intervals simply add; as far as the total 
radiated energy is concerned there can be no question in a strictly classical 
theory of destructive interference. To discover the origin of the discrepancy 
the work of Migdal has been re-examined. It is found that a more careful 
treatment of the upper end of the spectrum is needed, and that then inter- 
ference effects there enhance the radiation in just such a way as to cancel in 
the integrated effect the reduction at lower frequencies. However, the 
compensating enhancement is in a region where classical theory is quite 
wrong, so that as an essentially quantum effect the increase of penetrating 
power found by the above authors may indeed exist. 

Note that we are not here concerned with the effect of the polarizability 
of the medium, as discussed by Ter-Mikaeljan !), which is important only for 
extremely low frequency radiation. 


dt 
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2. Migdal’s Result 


We first rederive Migdal’s result in such a way that the necessary modifica- 
tions are readily incorporated. His starting point is the following expression 
for the energy radiated by a single electron into the frequency range dw and 
unit of solid angle dk: 


| (1) 


where r and v are position and velocity at time ¢ and k is related to the unit 
vector K by k = wk. We shall start instead with 


2 | poo 
dJ = (=) w2 dw dk 1] dtk x ve-iettik'r 


21 


e \? T oo. ad Kxv 
dJ = (=) dw dk | die—tett&-r _ ____|, 2 
rs eee | sos di me er (?) 
which is obtained from (1) by partial integration, ignoring a contribution 
from ¢ = — oo on the ground that we are not interested in radiation emitted 


while the electron was initially accelerated. The use of (2) forces us to be 
rather more explicit than Migdal in describing the path, which we assume to 
be a series of straight sections with sharp bends due to collisions. Denoting 
by 6, the change in Kx v(1—K - v)— at the 7th collision, (2) becomes 


2n\*? dT 
(=) — = dk[6,-6,;+2 Re > 6, + deft F™ F807), (3) 
é dw j>i 
The terms involving a particular collision 7 are 
dk{6,2+-2 Re pa 6; ° é; e—tolts—t,) tik: (Fy-F a) (4) 
j>t 


where the second term is the interference effect. To find the energy radiated 
on average in the range dw by a single collision, (4) must be averaged over 
all possible collisions 7, all possible subsequent collisions 7, and integrated 
over k. At the final stage the integrand can depend only on the angle between 
k and the velocity u’ = u’v before the collision 7; so instead of integrating 


over K we can equivalently integrate over a’. The resulting expression is 
[ da’aaP(a’ + a) | {(6(u’, u)}? 
00 (5) 
4+2Re | ~ dt | dr d¥ d¥’e-***-F §(u’, u) 6 (9, V’)P(vV > v’)nvoW | 


where P(@’ — Q) is the probability that in a collision with initial direction 
fi’ the final direction is @, 


d(u’, u) = (6) 
n is the number of atoms per unit volume and o the scattering cross section, 
and W (a, r, V, ¢) is the probability that a particle with velocity fv at some 
instant is after a time ¢ found displaced by distance r and with velocity Wv. 
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Note that the magnitude of the velocity, v, is treated as constant; this is 
permissible because the important contributions to the integral in (5) are 
expected to be for |r| small compared with the radiation length L. The 
important values of |r| are presumably of the order of the length required for 
the root mean square angle of multiple scattering to equal the angle (1—v?)# 
= m/E characteristic of high energy bremsstrahlung. This latter length is in 
fact *) 
(m/E.)?L x L/1600. 

We now make the simplifying assumption, implicit also in the work of 
Migdal, that typical angles of single scattering are small compared with 
m/E. The quantities 6 can then be evaluated as power series in the relevant 
velocity changes. To lowest order in 6, the mean square angle of scattering 
in a single collision, one finds 


| da’ da P(a’ + 0){6(u’, uy}? = (=) @ 











j 3 
e .. kK 

| aa’ P(a’ > a)o(u’, uw) = (7) 3 aw (7) 
: s_ £&x 

| ae PW + ¥)6(v, v’) = —4 (™) 2 73 = 


where the approximation 2(1—v) ~ (1l—v?) = (m/E)? has been used as 
sufficient for E >> m. The average energy radiated per collision is then, 


ignoring interference, 
9e2 (E\2— 
(2) & (8) 


62 \m 
and interference causes a correction factor 


3 6 A A . P 
@=1— miotd (*) 62 Re | ardrdiage-t™t" 
l6éxz \E 


Kxu  —s &xv 
* (k= us (kv) 
The expression (8) gives a classical approximation to the Bethe-Heitler 
formula which should be accurate at low frequencies. Actually it is too large 
by a factor of about 2. The error is in our assumption that single scattering 
angles are small compared with m/E. The largest deflection 6,,,,, controlled 
by finite nuclear size, even for lead is about 60 m/E; that the error in (8) is 
only a factor two is because 6,,,,, occurs only as the argument of a logarithm. 


(9) 








max 


While strictly our considerations apply only to hypothetical atoms with very 
large nuclei, it is probable that the results are at least qualitatively relevant 
to the real case. 
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For E > m, the angles of scattering and radiation are very small, so that 


the vectors 
&=a-k, 4=Vv-k (10) 


are essentially confined to a plane perpendicular to kK, and d& and dy will 
denote elements of area in this plane. For y = (m/E)? <1 one finds 


(1—k-0) = }(y+-), (1—K-v)=4(y+n*), (Kxu)-(Kxv)=§-y (11) 
so that with 





q= 1 nvob?, (12) 
we have 
48 wee §-% 
® = 1— Re — ‘| arara dn e—ttt&:r — W(&,r,n,t). (13 
To determine W we have the initial condition 
W(§,¥, 9, 0) =: 6(r)6(§—n) (14) 
and the Boltzmann equation 
ow 0 
tv W = nv | dq Plo’ > 0)(W(9')—Win)}- (8) 


However, with the assumption that angles of single scattering are small 
compared with m/E, the latter can be replaced, following Migdal, by the 
Fokker-Planck equation 


o \2 
= +VW=¢ {--) Ww (16) 


where (0/0)? is the two-dimensional Laplacian. 
Now the quantity 


[ dtdrdg ets WE(y+&)-3 (17) 
can depend on K only through 7, and so must have the form 
nH (n°, ). (18) 
Then 
48 
Gs = ee ay* | dnnt(y-+yt) 7H, (19) 
1 
and from (16), 
io (1—K + v)H — (y+-n?)-3 = 49{d?/d (_?)*} 9? H. (20) 
With 
z=7/y, G= 8qy?zH, s* = wy?/64g¢, (21) 


(19) and (20) become 
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@ = 1— Re6 |” de(1+z)8G, (22) 
: a 23 
1(1+2z)G = as2 las® + (+2)5) ° (23) 


The required solution of (23) is that regular at infinity (so that (22) converge) 
and zero at the origin (assuming H to be finite there). By a couple of partial 
integrations 


o 1+ Resa iat (24) 
= e z— — 2 
al l+2z dz? 

= 24s? Re [ deF (25) 
where the second derivative has been calculated from (23), and 

—iF = G—2z(1+2)"1. (26) 
From (23), 

d? Fk 
z —— — 8s2i(1+2)F = —8s?z. (27) 


dz” 
Migdal’s equations (7) and (8) are obtained from (25) and (27) by trivial 
multiplicative changes of variables and the addition of an imaginary constant 
to the unknown function. Following Migdal, solution of (27) by Laplace 
transformation yields 


Pn 1 ] 
® = — Re as(1+é) | da | —— -;| qraens, (28) 


0 sinh? x x? 





By partial integration and the change of variable 2% —> x, this can be shown 
equivalent to Migdal’s formula (11); also by partial integration one finds the 
slightly simpler form 





® = Re 24s%i | de{coth r—ale- tal the (29) 
or finally 
@ = 24s? ty dxe~*** (sin 2sa)(coth x—a-). (30) 
For small and large s, 
® = 6s+-... 
vial (31) 
® = 1 — —— 
84s* r 
Instead of ,4;, Migdal quotes 48. 
The quantity 
1289 (~ 
dw(1—%) = — ds(1—@®)s (32) 
0 y? Jo 
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measures the overall reduction in radiated energy. From (29), after partial 
integrations to remove the factor s*, one finds 


d3 1 
s® = s— Re #i(i+1) [az e—28(1 +4) —__ (cotn x— -) (33) 
dx’ x 
Using this in (32), performance of the s integral first and taking the real part 
leads to a 6-function at x = 0. The result is 


dw(1—®) = 89q/5y?. (34) 


We have to explain why this is not zero. 


3. Correlation Effect 


Returning to the expression (4), note that the w dependence is entirely in 
the exponent, and the expression can be integrated over w using 


76 (t) 
1—-k-u_ 


The interference term integrates to zero, for the 6-function could contribute 
only if ¢;—t¢, were zero, which would imply coincident atoms. However, in (5) 
subsequent collisions were tacitly allowed to be indefinitely close to the 
original; this then is the origin of the spurious effect. We will now incorporate 
in the analysis a minimum time t between collisions, which is that required 
by the electron to pass between the centres of two atoms at their distance of 
closest approach. Strictly, perhaps, we should at the same time remove the 
idealization of infinitely sharp deflections, which would result in the w 
integral of the first term in (4) being finite; but for simplicity this will not be 
done. In (5) we change the origin of ¢ and r to the point (rt, ur) at which the 
first subsequent collision could occur, so introducing a factor 


e-twr(1+k-u) (35) 


co 
Re | dw e tottik-r at 
0 


into the integrand. After the minimum time it will be supposed that colli- 
sions; (when the average is taken over a suitable ensemble of atomic con- 
figurations) again occur at random — this amounts to using for the two- 
atom correlation function that appropriate to a low density gas of hard 
spheres. The function W is then precisely as before, and the correlation 
effect is entirely represented by the factor (35). Proceeding as before, the 
expression (13) for the correction factor is found to be augmented by a term 


sty 
(y+&)* (y+7?)* 
(36) 





48 | mae 
A®D = Re — qy* {e-tior(y +6") a 1} | ararag dy etwt+ik:r 
m4 
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At high frequencies the important values of ¢ in the integrand of (36) are 
presumably those up to and of the order of 
{w(1—v)}- & (2@y)1. 
The typical angle of multiple scattering produced over such an interval, 
divided by m/E, is of order 
(nv02/2@y2)t = (2g/wy?)* = (32s?)-4. (37) 
So with 32s?>> 1, the multiple scattering can be ignored and an adequate 
approximation to W is 
6(r—ut)d(§—m) 
which yields 
48 €2 ss sin *)wt} 
A® = — gy*t | dg ——— mage # et (38) 
7 (y+s)  g(y+S)or 
As a function of w this is positive and roughly constant until ywrt is compara- 
ble with unity, and then falls off. 
It is more difficult to determine 4@ for small w, except at w = 0, where 
(36) gives AD = 0. However, the condition 32s? > 1, using standard multiple 
scattering expressions 4) may also be written 


dyot > (1/L)(E,/m)? ~ 16007/L. (39) 


In air and lead respectively the right hand side is of order 10-® and 10~. 
Thus (38) will be valid over all but a very small fraction of the range ywr < 1. 
We may use it therefore to compute the integral of A4® over w, with the 
result 





| A® dw = 8q/5y?. (40) 


This just cancels (34) as expected; the exact form of 4® must give the same 
result. In the limit t — 0 the correction factor for all w approaches (30); but 
the small residual enhancement extends to continually higher frequencies in 
such a way as to keep the limit of the integral different from the integral of 
the limit of the integrand. 


4. Conclusion 


It has been found that the reduction in radiation at low frequencies is 
compensated for by enhancement at very high frequencies. But it must be 
admitted that the enhancement is mainly in a frequency range where 
classical theory is quite wrong. Frequencies of order (ry)~! correspond to 
photon energies fw such that 


ho|E = (h/mt)(E/m) ~ 10-3 E/m. 
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At the energies for which interference effects become of interest (E/m » 1044 
in air, 10° in lead) such photons are energetically impossible. So it may be 
that in the quantum theory *) there is no important analogue of our compen- 
sating effect, but this should be investigated. 
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Abstract: An analysis of the polarization phenomena in the neutron-proton radiative capture 
and the photodisintegration of the deuteron is given. The usefulness of some polarization 
experiments is indicated. 


1. Introduction 


The present paper contains an analysis of polarization effects occurring in 
the photodisintegration of deuterium and radiative neutron-proton capture. 
Previously obtained results concerning the polarization of nucleons in the 
photodisintegration of deuterium have been published in two recent pa- 
pers }}), 

All calculations presented below are performed for the radiative capture 
reaction; a mathematical formalism suitable for this purpose has been 
constructed. We obtain several formulas in which the angular distributions 
and polarizations of emitted y-rays are expressed in terms of the radial 
integrals of the multipole moments and phase shifts of the neutron-proton 
scattering problem. These formulas contain, beside several new results, all 
the main ones of refs.1;?). The angular distribution of nucleons from photo- 
disintegration of deuterium (incident y-rays unpolarized) is the same as the 
angular distribution of y-rays from the radiative capture of unpolarized 
neutrons by unpolarized protons (detailed balance theorem). Similarly, 
polarization of the neutrons from photodisintegration of deuterium (incident 
y-rays unpolarized) is equal to the left-right asymmetry in angular distri- 
bution of emitted y-rays from radiative capture of polarized neutrons by 
unpolarized protons (Blin-Stoyle’s theorem, see ref.*)). 

As mentioned before, in refs.42) polarization experiments may give an 
additional check on the sets of phase shifts obtained from neutron-proton 

t On leave from the Institute of Nuclear Research of the Polish Academy of Sciences. 


tt This work was supported in part by the U.S. Atomic Energy Commission and the Higgins 
Scientific Trust Fund. 
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scattering analyses and on the phenomenological neutron-proton potential. 

Recently, de Swart and Marshak have employed the differential cross 
section, which gives two relations between the various integrals, to check the 
Singell-Marshak nucleon-nucleon forces. The success of their work has 
encouraged us to work out various further relations that can be obtained from 
polarization experiments. 

Special attention is paid to two aspects of the problem. The first concerns 
the role of M1 transitions in the P(#) function describing reactions with 
polarized nucleons (see, e.g., eq. (11)). M1 transitions interfere here with El 
and play therefore a considerable part. Recent theoretical analysis of the 
photodisintegration of deuterium *) shows that, in the medium energy range, 
E1 transition matrix elements are well reproduced by the matrix elements 
of the static dipole electric moment with wave functions corresponding to the 
phenomenological two-nucleon potential as proposed by Singell and Mar- 
shak *) (the Siegert theorem is valid) f. 

This indicates that El transition integrals in low and medium energy 
ranges are rather well known. Therefore, measurements of the nucleon 
polarization from the D(y, n)p reaction (y unpolarized) or equivalent meas- 
urements of the left-right asymmetry in the angular distribution of y-rays 
from n(p, y)D reaction with polarized neutrons can give information about 
M1 transitions which at present are much less known than E1 ones. 

The second point to be emphasized is the role of the 73D, component in the 
ground state of the deuteron. For low energies (incident photon beam of 
few MeV), the contribution of the *D, state to the polarization of the out- 
going nucleons from the D(y, n)p reaction is considerable (about 15 %). 
For the n(p, y)D reaction in the same energy range, the polarization of the 
outgoing deuterons is entirely due to the presence of a 3D, component in the 
deuteron ground state and, if corresponding measurements were performed, 
one would obtain information about the percentage of the *D, component 
in the deuteron ground state. These two examples show that the polari- 
zations in the low eneigy limit are much more sensitive to the presence 
of the *D, component in the deuteron ground state than in the differential 
total photodisintegration and cross sections. 


2. Notation 


D(u) Deuteron spin function: u-projection of the spin of the deute- 
ron on the z-axis. We have § D*(u)D(u’) =6,,, (summation 
over spin variables). 

6em(L,M) Electric field of L, M-pole electric and magnetic radiation 
defined as in ref.®), table 1. 


t The influence of retardation effects for energies of the order of 100 MeV has been in- 
vestigated in ref.®). 
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The z-component of the total spin of the neutron-proton 
system. 
Amplitude defined as in ref.’), Chapter XII. 
The neutron-proton initial and final states. 
The total angular momentum of the neutron-proton system, 
and its z-component. 
The spherical harmonics defined as in ref.’*). 
The total angular momentum eigenfunction defined as in 
ref.’), Appendix A. 
The radial eigenfunction of the uncoupled (/ = /) state of the 
neutron-proton system in the continuum. 
The radial eigenfunctions of the coupled (/ = J/—1,/ = J+1) 
states of the neutron-proton system in the continuum. 
The mixture parameter defined as in ref.°$). 
The phase shifts defined as in ref.*). This notation is used only 
in formula (3). 
The standard spin $ functions (see, e.g., ref.*), Appendix A). 
The triplet spin functions. 
The singlet spin function. 
The wave vector of the outgoing photon. 
The wave vector of the incident neutron. 
The unit vector perpendicular to the reaction plane, 
Kx ky 
ik x kl’ 

The deuteron ground state radial eigenfunctions (of the 3S, 
and 8D, states, respectively). 
The 4S,-state radial eigenfunction. 
The %P, state phase shift. 
The 8P, state phase shift. 
The ®P,+-°F, states phase shifts (see ref.$)). 
The 1S, state phase shift. 
The parameter of the deuteron ground state wave function 
(lim,_,., # = const - e~7’). 
The nucleon mass. 

hk 
* Me 
fy and mw, are the proton and neutron magnetic moments, 
respectively. 
The angular distribution of y-rays from the radiative capture 
of unpolarized neutrons by unpolarized protons (see eq. (6)). 
The angular distribution of y-rays from the radiative capture 
of polarized neutrons by unpolarized protons (see eq. (8)). 


(Up—Hn)> 





: 
| 





624 W. CZYZ AND J. SAWICKI 


) a The vector of polarization of the incident neutron beam. 

P(#) The polarization of the outgoing neutrons from the D (y, n) p 
reaction with unpolarized y-rays. This function was calculated 
in refs.') and ?), 

IT(#) The polarization of the outgoing y-rays from the radiative 
capture of unpolarized neutrons by unpolarized protons. 

F¥ (8) The angular distribution of the (L, M) multipole radiation 


Fit (8) = 40°? @(L, M) E&*(L, M). 

W (#, §) The probability of finding a y-quantum in the direction # with 
polarization vector § (see ref.°)). 

§ The polarization vector of the y-quantum. We describe the 
polarization of y-quanta, exactly as Tolhoek and Cox do, by 
means of Stokes parameters &, & &3: § = &y%+42%1 +s Xe; 
where x, determines the state of linear polarization when the 
electric vector lies in the plane Ky and k. Here +y, give the 
states of linear polarization rotated through 42 compared 
with x). Besides, +%., —%_ give left and right circular 
polarized radiation, respectively. For details, see ref.*). 


4 The polarization vector of the (L, M) multipole. For details, 
see ref.®), 
/(3, D) The angular distribution of nucleons from the photodisintegra- 


tion reaction by linearly polarized photons. 
Definition of the radial integrals involved in tables 1 and 2: 


Ly =| (yr)u(u—2tw)dr, Ly ={™ (y)v,(u+2-4w)dr 


Ja = 3(— V3 COS €+ SiN &g) (L_*+L,” V3) 
JI: = 3(Vs sin 9+ &g) (Ly +L,’ V3) 
4, = 3(-—V3 COS €g—SiN &) (L_*+L;” V3) 
LZ; = 3(V3 SiN £g—COS ég) (Lo? +L,’ /3) 
a “ a 1 a 34/2 “ a 
Le? =| (yr)uz? (u— 52 w) dy, Le? = terry (yr)wo'? wdr 
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3. Mathematical Description of the Emitted y-rays 


The emitted electromagnetic field will be described by the mathematical 
scheme given by Blatt and Weisskopf’) and adapted to our purposes. Our 
starting point is the construction of the electric field of y-rays produced in 
n—p radiative capture 


E’ = > D{[u(o, M) ja,’ (L, M) é,(L, M) 
L,M , 
+ ¥ Di[u(o, M) jan’ (L, M)&,(L, M). () 
L,M 
Eq. (1) represents the electric field produced by an initial state of the neu- 
tron-proton system with z-projection of the total spin equal to o. The recoil 
effect after y-ray emission is neglected, therefore D(u) are just deuteron 
spin functions. We shall work in the frame of reference shown in fig. 1. 








ne a ® 
\ 
‘9 
\ 
a 
4 > - 
\ k 
4 — a> 2 
> — 
~>_ kx Ky 
ft K x Kol 
4 
af 
y 
Fig. 1 


Therefore, o is the z-component of the total angular momentum of the inci- 
dent beam. Using conservation of angular momentum, we can find a relation 
between ju, M, o. Here, u+-M represents the z-component of the total angular 
momentum in the final state (y-ray + deuteron); therefore, 


wt+M =o. (2) 


This is the reason why in eq. (1) uw is written as a function of M and o. 

All calculations are performed in the C.M. system. For calculation of the 
az (L, M) amplitudes we shall use the following initial and final neutron- 
proton system wave functions: y,” is asymptotically a plane wave plus a 
divergent spherical wave. It can be shown by a procedure similar to that 
used in appendix 1 of ref.1) that the general form of y,’ is 














626 W. CZYZ AND J. SAWICKI 


) ) preg aly, MG) 
= ~ letdrstty0 CyiVJ, 4; 0, 6) YF.9(0, 0)YF 71 (8, ¢’) “ST 
+ (cos Ey efld7J-1) +8 ya] Cyiil, a; 0, 0) Y7_1,0(0, 0) 
ot sin gettin +0) +8 7a] CyraiilVJ, GC; 0, 0) YF41,0(9, 0)) 
uy*(r) ee, «ie a 
x (“ 7,5-1,1 (8, 9) + ews Wy. s+11 (OY ) (3) 


+ (roe gett U0) +879) Cy4,1(1J, 4; 0, 6) Y7F_1,0(0, 0) 


+ cos e,etldn J+) +878) CyaiaiV, a 9, a) YF 41,0(0, 0)) 


B B 
x (“) YS, y-1,1 (8, Pp’) + al 7,7+1,1 (0, ’))}. 
The above function is constructed for triplet spin states of a neutron-proton 
system and is sufficiently general to describe the influence of spin-orbit plus 
tensor forces. For singlet spin states of a neutron-proton system, there is 
neither spin-orbit nor tensor coupling present and the construction of y,7 is 
trivial. We shall write the final state wave function in the form 

Ww = “) Yeoat wl) Yt 2,1° (4) 

r r 

Now, using (3) and (4), we can perform all angular integrations in the 
a (L, M) matrix elements and express them as functions of phase shifts 
and radial integrals. 

Having calculated all the af ,,(L, M) important in the chosen energy 
range, we can get from expansion (1) all information about the electro- 
magnetic radiation and deuterons emitted after the capture reaction. 
E.g., we can calculate the angular distribution of y-rays after capture of 
unpolarized or polarized particles, polarization of y-rays after capture of 
unpolarized or polarized particles, polarization of deuterons created in 
capture reaction, etc. 

In the following applications we shall use mainly El and M1 transitions. 
We therefore give the tables of a,7(1, M) and a,,’(1, M) only. In a,7(1, M) 
we take into account all possible El transitions from *P,), °P,, *P,+ °F, 
continuum states to the °S,-+ 8D, ground state. In a,,7(1, ) we take into 
account only the most important M1 transitions 1S, — °S,+%D,. 


4. Angular Distribution of y-rays. Neutrons and Protons are 
Unpolarized 


The angular distribution can be obtained from formula (1) by evaluating 
the following expression: 
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(S PE’: EB” fav, (5) 
where § represents the summation over spin variables and {...},, the 
averaging over 4 possible values of o (three triplet values, one singlet value). 
All cross terms vanish because of the orthogonality of the D(u) functions 
and incoherence of all initial states labelled by o (nucleons are unpolarized!). 
In the E1-++-M1 approximation (see preceding section) we get the following 
expression for the angular distribution of y-rays: 


a(3) = a? M.2+-36,+3(po—fr) sin? J, (6) 
where 
h 
= 7, pHa)» tho = ho Se* S |e” (1, 0) 


iP = ky %e ot 2 |e” (1, 1)[? = hoSer* > Ia” ( (1, —1)|?. 


If we want properly normalized differential cross-sections we have to multi- 
ply o(#) by the factor B(k) defined in ref.4). From table 1 of the preceding 
section we can easily get explicit expressions for p, and #5: 


2 
br = Watt SPt Jat Fels Ja 008 (m—Mas) + 


+2], J pcos ba eee belt Z2+Ze+3 VEL, Z,COS (No—Nox) (7a) 
+3V3 LZ, COs (No—Nog) +2Z, Z 3 COS (ox —Neag) 


4 4 
= gLy7+2J,2+2)°— 6 Ly Jaq COS (Ny—No_) — Ve J; COS (71 —Nog) 


+4], Jp COS (Noz—Nog) +o7Lo°+4Z,? +42," 

—$V§ LZ, 608 (Mo— Nox) —$V FL Zp COS (No —Nop) 

+82, 2,4 COS (No1—Nag): 

It should be noted that eq. (6) represents also (detailed balance theorem) 
the angular distribution of nucleons from the photodisintegration of deute- 


rium. Formula (6) takes into account the tensor coupling between ?P, and 
3, states and, to the best of our knowledge, has not been published so far. 


(7b) 


5. Angular Distribution of y-rays. Polarized Neutrons Impinging on 
Unpolarized Protons 


First of all let us remark that, according to the Blin-Stoyle result (see ref.%)) , 
the angular distribution we are looking for is given by the formula 


Fd) = o(8) [1+ > Pine P(8)). (8) 
The function P(#) was calculated in ref.1) and ref.*). Therefore, using eq. (6) 
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of the preceding section, we can immediately get the result. We prefer, 
however, to present some points of the calculation for two reasons. Firstly, 
in ref.)-?), P(#) was calculated without taking into account the *P,+°F, 
tensor coupling, and now, using table 1, we are able to do so. Secondly, we 
want to present an alternative scheme of practical calculation of the P(#) 
function. 

We can use, of course, formula (5). Only the averaging process must be 
different now. First, let us write down the spin function of two nucleons 
having directions of spin fixed in space. The spinor pointing (0, ¢) direction 
in space is described by the superposition 


ax+bB, a=cos fel, b=sin 10 eb, (9) 


Suppose now that the neutron and proton spin functions are a,«(1)+6,6(1), 
and a,«(2)+06,8(2), respectively. The total spin function is therefore 


[a,%(1)+,B(1) }[aga(2)+4,8(2) | 


] l 
= A, Ag41 +5, by 4-1 +4, 5, - . (Xo° + Xo) +44 42 - ~ (Yo— Xo’): 
V2 V2 

We want to have the neutron polarized (say along the 2-axis) and the 
proton unpolarized. The spin function for the neutron is a superposition 
(1/4/2)x(1)+ (1/4/2)8(1) (according to (9)); for the proton we have, instead, 
a mixture of «(2) and #(2) spin functions. Therefore, we put a, = 1/1/2, 
b, = 1/12, and ag = 1, b,=0 or a, = 0, b, = 1. Now, we calculate the 
angular distribution for two y, in which the plane wave part of the asymp- 
totic form is multiplied by the spin functions $(4/2 %,+7%)—z7°) and 
3 (4/2 x-1+x0+%°) and then average over them. In these calculations, 
interference terms occur because of coherent contributions of the different 
spin functions (in the preceding example different spin functions gave 
incoherent contributions). This is a typical example of how to deal with 
polarized nucleons in the radiative capture scheme. The generalization to 
the case of two polarized nucleons is straightforward (one uses the spin 
function (10) without any averaging). The above calculations are sketched 
for the case of a totally polarized incident neutron beam ({Pinc] = 1 
in formula (8)). Generalization to |Pj,,.| <1 is immediate. 

The averaging process described gives formula (8) with P,,,. = e,, where 
e, is a unit vector of the x-axis (see fig. 1). The function P(#) represents the 
left-right asymmetry of the y-rays in the reaction plane. In the yz-plane the 
asymmetry reaches a maximum, in the xz plane the asymmetry vanishes. 
We can easily separate the P(#) function from the angular distribution 
and obtain in the El+M1 approximation 


P(#) = (e)—(c sin 20-+-ad sin #), (11) 


(10) 


where 
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c= —{(EVEL,(Z, sin (m—N2x)+Z, sin (m—M)] 
+3v3 Lol Ja Sin (No—Nex) +Jp sin (N9>—Neg) ] +i. Za—JS Z,) sin (N2x—Nag)» 
a = —MGL, sin(n,—ds). 
If we decouple the *P, and °F, states, the above formula is in complete 
agreement with the analogous formulas in refs.1) and”). 

Now we want to obtain the low energy limit of P(#) which would give us a 


formula valid for energies of few MeV above the reaction threshold. For low 
energies, we bave 


= 1 
No = = M2 =m = 0 and L,=L—V2W, L,=L+—W 


f/2 
1 
L,* epal. dle L/ = 0, Le? — Q, 
L= % (yr)vudr, = =| (yr)vw dr, 


where u(r) is the radial part of the continuum P-state wave function (no 
splitting of the °P, states). 
The final result for P(#) is 
aM .(L+ 5 W) sin 6, sin 0 
Pe) ee ee a A ee (12) 
a2 M ots Wes @ L?+3. > W?) sin? re 

This formula shows that for low energy radiative capture (or photodis- 
integration) the *D, state in the ground state of deuteron plays a more 
important role in P(#) than in the angular distribution (the angular distri- 
bution is given by the denominator of P(#)). If we accept a reasonable value 
W/L ew 0.22 (see, e.g., ref.1!)) we get the result that the polarization is about 
15 % larger if we take into account the °D, state in the ground state of the 
deuteron. The above discussion indicates that it is necessary to introduce a 
rather important modification into the low-energy polarization formula 
presented in ref.1°), in which the presence of a °D, state in the ground state 
was neglected. 





6. Polarization of Outgoing y-rays. Incident Neutrons and Protons 
Unpolarized 


In this section extensive use is made of the results of Tolhoek and Cox’s 
paper (see ref.®)), keeping an almost identical notation for quantities 
describing the polarization of light. 

Let us confine ourselves for the moment to El transitions. For the (1, M) 
multipole the probability of finding a y-quantum in the direction # with a 
polarization vector § is F,” (#)4(1+ & - &1). On the other hand (for radiative 
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capture of unpolarized nucleons), the probability of finding the (1, M) 
multipole in our radiation is p(1, +1) = ~,, p(1, 0) = po. p, and pp are 
defined in eq. (6) Therefore, 


W(8, 5) = 2 pil, M)F,"(8)3(1+§ + S01) = 6(8)3(1+-178> - §); 


IT&, is the function we are looking for. Since &(#) = }y, (1, M)F,™ (8), 
we get 


2 A(l, M) Fy" (8) 501 








IT(#)&, = (13) 
80 = "S00, MFO) 
Using the expressions for F,” and &% tabulated in ref.°), we get finally 
3(p — in2 
I7(0) By = g_Ste— tu SS (14) 


3 Pi +i (Po—A,) sin? d mu: 
We can generalize the above result immediately to the case of El1+M1 
transitions. For M1 transitions the (1, M) coefficients are all equal and the 
contribution to the numerator of the expression (14) is zero (see corre- 
sponding table in ref.®)). Therefore, the only contribution from M1 transitions 
is to the denominator, and finally we obtain 
3 in2 
IT() 59 = v2 M2 ate Y = 2 9 All: (15) 
a° M+ 3 Pi +4(bo—Ar) sin’ 8 
We can now make a few general comments. The polarization given by (15) 
is linear. One should expect this because of a general theorem proved by 
Simon (ref.!*)): circularly polarized light cannot result from a nuclear 
reaction initiated by unpolarized particles. 

In the E1+M1 approximation we can get //(#) immediately from the 
angular distribution 6(#): we obtain the numerator of IT(d) from &(8) (denomi- 
nator of II(#)) by dropping the isotropic term. From 6(#) given by experiment 
we can now describe the behaviour of //(#) for a wide range of energies 
(provided the El1+-M1 approximation is accurate enough): 

(a) Very low energies. Incident neutron energy below 0.4 MeV in lab. 
system: the M1 transition dominates. There is no polarization. 

(b) Low energies. Energy of the incident neutrons a few MeV: the sin? # 
term predominates, because the magnetic transition is already small and 
spin-orbit and tensor splittings are still small. The maximum polarization is 
almost 100 %. 

(c) ALedium energies. Energy of the incident neutron from a few to 200 
MeV: the isotropic term increases with increasing energy because of the 
strong spin-orbit splitting. The maximum polarization decreases with 
energy rather slowly. Table 3 gives some illustration of the behaviour of 
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IT(#) in the medium energy range. /7(# = 42) tabulated in table 3 is appro- 
ximately equal to the maximum polarization. 


TABLE 3 





Energy of the incident | 
neutrons in the labora- 40.8 102.2 155.6 
tory system (MeV) 


Corresponding photon 





, 22.4 53.5 | 80 
energy (MeV) | —— 
a(@) from experiment 48+47sin°?A (| 5149.5 sin? d 4.5+3.9 sin? d 
IT(8 = 42) > max | 0.91 0.65 | 0.46 








The statement that one can get polarization //(#) from the angular distri- 
bution o(#) is not generally true. For instance, if we take into account all 
possible E2 transitions, our statement breaks down. Nevertheless, one can 
show that, if we neglect the spin-orbit and tensor splitting in the continuum 
D-state and take into account from all E2 transitions only the D — S one, 
then our statement still holds. The D — S transition is dominant. It is also 
quite possible that splitting is much smaller for even states than for odd ones. 
Therefore, it is to be hoped that, from the experimental angular distribution 
a+b(1+-c cos #) sin? #, one can construct approximately the function /7(#) 
as follows: 

b(1-++-c cos #) sin? 3 


a-+b(1-+c cos O)sin? 0 ba 


IT(8) = 
In any case, E2 transitions do not play a very important role and eq. (16) 
gives us probably quite a good approximation for /7(#). 

It may be worthwhile to mention that one can measure the /7(#) function 
in the reaction of photodisintegration of the deuteron by linearly polarized 
y-rays. This can be seen from the detailed balance theorem. Let us consider 
the photodisintegration process where the linear polarization of the incident 
photon is given by the unit vector e (see fig. 2). ® is the angle between the e 
and the vector n perpendicular to the reaction plane. It is always possible to 
represent H’ (the interaction of the nucleons with the radiation field) in the 


form 
H’ = H’, cos ®+H") sin @, 


since e is involved in H’ as a component of the scalar product. This de- 
composition was performed in special cases, for instance, in refs.1) and 2). 
The reaction amplitude of the photodisintegration process is therefore 


<f|H’|i> = <f|H’, i> cos O+ <f|H") |i> sin @. 
We denote 
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CH |I> = ¢g, CfA I> = 4. 


Here |c,|? and |c,|? give the probabilities of the emission of a nucleon (in the 
direction given by the angle #) by a photon polarized in the (k,, k)-plane 
(the reaction plane) and (k,, n)-plane, respectively. Because of the hermiti- 
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Fig. 2 


city of the H) and H, , |c,|* and |c.|* give also the probabilities of the emission 
of a photon (from the capture reaction) polarized in the (k,, k)-plane and the 
(k,, n)-plane, respectively. In the language of the mathematical formulation 
of § 3, |c,|? and |c,|? represent the squares of the absolute values of the two 
perpendicular components of the electric field emitted from the capture 
reaction. 

Let us now calculate the angular distribution of the nucleons from the 
photodisintegration reaction with linearly polarized photons. After some 
simple algebra we obtain 


{I<f1H'li> av balan | : 
= ${I¢1?+|cel*Fav [1 Leal —Ieal bur cos 20-+- (2 Re(Caa* Yow 
{l¢y!?+ |¢elFav {l¢1|?+ Iceltav 
where, as usual, {. . .},, means the averaging over the initial states and the 
summation over the final states. Now, let us remark that the expression 
{|c,|"—|co|*bayl {lcy]?+ |co|"kay IS equal to our J7(#) function because the 
above expression is, by definition, equal to &, = JT(#) (see ref.*)). On the 
other hand, we know from our previous calculations of the radiative capture 
process that 





sin 20 | 


{2 Re (¢,¢.*)}ay/{|¢x|?+ |Colay = & = 0 
and that ${|c,|*+-|co|"},, = @(#) (the angular distribution). Therefore, we get 
{l<f]Hli> av = £(8, ®) = 6(8)[1—IT(#) cos 20). (17) 
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We can reinterpret the angle ® and say that (17) represents the angular 
distribution of the nucleons from the reaction of photodisintegration by 
linearly polarized photons, ® being the azimuthal angle of the emerging 
nucleon. Therefore, we can measure //(#) by measuring the following 
asymmetry in the angular distribution of the emerging nucleons: 

/(9, 32) —f(9, 0) 


0) ~ 18, Aa) + 10, 0) io 


In the case of a partially polarized incident photon beam we have, of course, 
f(0, ®) = o(8)[1—JT,,,. IT (8)cos 20). (19) 


The above consideration shows that the measurement of the polarization 
of the outgoing photons from the radiative capture reaction with unpolarized 
nucleons gives us exactly the same information as the measurement of the 
azimuthal asymmetry of the outgoing nucleons from the photodisintegration 
by linearly polarized photons. 


7. Polarization of Deuterons. Incident Neutrons and Protons 
Unpolarized 


The investigation of the polarization of deuterons emerging from the 
radiative capture reaction seems to be beyond the existing experimental 
possibilities. Therefore we sketch only one characteristic example. 

We shall neglect the recoil of deuterons coming from y-ray emission. In 
this approximation, in the laboratory system all deuterons move in the 
same direction as the incident neutrons. We calculate {7 y}ay, the tensor 
describing the polarization of deuterons delined as in ref.!*), It turns out 
that only the 7, 4 component gives a non-zero contribution. We use the 
same definition of the magnitude of polarization as Lakin does in ref.}%): 


Pp _ (2 I{T,, utavl?)?. (20) 


For central neutron-proton forces with no spin-orbit splitting, this polari- 
zation is zero. P, is different from zero if spin-orbit or tensor forces are 
present. We give the expression for P, in the low energy limit (incident 
neutrons of several MeV). In this energy region, we can use the same kind of 
approximation as in deriving formula (12). Only the M1 transition can be 
neglected because there are no interference terms of El and M1 transitions. 
The result is 

/ V2(¢V2LW—3.W?) ,W 
{ 2,o}av = 2124-202 “a: 


loa 


(21) 





Therefore, according to (13), 
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Py, = —. —|—| & 0.12, (22) 


if we use once more the W/L ratio estimate from ref."). Wesee therefore that 
the polarization of deuterons in the low energy region is entirely due to the 
presence of a 3D, component in the deuteron ground state. 


8. Conclusion 


It seems to us that, in polarization effects in radiative capture and deute- 
ron photodisintegration reactions, there are some points worth experimental 
exploration. 

(a) From measurements of the function P(#) in the low energy region 
(see formula (12)), information about the *D, state in the ground state of the 
deuteron can be obtained. The integrals L and M, are rather well known for 
low energies and the W integral can be extracted from the measured P(#). 

(b) In the energy region where ’P, states phase shifts begin to play some 
role, the function P(#) exhibits a characteristic change in comparison to the 
low energy (a few MeV) behaviour. Namely, from eqs. (11) and (12), it 
follows that P(#) which is symmetric with respect to the direction ? = $a 
for low energies (see eq. (12) ) becomes asymmetric when phase shifts start to 
play some role (see eq. (11)). Therefore, measurements of the asymmetry of 
the P(#) function with respect to the # = $a direction give information 
about the tensor plus spin-orbit splittings of the °P, states. 

(c) Medium energy measurements can supply us with information about 
M1 transitions which are rather badly known in this energy range. For 
instance, P(#) for # = dn is due entirely to M1—E1 interference; the 7, 
splitting gives zero contribution at that angle. 
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Abstract: The angular dependence of the asymmetry in the emission of a+-mesons in the 
reaction p+ p — a+-+-d was measured on a polarized proton beam at energies 536, 616 and 
654 MeV. Direct proof of the existence of the d-state of the mesons in the reaction p+ p > 
a+-+-d has been obtained. The results of the experiment are in agreement with the assump- 
tion that the amplitudes of the s- and d-transitions are considerably less than the amplitude 
of the transition 'D, — (°S,, p),. The limiting values of some partial cross sections have 
been estimated. 


1. Introduction 


Measurements of the total cross section of the reaction 

p+p—>a*+d (1) 
at proton energies ranging from 460 MeV to 660 MeV 2), as well as the data 
for higher energies obtained from experiments on the inverse reaction 
at++d-—»p-+p at a*t-meson energies of 174—307 MeV 2) have led to the 
conclusion that these two mutually inverse reactions bear a resonance 
character due to the strong interaction between the z+-meson and the proton 
in the p-state with a total moment J = 3. 

The angular distributions of the a+-mesons in reaction (1) at proton 
energies of 460—660 MeV has been explained on the assumption that the 
a*-meson is emitted primarily in the p-state !). However, these experiments 
alone do not allow us to draw definite conclusions regarding the relation 
between the various amplitudes; in particular, the problem of the intensity 
of the transitions in reaction (1) accompanied by the emission of a 2+-meson 
in the d-state evades solution. 

More complete information on the relation between the amplitudes of the 
various transitions can be obtained from observations on different polariza- 
tion effects. Reaction (1) was studied on a polarized proton beam at 314 MeV 
energy *), at which the observed asymmetry was due to interference between 
the s- and p-states. Similar experiments have also been performed at 415 
MeV *). The values of the asymmetry obtained in the latter case at two 
different angles were interpreted by the authors *) simply as a possible 
indication of the existence of the d-wave effect. 
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It is known that the scattering of a 7*-meson on a proton in the d-state is 
a highly improbable event at an energy of the a+-meson of = 150 MeV 
becoming appreciable only at ~ 300 MeV °®), where dg, ~ 10° and 6,4, » — 10°. 
In some papers, as for example in ref.*), the preliminary data on the role of 
the d-wave in the scattering of the 2+-meson on protons are considered as 
sufficient ground to neglect the d-state of the z-meson and to analyze both 
the differential cross section and the polarization effects in reaction (1) on 
the basis of the s- and p-states alone. 

However, the well known analogy between the resonance properties of 
reaction (1) and the resonance in meson-nucleon scattering, although true in 
its general outlines, may in reality differ essentially in the details. This 
difference may be due to the participation of a second nucleon in reaction (1). 
In the phenomenological theory of the formation of 2*°-mesons in (p—p)- 
collisions’) it is shown that in the reactions p+p—->at+n-+p and 
p+p—>2°+p-+p at 400—900 MeV proton energies there is a sufficiently 
great probability of observing the mechanism of P-wave scattering in the 
intermediate meson-nucleon resonance system in the ?P3-state relative to the 
second nucleon. The probability of P-wave scattering in reaction (1) proved 
to be extremely small. The result of this event in reaction (1) would be the 
emission of a a+-meson in the d-state and also in the s-state. Thus, the addi- 
tional moment of momentum carried off by the second nucleon, which is not 
associated with the z-meson, can lead to the appearance of the d-state of the 
a+-meson in reaction (1) in the absence of such a state in the intermediate 
meson-nucleon system. 

In the present investigation we obtained direct proofs of the existence of 
the d-state of the a+-meson in reaction (1) at proton energies 536, 616 and 
654 MeV. From the results obtained, as well as on the basis of ref.*), we can 
conclude that the d-state effect becomes observable starting from an 
energy E, ~ 400 MeV. The data obtained on the polarized beam are not 
sufficient for determining all the elements of the S-matrix of reaction (1). 
In order to solve this problem measurements must be made on other polari- 
zation effects in addition. However, if we make several assumptions regard- 
ing the relation between the transition amplitudes of reaction (1), then on 
the basis of our experimental results we can indicate the minimum values of 
the emission probabilities for z-mesons in the s- and d-states. 


2. Experimental Procedure 


The experiments were performed on a polarized proton beam obtained by 
scattering on carbon nuclei the unpolarized beam of 673 MeV protons extract- 
ed from the synchrocyclotron. The polarized protons, scattered ‘‘right”’ at an 
angle of 6° 20’ to the direction of the primary beam (fig. 1), were directed by 
two collimators on to the centre of a deflecting magnet with poles 100 cm in 
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diameter. Between the pole pieces of this magnet, in a 13-cm gap, specially 
shaped shims §), set up along the path of the beam, created an inhomogeneous 
magnetic field equivalent to the field of a system of two quadrupole lenses. 
The computed value of the focal length of the lenses was 2.5 metres. Such a 
method of focusing made it possible to treble the intensity of the beam of 
polarized protons at the point where the hydrogen target was set up. 

A concrete wall 4 metres thick and lead blocks set up along the path of the 
primary beam beyond the carbon target and between the yoke and the 
magnet poles shielded the measuring apparatus from the background created 
by the primary beam and the scattered particles. To increase the unpolarized 
beam density at the carbon target we utilized focusing quadruple lenses of 
40 mm aperture. At optimal values of the current in the windings of these 
lenses the density of the polarized beam increased 1.7 times. 

The experimental set-up consisted of a liquid hydrogen target °), recording 
scintillation counters, a single counter for determining the profile of the beam 
in the course of the measurements, and an ionization chamber set up beyond 
the hydrogen target. 

The target and the counters were adjusted relative to the axis of the 
4-metre collimator. The position of this axis was fixed by means of a poly- 
amide filament 0.2 mm in diameter. The container for the liquid hydrogen 
target was aligned with the axial line of the target with an accuracy of 
+ 0.3 mm and was fixed in place with stopscrews. The alignment of the target 
and the collimator was checked immediately before each run with an accuracy 
up to several fractions of a millimeter. Misalignment of the target was 
corrected if it exceeded 0.4—0.5 mm. 

The absence of asymmetry in the apparatus was proved in experiments on 
an unpolarized proton beam by recording the reactions p+p — at++d with 
the other experimental conditions unchanged. The value of asymmetry at 
the angle 0;,, = 20°, the most unfavourable angle as regards the appearance 
of latent asymmetry, was equal to ¢, = —(2.4+1.9) %. In addition to these 
control experiments we measured the asymmetry in elastic (p—p) scattering 
on the polarized proton beam at an angle 0;,, = 41°, which corresponds to 
Epp 41° = 0. The measured value of the asymmetry proved equal to e,, 41° = 
—(0.5+0.9) %. 

Both the control measurements and the main experiments were carried 
out at values of the field of the deflecting magnet corresponding to maximum 
intensity of the polarized beam. In order to exclude the effect of drift in the 
value of the angle of deflection of the protons provision was made for 
controlling the position and profile of the polarized proton beam in the 
process of measurement. This was effected by means of a movable scintilla- 
tion counter set up beyond the hydrogen target (fig. 1). The counter consist- 
ed of a narrow crystal of tolan (diphenylacetylene) 1 x 40x40 mm in di- 
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mensions set up with its narrow end facing the beam. The current from the 
photomultiplier tube of this counter was recorded with an EPPV-51 
potentiometer. The position of the centre of the beam was determined with 
an accuracy up to » | mm from the curve on the ribbon with calibration 
marks. This corresponded to a relative drift of the value of the current in the 
magnet winding of ~ 0.5%, or to a misalignment of the beam and the 
collimator of # 0.05°. 

The degree of polarization of the proton beam was determined in the usual 
manner by means of double scattering on carbon nuclei at an angle of 
6°20’ and proved equal to P, = (44+2.4) %. As a check on the quantity 






%Y i 
i~<4 





Fig. 1. The apparatus: 1. Deflecting slates. 2. Unpolarized proton beam. 3. Magnetic qua- 

drupole lens 40 mm. 4. Carbon scattering. 5. Concrete shield. 6. Lead shield. 7. Polarized 

proton beam. 8. Focusing shims. 9. Deflecting magnet. 10. Protective wall. 11. Liquid hy- 

drogen target. 12. Meson telescope. 13. Movable counter. 14. Ionization chamber. 15. Deuteron 
telescope. 16. Concrete shield. 


P, we measured the asymmetry « of elastic p—p scattering at a laboratory 
angle of 30°; the value of this asymmetry was determined in ref.!°) on a 
(58+3) % polarized beam. For our beam we obtained ¢,,(30°) = (11.9+ 
0.6) %, whereas the value of the asymmetry computed for P, = 44 % 1°) 
should equal « = 12 %. 

The energy of the polarized beam and the spread in energy were deter- 
mined by measuring the range curves with a telescope of several scintillation 
counters, the last of which was connected in anticoincidence with the others. 
Fig. 2 shows two range curves: curve 1 on the unpolarized proton beam with 
energy E, = 670 MeV and spread in energy 4E = +5 MeV, curve 2 on the 
polarized beam with mean energy £, = 616 MeV and spread in energy 
AE = +7 MeV. In computing the energy of the protons from the dimensions 
of the filter we utilized the computed values of the correction coefficient for 
the effect of multiple scattering of the protons in copper !). 
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The remaining characteristics of the polarized beam for the three energies 
used are given in table 1. The secondary particles from the reaction 
p+p -—-a'-+-d were registered by two conjugate telescopes of scintillation 
counters in comcidence. The radiotechnical circuit was sufficiently stable due 
to the coincidence arrangement of the telescopes !*) with negative values of 
the selection cveiticients. The three-counter telescope recorded a+-mesons. 

















No ' 
4x10* + 
630 g/cm 
4 
3x0" Fr ® 
2x104+ 
10.5 gicm? 
1x10°F 
° 
iL i > 
150 200 250 300 R. Sicm2 


of copper 


Fig. 2. 1. Polarized proton beam. E, = 616 MeV. 2. Unpolarized proton beam. E, = 670 MeV. 






































TABLE 1 
Energy of the polarized beam (MeV) | 536 | 616 | 654 
Intensity (protons/cm? - sec) | 0.9 x 108 | 55 x 105 5 i 98 x 10 
 ‘Palienees of carbon scatterer (g/cm?) = * 3 22.9 - < 92.9 ; | 73 
Thickness of cathe absorber in the i? th of | 34.2 a = este a 
the incident beam (g/cm?*) | | 
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The deuteron telescope consisted of five counters. The first three counters 
were connected in coincidence, the last two in anti-coincidence with the first 
three. Between the second and third counters an absorbing copper filter was 
set up, the thickness of which corresponded to the minimum range of the 
deuterons from reaction (1) at the conjugate angle. The interval of ranges 
was determined by the filter set up between counters 3 and 4. With such an 
arrangement of filters the telescope recorded deuterons of a definite energy, 
while the counting efficiency for the reactions p+p—>at+n-+p and 
p+p-—2°+p+p was considerably reduced. The contributions of these 
reactions and chance coincidences between the telescopes were measured with 
the thickness of the filter placed between counters 2 and 3 increased to such 
a value that reaction (1) was not recorded. The background did not exceed 
10% of the reaction p+p-—>at-+d under investigation. The angular 
resolution of the telescope at an angle 6/8” = 20° (@S-°-™ = 35°) comprised 
+1.9° (13° in c—of—m), and at an angle 9° = 96°+2.5° (@¢-%-™ = 
130°+ 2°). 


3. Discussion of Results 


As is well known *), the differential cross section of the reaction 
p+p —at+d on a polarized proton beam has the form 


do(6, 
k? eae = (Yop tye cos? 0+, cos* 8) 


+P sin 0 cos p(Ag+A, cos 0+-A, cos? 0+-A, cos? 8), (2) 


where P is the degree of polarization of the beam, and the coefficients 
y and A 3%) are determined by the elements of the S-matrix of the reaction (1). 
In our case the emission of a a+-meson “‘to the right’’ corresponds to an 
azimuthal angle g =a, while the polarization vector P is directed 
“down” 1415), 

In the experiments described we measured the asymmetry in “‘right versus 
left’’ scattering e = (R—L)/(R+L) at angles of emission of the 2+-meson 
ranging from 35° to 130°. 

The results of measurement of ¢ at three energies are given in fig. 3. In 
analysing the experimental data we introduced the quantity 





4) d 
a (3) 
P sin 6 Ototal dQ unpol 


where P is the degree of polarization. 
The normalization factor o/4a is convenient in the analysis of the magni- 
tude of asymmetry of the reaction (1) in a wide range of energies. 
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The differential cross section (do/d2) nyo, on the unpolarized proton 
beam, and the total cross sections oj 44; for the reaction p+-p — a+-+-d, 
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Fig. 3. Measured values of the asymmetry ¢ in the reaction p+p —>d-+a*. 


the values of which were utilized to compute A, were obtained by averaging 
the results of the papers }}*»16) and were as follows: 
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= = 3.1 «10-2? cm? 


do 
654 Me\ ‘50 es 0.27-+-cos? 9; Otota: 


do 
MeV: — 0.2 
e qo © 


= 616 2+-cos? 4; otota; = 3.14 10-27 cm? 


do 
536 MeV: qo © 0.24-+-cos? 9; Otota, = 2.42 x 10-2? cm?. 


In fig. 4 are given the centre-of-mass values of the magnitude A as a 
function of 6, for proton energies of 654, 616 and 536 MeV. In the absence of 
d-transitions A should be constant for a given value of the energy. The fact 
that a strong angular dependence of A (8,,) was discovered in the experiment, as 
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Fig. 4. Curves of the relation A (6,7). 
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can be seen from the graphs, is direct proof of the existence of d-states of the 
a+-meson in reaction (1) at all three energies. The experimental values of 
A(6,) were approximated by the expressions 


———— (A,+A, cos 0+-A, cos? 0) 
(yot+ $72) adil , 


by the method of orthogonal polynomials !”). The following values of the 
coefficients A; and the errors were obtained: 
































TABLE 2 
Ey | ho A, Ay | O)g OA, | OAy dAg OA 91, OAs 
(MeV) | Yot 42 Yot ts Yor + bys (Yot+ 472)? (Yo+ 472)” ot Yo tye)? 
654 0.18 +0.03 | 0.20+0.06 | 1.05+0.10 a .2x 10-4 | —14.0x 10-4 — —15.0x 10-4 
616 0.09 +0.03 | 0.05+-0.08 | 1.06+-0.11 7x10-*| — 5.5x 10-*|— ‘6x 10-4 
536 | — 0.003 + 0.04 | 0.15+0.12 0.87 +.0.20 | —1.1x 10-3 | — 3.4x10-3|— 7.7x10-* 











We did not succeed in deriving reliable values of the coefficient A, from our 
experimental data. In order to determine this coefficient it was necessary to 
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perform extremely difficult measurements of the asymmetry at angles 6, 
close to 0° and 180°, where the asymmetry effect disappears due to the 
dependence ~ sin 0,. The coefficients are determined with the smallest error 
when only three terms of the series expansion are taken, hence the expansion 
can be cut off on the term ~& cos? 6,. The problem of the real values of the 


coefficient A, must be considered in conjunction with the problem of deter- 
mining the coefficient y, in the angular distribution on the unpolarized 
beam, since both these coefficients are given by expressions which are 
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quadratic in the amplitudes of the d-transitions, and these, as is shown 
below, are sufficiently small. 

The variation of energy dependence of A(@,) discovered in the present 
investigation can also be revealed in the region of smaller energies, if we 
utilize the results of experiments performed at 4154) and 314 MeV 8). 

In our designations the results of the latter two investigations may be 
represented in the following table. 























TABLE 3 
E, Ao de | dg Ss 
(MeV) Yot tyr Yot tyr (Yo+ 472)® 
415 | ~0.34-+0.05 0.43-4.0.28 | —~6.2x 10-3 
314 | ~0.22-4.0.03 - | 2 











As appears from fig. 4a, at a proton energy E, ~ 500 MeV a change in the 
sign of the asymmetry is observed. The values of the coefficients 


ho A, Ay 
(vot dye) (yot472) | (Yyot$ye) 


are given in fig. 5 as functions of the momentum of the a-meson in m,c 
units in the centre-of-mass system. At zero energy only the S-state of the 
meson is possible, and all the coefficients 4, should disappear. At small 
values of the momentum of the at+-meson the coefficient A9/(yp9+4y2), 
being negative, increases with the momentum to an extremal value, then 
falls off to zero at E, ~ 530 MeV, after which it again increases, but this 
time with positive values. At small 7 the variation of A9/(yo+42) is related 
to the increase in the effective amplitude of the P-wave relative to the 
s-amplitude. At large values of 7(p—d)-interference is superposed upon the 
(s—p)-interference. The effects of these two interferences are probably 
comparable, starting from the energy E, ~ 400 MeV at which the coefficient 
As/ (vo +472), due to interference between the p- and d-states alone, becomes 
appreciable. The coefficient A,/(y 9+-4y,) related to the effects of (s—d)- and 
(d—d)-interference proved to be very small, and it was with difficulty that 
we succeeded in detecting it in our experiments. 

All these effects can be explained simultaneously, if we assume that at 
E, ~ 600 MeV the amplitude of the transition 'D, — °S, p, considerably 
exceeds the values of the s- and d-amplitudes. In this case only the (s—p)- 
and (p—d)-interferences will be observable, whereas the (s—d)- and (d—d)- 
interferences will correspond to second order effects. 

The experiments performed on the polarized proton beam, while providing 
important additional information on reaction (1), does not permit of deter- 
mining the values of all the elements of the S-matrix for this reaction. 
However, in view of the smallness of the s- and d-amplitudes, an estimate 
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may be made of several partial cross sections. It is necessary in this connec- 
tion to take into consideration that the d-transitions in reaction (1) are 
connected with the change in the orbital moment of the system of two 
nucleons before and after the reaction, and also with the change in parity. 
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Fig. 5. Measured values of the coefficients 
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as functions of the momentum of the 2-meson. 





This circumstance leads to a very small probability of the d-transitions. The 
transition *F, + (°S,d). and *F, — (8S,d)3, connected with the change in 
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the orbital moment of the system of two nucleons, 4/ = 3, should be 
especially difficult. In view of this we may put the amplitudes of these 
transitions equal to zero, and thus obtain for the limiting estimates of the 
partial cross sections the values: 


a('Sp > °S1 Po) = 10° - o,(pp > dat); 
a(s+d) = 5.4 10-* - o,(pp — dat); 
o(1D, + 3S, po) S 0.945 + o,(pp — dat). 


4. Conclusions 


1. Measurements of the asymmetry in the differential cross section of 
the reaction p+p — d+<2t+ on a polarized proton beam at energies 536, 616 
and 654 MeV show that z+-mesons in the d-state are emitted. 

2. An analysis of the results of the present experiment, as well as those of 
other investigations **), shows that the effect of the d-state of the 7*-meson 
in the experiments on the polarized beam becomes observable starting from 
a proton energy of FE, ~ 400 MeV. 

3. The results obtained are in agreement with the assumption that the 
amplitudes of the transitions accompanied by the emission of a 2+-meson 
in the s- and d-states are small compared with the amplitude of the transition 
1D, — (8S, p), throughout the entire energy range investigated. 

4. Assuming that transitions from the initial *F,- and *F,-states can be 
neglected, we obtain the following limiting values: 


0(*So > °S1 Po) = 10° - oy(pp — da*); 
a(s+d) = 5.4x 10-* - o,(pp > dat) 
o('D, > 8S, p.) S 0.945 - o,(pp > dat). 


5. The phenomenological theory of the production of z-mesons in (p—p)- 
collisions, put forward by S. Mandelstam ”), is in agreement with the esti- 
mates obtained. 


In conclusion the authors wish to thank M. G. Meshcheryakov, B. S. 
Neganov and L. I. Lapidus for discussion of the investigation, as well as 
N. P. Klepikov and S. N. Sokolov for help in the treatment of the experimen- 
tal data. 
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Abstract: Proton spectra of K*(y, p)A**, Na**(y, p)Ne**, I127(y, p)Te!®* and Cs!83(y, p) Xe? 
reactions have been investigated by irradiating KI(T1l), Nal(Tl) and CsI(Tl) crystals 
by Li(p, y) gamma rays, and the corresponding cross sections have been determined. 
Electron background was reduced by placing a guard crystal in front of the target crystal. 
Approximate cross sections are 15+-5.8 mb for K**(y, p); 3.6+1.5 mb for Na*(y, p) and 
1.5+0.6 mb for I'*"(y, p) and Cs'**(y, p) reactions at 17.6 MeV y-energy. The proton 
spectrum of K**(y, p) reaction shows peaks at 6.1, 9.2 and 11 MeV corresponding to the 
5, 2.15 and 0 MeV levels of A**. The I!*?(y, p) and Cs**8(y, p) spectra are inconsistent with 
the statistical theory owing to the effect of direct interaction. 


1. Introduction 


The study of (y, p) reactions is a very useful method to obtain information 
as to the real nature of the nuclear photoeffect. As is well known, the proton 
emission shows very sensitively whether the interaction between the 
y-quantum and the nucleus leads to the ordinary compound nucleus or 
some kind of direct interaction takes place '). In this respect the investigation 
of the energy spectra of emitted protons may give some useful data. Most of 
the measurements in this field were performed up till now by bremsstrahlung 
y-rays and consequently reaction products show a large spread in energy. 
The use of bremsstrahlung is prompted by the fact that monochromatic 
y-rayscan only be obtained by nuclearreactions providing lowintensity sources. 
In this case, however, the use of an energy sensitive 4-detector has proved 
fairly successful. Measurements of this kind were carried out previously *) by 
means of proportional counters filled with the gas to be investigated: thus, 
the target itself serves as a detector. In our measurements the target was a 
scintillating crystal mounted on a photomultiplier and in this way we also 
obtained an energy-sensitive target-detector system. By this arrangement it 
is possible to investigate nuclei which are components of scintillating crystals 
i.e. Na, K, Cs, I, Li etc. In a recent work the same scintillation method was 
used by Ophel e¢ al.*) for measuring the energy spectrum of protons in 
the Na*3(y, p)Ne** reaction. 

t Lecture delivered at the Nuclear Physics Symposium of the Eétvés Lérand Physical 
Society at Matrahaza (Hungary) on the 3rd December, 1957. 
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2. Experimental Method 


KI(T1), NaI(T1l) and CsI(T1) crystals were irradiated by Li(p, y) gamma 
rays from the 800 keV Cockroft-Walton generator of the KFKI. High energy 
y-rays interact with the material of the crystal and its surroundings by 
(1) electron photoeffect, (2) Compton effect, (3) pair production, (4) nuclear 
photoeffect. Effects (1) to (3) release high energy electrons travelling 
mainly in the direction of the incident y-rays owing to the high y-energy 
(the mean solid angle of electrons ~m,c?/hyv). The cross section for producing 
these electrons is about 10 barns. 

By effect (4) neutral as well as charged particles are released. If the crystal is 
not too large, most of the neutral particles (neutrons and inelastically scattered 
y-rays) leave the crystal without interaction. The charged particles are 
mainly protons, the emission of deuterons and «-particles being highly 
improbable. The cross section for (j, p) reactions is of the order of millibarns, 
i.e. 10->—10~ times smaller than that for electron production. The high 
electron background can be eliminated by using crystals of a thickness equal 
to the range of protons. For 11 MeV protons, that is for the maximum energy 
at a binding energy of 6.5 MeV which may be considered as typical, the pro- 
ton range in the crystal is about 300 mg/cm?. Thus, if we use a thin crystal of 
that thickness, the protons transfer their full energy, whereas the average 
energy loss of high energy electrons is only 400 keV for the same thickness. 

Irradiating the crystal by a y-ray perpendicular to the crystal face, the 
electrons originated in the surroundings and in the crystal will traverse it 
perpendicularly undergoing the small loss of energy mentioned above. 
A small fraction of these electrons, however, will be scattered at a large angle 
and as they move parallel to the face, the energy transfer may amount to 
several MeV. To eliminate the effect of electrons produced in the surrounding 
material, a guard crystal was placed in front of the measuring one viewed by 
another multiplier and the pulses of this crystal were connected in anti- 
coincidence to those of the target crystal. 


3. Experimental Arrangement 


The target crystal was placed at a distance of about 4 cm from the target 
spot of the generator (fig. 1). It was covered by an Al foil of 4 mg/cm? 
thickness, to shut out light, and when using Nal to keep off water vapour. 
The anticoincidence crystal was a thin Nal crystal. 

In fig. 2 the block diagram of the arrangement is shown. Pulses coming 
from the two multipliers are transmitted to the anticoincidence set driving 
the single sweep. Pulses of the target crystal pass through a stretcher to the 
vertical deflector of an oscilloscope. Each pulse was photographed by means 
of a camera and the photographs were projected for counting. 
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Fig. 1. Experimental arrangement of target and anticoincidence crystals. 
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Fig. 2. Block diagram of electronic instruments. 
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Fig. 3. Calibration of Csl target-crystal by means of B'°(d, p) B™ protons. 





Counters were calibrated by the B!°(d, p)B™ reaction. Protons arriving 
from a 1 mg/cm? thick boron target at 90° to the deuteron beam traverse a 
5 mg/cm? Al foil to reach the target crystal. Calibration curve of CsI crystal 
is shown in fig. 3. Similar linear relationships were obtained with KI and Nal 
crystals, respectively. 


4. Measurements 


4.1. ELECTRON BACKGROUND 

In a previous paper‘) it has been mentioned that although the major 
fraction of electrons producing pulses in the target crystal were passing 
through the anticoincidence crystal, a certain amount of them was produced 
in the target crystal itself. To effect a correction for these electrons, we 
assumed the electron spectrum to fall exponentially. This assumption was 
found to be strongly supported by the fact that all spectra did fall exponenti- 
ally at energies where electron pulses predominated. This exponential charac- 
ter until the appearance of protons (scale 400 in the figure) is clearly shown 
in fig. 4. The spectrum taken with 200 mg/cm? plastic phosphor (fig. 5.) 
shows no deviation from the exponential law even at high energies for the 
maximum energy of photoprotons is only 1.6 MeV with C??. 


4.2. PROTON SPECTRA 


In figs. 6, 7 and 8 measured spectra for NaI, KI and CsI crystals are shown. 
At the low energy end we have to make corrections for electrons and this was 
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done by assuming the exponential fall mentioned above. The proton spec- 
trum thus obtained is a complex one, each crystal consisting of two kinds of 
nuclei. First of all, we have assumed the cross sections and proton spectra of 
Cs183 and I!" to be almost the same, both being heavy nuclei with nearly the 
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Fig. 10. Energy spectrum of protons from K nuclei. 


same mass numbers and the same threshold energies. This specrum is to be 
seen in fig. 11. Upon suitable normalization it has been subtracted from the 
KI and Nal spectra to obtain the proton spectrum of Na** and K** shown in 
figs. 9 and 10, respectively. 


5. Discussion 


5.1. CROSS SECTIONS 

Integrating the spectra, we obtained information about the cross sections 
for various (y, p) reactions. The cross section is given in ref. °) as 
Np 
Ne 
where N, and N, are the total number of photoprotons and electrons, 
respectively, produced in the target crystal by a given irradiation, and 
o. is the cross section for producing electrons. 

To determine NV, we have also counted the pulses of the anticoincidence 
crystal, as their number is proportional to N,. The proportionality factor 
was determined by taking an integral spectrum of the target crystal and 
extrapolating it to zero pulse height °). The accuracy of this procedure was 
about 30 %. 

The value of o, has been calculated from theoretical data ®). The number 
of photoprotons NV, cannot be considered simply as the integrated value of 
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proton spectra, for a small amount of pulses is produced by (n, p) and (n, «) 
reactions. Neutrons are produced partly by the Li(d, n) reactions initiated 
by deuterons of our unanalysed proton beam, partly by («, n) reactions due 
to the «’s of the Li’(p, «) He* reaction. The latter effect can be neglected as 
the maximum energy of these neutrons is only 2.3 MeV. The number of «’s 
and protons due to Li(d, n) neutrons N,,, determined from the yield of the 
reaction *) and the (n, p) and (n, «) cross sections *:§), was found to be less 
than 10 % of the photoprotons except for Na®’ where 30 % was obtained. If 
N’, is the number of pulses in the spectra of figs. 8, 9 and 10, then the 
number of photoprotons is N, = N’,—N,py. 

The cross section o(y, p) determined from (1) is an averaged value for 
14.3 and 17.6 MeV y-rays of the Li(p, y) radiation having an intensity ratio 
1 : 2%). From the shape of the giant resonance of heavy and light elements it 
is probable !°) that o(14.3) = o(17.6) for Cs and I while o(14.3) < o(17.6) 
for Na and K. Thus o(17.6) is equal to the average o(y, p) determined above 
for Cs and I and is 1.5 times higher for Na and K. These data are listed in 
table 1. 





























TABLE | 
Nucleus Ne O, (b) N’y Nap a(y, p) (mb) |a(17.6) (mb) 
nNa*® 4.2 x 10° 10.7 1176+96 240 2.4+1.1 3.6+1.5 
19 KK 3.8 x 10° 11.8 3578 +98 230 10 +3.5 | 15 +5.8 
gah ** 1.7 x 108 20.8 130 +10 10 | 1540.6 1.5+0.6 
gscs'* 1.7 x 10° 20.8 | 130+ 10 10 zx 5+0.6 1540.6 


























5.2. ENERGY SPECTRA 


The high (n, p) and (n, «) background as well as the poor resolution power 
of our Nal crystal made it impossible to obtain an evaluable proton spectrum 
for Nas, 

In the spectrum of K**(y, p)Al*§ reaction a well defined level structure was 
found. This can be seen in fig. 10. Three groups can be distinguished, at 
6.10.3, 9.2+0.3 and 11+0.3 MeV. The 11 MeV group is obviously due to 
transitions to the ground state of A**, the binding energy of protons in K*® 
being 6.5 MeV. Two excited levels of A** are well known "), one at 2.15 MeV, 
the other at 3.75 MeV. The 9.2 MeV group corresponds to a transition to the 
2.15 level. No transition, however, has been found to the 3.75 MeV level. 
Recently Towle e¢ al.!*) by investigating the Cl®’(p, y)A®’ reaction, have 
concluded to the existence of the 5 MeV level of A*8. This result is supported 
by our measurements concerning the 6.1 MeV group. The 4.8 MeV group, not 
well resolved in our spectrum, corresponds probably to a transition to the 
6.7 MeV level of A** also mentioned by Towle et al. The relative intensities of 
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our 6.1, 9.2 and 11 MeV groups are 10:5: 1. These intensity data are not 
corrected for protons escaping from the crystal as the angular distribution of 
protons is unknown and the correction is very sensitive to it. 

We have assumed the energy spectra of I!*"(y, p) Te?*® and Cs!88(y, p) Xe!8? 
to be identical. According to the statistical model 1°) the spectrum is given as 


P(e) a Sop (€) ‘ ® (@nax—®)- (2) 


For o,, we used the value given in ref.'*). The maximum energy of protons 
for above reactions is ¢,,,, = 11 MeV and the level density was obtained 
according to ref.) as 

w(e) CC exp (0? (&max—é)]? (3) 
with b? = 55. This spectrum is plotted in fig. 11, having been normalized to 
give an integrated cross section of 0.15 mb obtained from the ratio 
o(y,p)/o(y, n) = 1.2 10-* calculated on the basis of the statistical theory. 
o(y,n)is known to be 125 mb °),. 
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Fig. 11. Energy spectrum of protons from Cs+TI nuclei. 


The experimental spectrum is far from agreeing with that based upon the 
statistical theory. The number of protons as well as their energy are much 
higher than expected, thus indicating a pronounced effect of direct interac- 
tion. According to Wilkinson’s theory of direct resonance mechanism !) for 
elements with Z = 53—55, the ratio of proton emission to total absorption is 
0.8 % for bremsstrahlung of 23 MeV maximum energy. Assuming the same 
energy dependence for y-absorption as for (y, p) reaction, the same ratio is 
obtained for monoenergetic radiation. Knowing that the cross-section of 
y-ray absorption ogy, is equal to 150mb °), by our measurement we obtain 
a(y, P)/Gays = 1+0.4 % which is in agreement with Wilkinson’s data. 
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Abstract: A method developed by Infeld and van der Waerden for generalizing the free 
Dirac field equation into the scheme of general relativity is used to unify the interaction 
types by adding some new hypotheses but still remaining in the usual Minkowski space. 
An explanation for a modified Pauli-Giirsey transformation is given in relation with the 
coupling types. Neither conventional isospinspace nor strangeness quantum number are 
used, but only the usual three dimensional spin space is necessary. The results seem to be 
similar to those of the Feynman—Gell-Mann theory, except for a few points. A comparison 
with their theory is made. 


1. Introduction 


Since Lee and Yang !) discovered that there exist parity non-conserving 
interactions in weak interactions many hypotheses 2-8) have been proposed 
for a more or less fundamental principie by which parity violation and 
lepton-number conservation may be understood in some organic way. 
On the other hand, since Gell-Mann ®) and Nishijima !°) successfully intro- 
duced the new quantum number to describe the selection rule of strange 
particles in a phenomenological way, many attempts !!~?!) have been made 
to interpret the strangeness quantum number. Among these the concept of 
two kinds of iso spinors tf introduced by d’Espagnat and Prentki ") seems 
to be hopeful, because the violation of isoparity in the weak decay of strange 
particles suggests that a close relation between the two kinds of phenomena 
may be obtained from the same point of view. 

Already in 1933 Infeld and van der Waerden ?) itt investigated the 
mathematical structure of the relativistic wave equation of electrons in 
great detail and gave a general relativistic extension of the Dirac equation, 
using the concept of gauge invariance invented by Weyl 2°). Assuming a 
general spin space at each world point, Infeld and van der Waerden con- 
structed the theory to be covariant with respect to the coordinate trans- 
formation and the parallel displacement. Although it seems very interesting 

t On leave of absence from Rikkyo University, Tokyo, Japan, at CERN, Geneva, on a Ford 
Foundation Fellowship. 

tt Although the concept of isoparity had been previously used by Pais 4), it was not success- 


ful due to his unsuitable classification of elementary particles. 
ttt In Bergmann’s paper of ref.®2) the role of parity and time reversal is examined. 
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that their results involve a non-linear term in the Klein-Gordon-like equation 
in the present paper we shall be particularly interested in the neutral 
vector field which is automatically introduced by their fundamental postu- 
lates, and which is simply identified by them as the “‘electromagnetic field 
in the sense of Weyl’s principle of gauge invariance’’. 

We would like to point out that any spinor field must be coupled with 
this vector field in order to maintain the covariance of the formalism, but 
that the relevant coupling constant may be different for different fields. 
Therefore, if there exist more than two fields, there will be some change of 
transformation property of each field, as a result of the coupling of the 
fundamental vector field with the other fields. A general expression for the 
Fermi interaction which is invariant with respect to the generalized trans- 
formation will be derived below and its physical interpretation will be given. 


2. Mathematical Formulation 


Following Infeld and van der Waerden’s treatment *?), let us assume a 
spin space t at each world point 2* and describe the spin quantities by a set 
of two complex quantities y*, where latin indices k’s run from 1 to 4, and 
greek indices A’s run from 1 to 2. For the sake of simplicity we shall confine 
ourselves to the usual flat Minkowski space; the metric tensor g,, is then 


811 = 822 = 833 = —8a = —1. (1) 
Since we want to extend the usual transformations then as is shown below, 
the metric tensor of the spin space can no longer be taken as constant with 
respect to variations of «*. This may be made plausible by considering the 
connection of the metric tensor of the spin space with the fundamental 
vector field mentioned above. 
We shall define a generalized transformation of y* by a two-by-two 
matrix whose determinant is not unity but e’’: 


ye = A,*p?, yr = A;y, A = det |A,*| =e, (2) 
where # is an arbitrary real function of x* and the usual notational convention 
is used. As is well known, the metric tensor can be defined in the following 
way: 

Yap — —Vpa 
=v ya P=r"vp, (3) 
vi=v rn Y= y,. 
The transformation formula for y,, is easily obtained as 
t This spin space is entirely different from Pais’ **) ‘‘@-space’’ which is independent of the 


Minkowski space. On the contrary, our spin space is intimately related with the Minkowski 
space through its transformation property, as will be shown below. 
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] 


a a 
Yue ara=* Y12> 


(4) 


yl2 <—- —Ay ae —eiPy12, 


Concerning the connection operators between a general world vector a* 
and a spin tensor y;,, a mixing tensor o*“ can be derived, satisfying the 
following commutation relations: 
— oe 
islam PWip> 
Ap = kA L _. gklf 4 5 
oto, tora, | oo (5) 
Ip gk kpegt — okl§.b 
oO o:,t¢ o7 gro.', 
where 6,“ and 6; are Kronecker’s deltas. Normalizing the volume tensor in 
the spin space, i.e. putting y,.yj3 = 1, we may write down explicitly the 


metric tensor y,, as 
0 ef 
Yau om by, 0 ’ (6) 


where @ is an arbitrary function of the world point 2“. 

As was clearly demonstrated above, the generalization (2) is completely 
compatible with Lorentz covariance. However, since we like to make the 
smallest possible modification of the usual theory, we shall restrict our 
generalization (2) to the rather limited transformation 

A ,* aa eA re, 

det lA," = lI, 
where # is still an arbitrary function of x*, but »4,* are now parameters 
independent of #*. Then our generalized transformation is reduced to the 
product of a well known gauge transformation 7%) and the proper Lorentz 
transformation. Consequently, in so far as we are concerned with a single 
free field, we have no room to add something new to the usual theory. 
However, as we shall discuss later, the metric tensor in spin space, y,,, 
may be taken to be connected with a neutral vector field ®* which most 
generally is a mixture of vector and axial vector fields and subject to the 
gauge transformation. Therefore it seems to us rather plausible to assume 
that each spinor field couples with this new field with a different magnitude 
of the coupling constant. The difference of the coupling magnitudes will be 
able to explain many conservation laws in the case of an interacting system 
of more than two fields. We shall denote the vector field by B for the sake 
of convenience. This new field may have some analogy with the gravitational 
field in the general relativity, in the sense that both of them are intimately 
related with the corresponding metric tensor in each space. 

Let us consider a system of two fields, a and } which are described by the 


(2°) 
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four-component spinors 


y'(a) yX(b) 
y(a) y2(6) ; 
= Y, = 7 
eT (a) | 7i(b). ”) 
19(@) 73(0) 


In general, these two fields are coupled to each other through the B field. 
Therefore, the metric of the spin space for the case where there exist two 
fields a and b which are coupled to each other can be different from that for 
an isolated field. Before discussing the general case, we shall consider a very 
special case, viz., in the limit where the field 5 is coupled extremely weakly 
with the B field we may make the following hypothesis: 
(I) The metric of the spin space is determined only by the existence of 
the field a, so that the transformation of Y, is just the same as for the 
isolated case, i.e. 
yp*(a) > eb y*(a), 
Via (4) > e749 (4). 
On the other hand the metric y,, appropriate to the transformation of Y, is 
only influenced by the coupling of B with the field a because of our assump- 
tion of very weak coupling of 6 with B, i.e. 
y*(b) > eb yr(b), 
Y12(0) > Y12(0). 
Thus any physical quantity of the system should be invariant under the 
transformation (8) and (9). The neutrino field is the best example of the 


field b. 
If we rewrite the transformations (8) and (9) using the familiar notation 
for the y-matrices f, we obtain Touschek’s transformation *) 


(8) 


(9) 


t Although our final results do not depend on the representation of the y-matrices, it is 
useful to note that van der Waerden’s representation (7) is associated with the following 


representation for the y-matrices: 
0 -—o (7 I 
= 4 — 
ao oO} ” I 0 


. 0 —o! : 0 —o 
Y ans ot tf) ° Y ” o2 0 ° Y 
01 0 -—i 1 0 
. == 8 = S = —— 
= (; o) t= ( t= (0 1)) 7= (; 1): 
With the usual definition of y, this is given in this representation by 
{7 0 
Aare = (, oak 
However, with our choice of metric in the Minkowski space we shall define 
, Seve 
Ye? -°P7Y = o a} 
Such a definition does not change the usual important relations 


YsV +775 = 0 
except that now y,? = 
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P= ety, (8’) 

yp’, = eft7O p, | (9°) 
Assuming the non-derivative couplings, then, as is well known, the only 
coupling type which is invariant with respect to (8’) and (9’) is uniquely 
given by 

Pa(l+y5) Po. (10) 

In the general case of a system of two fields, it is not easy to find the 
transformation law of the system, because the metric of the spin space 
depends on both fields. Such a situation has some analogy with the two-body 
problem in general relativity *°). Fortunately, our antisymmetric spin metric 
depends on only one real function instead of the dependence of the Rieman- 
nian metric on ten functions as in general relativity. 

This encourages us to make the second hypothesis: (II) When the field a 
undergoes the transformation (2’), the metric of the spin space is not subject 
to the full transformation (4), which would occur in the absence of the other 
field 6, but is only subject to the somewhat less general transformation 


y\(a) > ef? y*(a), 
VYi2(@) > e-**°y10(a), (11) 
0 <e, < l. 

Similarly, the transformation of the field 6 is given by 
y*(b) —> eb y'(b), 
VYig(d) > e-*2°y,(b), (12) 
0<@&< l. 

We now postulate that any physical quantity of the system should be 
invariant under the transformations (11) and (12). 

With Riemannian geometry transformations such as (11) or (12) may be 
too simple. However, in order to obtain the more realistic transformation 
law we need more information about the coupling between each spinor field 
and the B field. For the moment we do not have this information and so we 


choose a simple form for the transformation such as the above. 
The transformation given by (11) and (12) can be expressed as 


YW’, = exp [{te; +7(1—e,)y5}30] ¥,, (11’) 
Y", = exp [{teg+7(1—e,)y;} 40] %. (12’) 
For the existence of couplings invariant under the transformations (11’), 
(12’) the choice of e, and e, must be limited to ¢, = 1 or e, = 1. It is interest- 


ing that the only possible invariant coupling form coincides either with the 
previous case (10) or with 


P(1—ys5) Py. 
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Therefore we shall make the next step, namely, to consider Fermi type 
interactions. In the case of the system of four spinors, the transformation 
of each field may be expressed as follows: 


Y’, = exp [{ie,+7(1—e,)y5} 39] ¥,. (13) 
This expression can be derived by making use of hypothesis (II) applied to 
the case of four spinors. If we postulate that Fermi type interactions are to 


be invariant under the above transformation, then the only possible kinds of 
interaction are the following three kinds: 


(A+ Bys)y* Ps Y,(A'+ B’ys)y* ¥. , (14) 
Y,(A+Bys)y* P P,(1—ys5)y* PY, (15) 
P,(1—ys)y* Ps P,(1—ys)y* Ys, (16) 


where A, B, A’ and B’ are arbitrary constants. The differences among these 
three types of interaction come from the different transformation properties 
of the four spinor fields relative to each other. Namely for each of the inter- 
action types (14)—(16) the following conditions must be satisfied (see 
appendix): 


&) = Eo, and E3 — &4, (14’) 
&; = &, &, and e, can have different values, (15’) 
€1, 2, €, and g, can have different values. (16’) 


The condition (14’) is very strong and we shall discuss later in detail the 
case when it is satisfied. The coupling (16) is identical with that of Feyn- 
mann and Gell-Mann **) and corresponds to the V—A combination in the 
two-component neutrino theory. However, in the case of (15) we have 
freedom in the choice of the mixing ratio of V—A and V-+A in the sense 
of the two-component neutrino theory, but this freedom is gained at the 
expense of the rather strong condition (15’). 

In the present paper we are concerned with local and non-derivative 
couplings. However, in order to see how our metric spin space works, it may 
be worth while to review some equations ?*) concerning the covariant 
derivative. To define a covariant derivative of a spinor we need the so- 
called affine tensor 1%},: 


Vie = Ony* +l ey? (17) 
In order to determine J"), two postulates are essential: 
(i) yj, must be covariant under Lorentz transformations, 


(ii) a volume element of spinor space must be invariant under a parallel 
displacement in the Minkowski space (local conservation law) f. 


t Recently a lucid physical proof that the second kind of gauge transformation is necessary 
and sufficient for the local conservation law has been given by Ferretti 2’). 
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Since we confine ourselves to the usual Minkowski space, an explicit 
representation can be given for 1%}: 


pk _ digD,6,*, (18) 
where ®, is an arbitrary real function of 2*, g an arbitrary constant and 
is Kronecker’s delta. If there is only one spinor field, ®, is a world vector 


and is subject to the second kind gauge transformation 
1 
PD, > O,.— — 0,90. (19) 
g 


Then ®, could be interpreted as the electro-magnetic four potential. How- 
ever, it should be stressed that this neutral vector field which must be asso- 
ciated with any spinor field need not satisfy the Maxwell equation. In fact, 
if we borrow Stueckelberg’s method #8) which enables us to treat a general 
vector field similarly to the electromagnetic field, the interaction between 
spinor fields and a vector field which has a finite rest mass can be handled 
by a formalism which is completely analogous to that developed for quantum 
electrodynamics. A possibility is then to assume an extremely large rest mass 
for this neutral vector field so that the region of non-locality associated with 
this is very small. It might be possible to identify this neutral boson field 
with that proposed by Lee and Yang **) for the explanation of a possible 
non-locality in yw-e decay. 

In the case of interacting spinor fields, corresponding to the transforma- 
tion (13), ®, should undergo the transformation 


PD, —> D,— {e+ (l—e)y5}O, 0. (20) 


Then ®, no longer has a definite space parity. 

The idea of such a gauge field was used by Yang and Mills *°) in a rather 
arbitrary way to explain the selection rules in strange particle processes. 
Therefore, following Yang and Mills, we have referred to our spin metric 
field as the B field. In the present paper we do not intend to discuss the 
explicit behaviour of the B field but shall be content to consider only its 
effects on the form of the interaction between spinor fields. 

As is well known, the usual four-component Dirac equation is not in- 
variant with respect to a transformation involving y, except for the case of 
vanishing mass. In particular it is not invariant with respect to 


YP" = ef%se (x : parameter). (21) 


However, as Giirsey') has shown recently, if we introduce an additional 
four-component spinor which transforms differently than ¥Y, according to 


P — ina, (22) 


then we can construct the equation (A = c = 1) 
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ko im Wy 

( y k *s) ( ;) nds 0, (23) 
—imy, y*0,/ \P 


which is invariant if ¥, W transform according to (21) and (22) respectively. 
We may slightly rewrite this equation in the following form: 


("*0,-+im) ( @) = 0, (24) 
where 
rate 2) " 
and satisfy the commutation rules 
reyes * = 2g". (26) 


It is then quite evident that eq. (24) is a Dirac equation in an eight-compo- 
nent spinor representation. Such an eight-component representation is of 
course reducible f but not trivial. This is because this change of representa- 
tion is necessary in order that the Dirac equation is invariant with respect to 
the transformation (21), (22) and because it can now also have another 
important property: eq. (24) is invariant with respect to Pauli’s trans- 
formation (I) %%) 
Y' —aP+by,¥°, Po = a*¥Y°—h*y. VW, os 
B= aby, Be, Pe — gt eo y,W, ™ 
Since this group of transformations is isomorphic to the unimodular 
group and also maintains the invariance of the generalized Dirac equation 
(24), we may interpret this group as the usual isospin group. Therefore to a 
solution of eq. (24) we can attribute an isospin quantum number and an 
isospin parity, but not a definite space parity. 
It is rather straightforward to apply the above discussion to our theory 
when « is not a real parameter but a real function such as $(1—e)# where # 


is a function of x*: if we replace 0, in eq. (23) by 0, and Onn so that 


how 
( en na) ( @) =0, (28) 
—imy, = y*0y,/ \P 


this equation is covariant with respect to our generalized transformation 
if 0,, and 0,, transform according to 
Orn ws O1n— 32 {e+ (1—e)y5} 0,8, 


t An irreducible representation of the J* by eight-by-eight matrices has been considered by 
Biedenharn **), by extending the Lorentz group to include time reversal in c-number theory. 
The author is grateful to Dr. J. Serpe for drawing his attention to Biedenharn’s paper. 


(29) 











A UNIFIED THEORY OF THE FERMI INTERACTION 669 


However, we now lose the invariance with respect to Pauli’s transformation 
(I) even in the case where a and 6 are not functions but only parameters. In 
other words, only in a certain approximation, which we may call “non- 
electric approximation”’, i.e. only when 


On = Ou = O;, (30) 


can we define the isospin and isoparity. 
As we haveemphasized repeatedly, our generalization causes some difference 
only in the case of interacting spinor system. For an isolated spinor field, 


e = 1 and the difference of transformation properties between Y and y 
disappears. In fact, if we substitute y;¥% = W in eq. (24), this becomes 
identical with the conventional four-component Dirac equation. 

We shall now construct several invariant interaction forms by making use 


aA 


of Y as well as Y. 
Defining « and a by 





9 - 

a” == 4, & 

ae'Ysu — aet we'¥s4™ — ge—iu 

we can readily write down the invariants in the case of e, = e, = & = &4. 
These are 


1, = VFye,FyaX,, = Va, Vya,, 

I, = Vra ile PO PW Ya, - 
I, = Pat, FyaP,,  I'y = VaP,D, 3%, 

I, = Veh, Yav,, 'y = Wat, Wak, 

Ky = % Ww, P,P | K,= %, Ww, , WY, os 
K, = ¥,%%, K, = VY,%%, 


a x 
where Y, and ¥Y; are defined in the usual manner: 


A 


 f = ¥;' a P,= Pt yA, 


Each of the above types in (33) and (34) is invariant with respect to our 
generalized transformation (13), but not invariant with respect to Pauli’s 
first group (27). However, if we take suitable linear combinations of these 
types, we can construct quantities which are also invariant under the trans- 
formation (27). In order to see such transformation properties in a more 
familiar way, it is convenient to rewrite these linear combinations using 
Giirsey’s transformation 
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PY; = apa; tray, 
; Y Yo (35) 
P, = Wqs—tay),- 
Then we obtain the following familiar expressions: 
L,—1,4+-L'g—l's = Por Yar Pas Vos 
L,+1_—L'g—l's = Por Ys Va2P 03's Poa» 


; ea haan (36) 
I,—Igt+l',—l's = Par Vo2P03 Yaa> 
I,—I,—l',—!; = Pars Vo2 P03 5 Vas» 
K,+K,+Kg+Kq = (Pai Pa2— Vor Yo2) (Pas Yaa — Pos Vora)» (37) 


K,—K,+Kg—Kg = (Par YsPa2t+ Pos Yea) (Pas V5 Vaat Poa Vs Vea): 


If, for example, we make the identifications 


Yo=P, YW =, 
it may be seen directly that the following combination is charge independent: 


Par Yo2¥o3 Past Por Yar Pas Poa t (Par Yaa — Vo1 Poo) (Pas Yas — Vos Yoa) 
Sea ete SEPP Pars 
= (Bn) (ap) + (ab) (Bn) + T, (Bb—ain) T (BP—An). 
Furthermore, it is quite obvious that (38) conserves the space parity. 
On the other hand, if ¢, = eg ~ €, = €,, we cannot construct a charge 
independent coupling such as (38) now only the last term of (38), corre- 
sponding to the third component of an isovector, is a possible interaction. 
Thus, in the case of ¢, = & & &; = &, we may have the charge independent 
coupling in the first approximation and the t,-interaction in the second 
approximation 34,35), 


(38) 





3. Discussion 


As has been emphasized in the preceding section, our generalized trans- 
formation, under which the physical description must be invariant, only 
affects systems of two or more coupled spinor fields, but does not in any way 
modify the properties of a single isolated Dirac field. In the case of two or 
more fields there is a modification of the transformation properties of each 
field. This modification enables us to classify various types of interactions, 
which have previously been proposed, phenomenologically, and to associate 
each of the types with a corresponding conservation law. 

One of the essential points of our generalization is to postulate affine 
covariance as well as Lorentz covariance. The former necessarily introduces 
a neutral vector field associated with any spinor field. Although this vector 
field has been interpreted as the electromagnetic field by Infeld and van der 
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Waerden, we would like to consider that this field consists of two kinds of 
fields, i.e. the electromagnetic field and the B field. The difficulty due to the 
finite rest mass of the B field can be avoided by Stueckelberg’s formalism, 
so that these two fields can be treated in completely the same way. Assuming 
that any complex spinor field couples with the electromagnetic field with the 
same coupling constant as usual, we readily obtain the charge conservation 
law. It is evident that invariance under our generalized transformation will 
guarantee the invariance under the special transformation which leads to 
charge conservation. 

Since we are interested in the interacting fields, we may classify Fermion 
fields into two categories according to the magnitude of e; appearing in 
their transformation function: 


(i) lepton for e; <1, (39) 
(ii) baryon for e,; & 1. (40) 


If a baryon pair appears in the interacting fields, a baryonic current vector 
which satisfies the continuity equation can be defined. This is possible 
because the interaction between baryon fields and the B field is a vector 
coupling and direct couplings between baryon fields are also invariant with 
respect to the generalized transformation (13). 

Rewriting the transformation (13) for y, and y,°, this becomes 


Y, > ebicd+ti(1—e)0y) 
y,° > eticd—ti(1—€)6 © } (41) 
As we have mentioned at the beginning of the preceding section, the case 
¢ = 0 may be interpreted as that of a neutrino field. Therefore it seems 
plausible to interpret y, and y,° as having the same baryonic charge but 
opposite leptonic charge. 

Such an idea was first proposed by Touschek °) and later investigated 
extensively by Konuma **) in connection with the conservation of lepton 
number. 

Let us now discuss briefly the correspondence between our interaction 
forms and previously proposed Fermi interactions. The most typical weak 
interactions, e.g. u-e decay, belong to the type 


YP (1—ys5)y* P, P3(1—v5)y* %, (42) 


because uw, e and » may all have different values of ¢ although all of 
these are nearly zero. This is exactly the same situation as that of Feynman 
and Gell-Mann, who have investigated this case quantitatively. However, it 
should be noticed that if four fermions all have different ¢ our theory limits 
the possible interactions to only this type. Another possible example is 


A® + p+e-+3. (43) 
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The usual f-decay interaction involves a nucleon pair, and this is of the 
following type: 

(A+ Bys)y* Po ¥3(l—ys)y" Py (44) 
where the ratio A/B can be chosen arbitrarily. Thus it is possible to have any 
degree of mixing of the alternative couplings V—A, V-+-A (in the case of 
two-component neutrino theory). On the contrary, in Feynman and Gell- 
Mann’s theory it seems that one can only choose one of these alternatives, 
because their hypothesis for construction of the Fermi interactions requires 
one to replace Y by either one of the projected components $(1-+-y,)¥. 
Therefore, if the experiments on the angular distribution of electrons from 
polarized neutrons do not agree with one of the alternatives predicted by 
Feynman and Gell-Mann, this would seem favourable for our theory. 

Finally, keeping in mind a spinor model in which all bosons may be 
regarded as composite systems of fermions, except the electromagnetic field 
and the B field, we shall consider interactions of Fermi interaction type. 

In the case of interacting fields it is necessary to introduce the eight- 
component spinor representation of the Dirac equation in order to describe 
each spinor field in a covariant way. Within this expanded framework the 
concept of isospin appears naturally in association with a particular inter- 
action type. In fact, in the case of ¢, = ¢, = &3 = €, we have charge-inde- 
pendent interactions 

Par Vo2 Poa Yaa t+ Por Yar Pas Yoat ¥ (Par Ya2— Por Yea) (Pus Yas—Voa ra)» (45) 
or 
ParYs Yo2 035 aa t Po1)'s Var Pass Poa 
+3 (Pars Pa2t Pers Poe) (PasY5PaatVrsVsVoa)- (46) 
If we take into account the possibility of introducing two kinds of isospinor ") 
the strangeness (corresponding to the isoparity) is obviously conserved in 
both the above cases, as well as the space parity. Therefore it seems plausible 
to take the above two interaction forms as typical of strong interactions. 
Furthermore it is interesting that the case e, = e, ~ &, = & gives us only 
the last term (t, part) in the above two interactions (45), (46). Therefore, if 
&) = &) & & = &, we have the strong interaction (45) or (46) in the first 
approximation and t,-interactions in the second approximation. This 
corresponds to the modification of Gell-Mann—Nishijima’s selection rule 
proposed by Takeda **) and also by d’Espagnat, Prentki and Salam 5). 

The modification of the spin metric associated with interacting fields has 
some analogy to the modification of the Riemannian metric associated with 
the interaction of two or more bodies in general relativity. Another analogy 
might be with the modification of the interaction between two charged 
particles due to their presence in a polarizable medium and the association 
of this modification with the state of polarization of the medium. 
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In the present paper we have tried to unify all known conservation laws 
by use of a generalized transformation group, which is associated with the 
transformation of the metric in the usual spin space. The author would like 
to express his sincere thanks to Professor B. Ferretti for valuable discussions 
and Professor L. Rosenfeld for the kind interest. He wishes to thank Professor 
C. J. Bakker for the hospitality extended to him at CERN. 


Appendix 


For calculations which include y, the following identities are useful: 
(1+y,)e"7s" = (1+-y5)e™, (1—y,)e*75" = (1—y,)e™™, 
where w is real and exp (/y,;4) = cos u-+-?y, sin u. If we transform two four- 
component spinors as 


Y —> efittys1 YY i Y, —> eiMet+tysve2 Y,, 


the coupling 


is transformed in the following way: 
I! = P,e-imsti70%(§ (A+B) (1-+-7%5) +4 (A—B) (1—yg) Jems i70%y 
= YF e—tu—ua—ritea) L (4 + B)(1+y5)y* Fy 
wy a-t —Ueg+0,— l/. 5 k 
+ B,c-teruster—) 4A — B) (17g) y* Pp. 
Therefore J is invariant for the following two cases: 
5 
(i) A, B are arbitrary, but u, = us, v, = 2, 
(i) A = — B, but w,+7, = ua+p. 
The case of u,—v, = (WU .—v,) is omitted because in our theory it is included 
in (1). 
Note added in proof: Recently Tanikawa and Watanabe have proposed an intermediary 
chiral boson field to derive the Fermi interaction. The author is grateful to Professor 


S. Watanabe for sending him the preprint and also for interesting discussions on the relation 
between their theory and ours. 
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Abstract: An attempt is made to account for the group structure of elementary particles by 
assuming that they are obtained by combining a limited number of basic fields. It is 
shown that if the basic fields are all taken to be fermions, one needs three fields to account 
for the continuous group structure only, but four fields are necessary if distinct operations 
for C and P are to be incorporated in the scheme. On the other hand, a model with half the 
number of independent field components can describe the group structure correctly if both 
bosons and fermions are taken as basic fields, their common feature in this case being that 
they are all strange fields. Difficulties inherent in such schemes are discussed. 


1. Introduction 


Not much can be expected from a formal scheme for elementary particles 
which evades the fundamental problem of interaction, as no quantitative 
conclusions regarding masses, lifetimes and coupling constants can be drawn 
from the model. However, even a qualitative and descriptive scheme may be 
useful if it accounts for the group structure of particles and throws light 
on some remarkable mathematical facts and empirically observed rules, such 
as the seemingly limited number of particles, the possible connection between 
strangeness and parity !), a satisfactory explanation of the form of weak 
interactions *), the curious isomorphism between the gauge group of a 
massless neutral Dirac particle and the group of strong interactions 8), the 
absence of a neutral particle other than the neutrino associated with the 
meson, the possible four-dimensional Euclidean symmetry of the baryon- 
pion interactions and partial breakdown of this symmetry in K-meson 
interactions 4). One should also try to give an answer to the problem of 
determining the nature and the number of fundamental fields, if, following 
Heisenberg ®), Goldhaber *), and Sakata’), all particles are regarded as 
having a compound structure. 

This paper is devoted to the discussion of some examples of spinor and 
mixed (fermion -+- boson) models with a simple (non-degenerate) vacuum. 
It is found that, with three fundamental spinor fields (2 lepton fields and 


t On leave from the University of Istanbul, Turkey, and at Brookhaven National Labora- 
tory, Upton, N. Y. for a portion of this work. Work performed under the auspices of the U.S. 
Atomic Energy Commission and the International Cooperation Administration. 
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1 baryon field), one may account for the group structure of the particles as 
far as the continuous gauge groups are concerned. One discontinuous group 
— for instance, CP — can also be incorporated. However, the model fails to 
explain the discontinuous group structure which must comprise two distinct 
reflection operations, C and P, that are presumably conserved in strong and 
electromagnetic interactions. In order to incorporate the latter feature in the 
scheme one needs four four-spinor fields. But then, one meets with the 
difficulty of unobserved new particles and a greater arbitrariness in the 
formulation of the interaction problem. The large number of basic fields 
required seems to be a fundamental difficulty associated with such fermion 
models. 

Because of the poor success of the spinor approach, we have also investi- 
gated a mixed model in which boson fields as well as fermion fields are taken 
to be basic from the start. This line seems to be more promising. Indeed, 
three fundamental fields — namely, a 2-component isosinglet fermion 
field 4; two boson fields, k, and k, (forming an isodoublet complex boson 
field £); and an isosinglet baryon four-spinor field A — suffice to account both 
for the continuous and for the discontinuous group structure of elementary 
particles. The assumption is that the fundamental fields 2, k and A, which all 
together have eight components, are not observable by themselves but give 
rise to compound states that represent ‘“‘elementary”’ particles. We note that 
these fields are strange in the sense that they have a spin difference of } 
in ordinary and isobaric spin spaces. 

In all the schemes under consideration that are based on the idea of 
extending strangeness and isobaric spin to leptons, the status of the ~ meson 
is ill defined, since the problem of finding a natural place for it has no easy 
solution. 

Before discussion of a few simple schemes a remark is necessary about 
the fairly generally accepted two-component nature of the neutrino. Let us 
introduce a basic leptonic isodoublet which we may tentatively identify with 
a four-component electron ¢ and a four-component neutrino ». We may 
assume that the mass of the electron vanishes in the limit of electromagnetic 
forces being neglected. In this limit, the concept of isospin should be appli- 
cable and the electron-neutrino system should emerge as an isodoublet. One 
objection to this conception of the leptonic field (e, vy) might be the two- 
component nature of the neutrino. The way in which such a reduction of the 
available states of the neutrino affects the scheme is a matter for separate 
discussion (section 2, scheme A’). However, it is worth noting that the 
neutrino is not the only particle that behaves like a two-component field in 
weak interactions. Had our experience with electrons been limited to those 
produced in decays only, we might be tempted to ascribe a two-component 
nature to the electron too. The reason this cannot be done is that the missing 
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states of the electron are actually produced in electromagnetic interactions 
that do not affect the neutrino. In any compound-particle scheme comprising 
the electron and the neutrino among its building units, neutrinos could be 
produced not only in weak interactions, but also perhaps in very energetic 
collisions of strongly interacting particles. The nature of neutrinos produced 
under such conditions might be very different from that of decay neutrinos. 


2. Schemes with three Spinor Fields (A and A’). Continuous Groups 


As fundamental fields we take e, y and a neutral isosinglet baryon field A. 
All three are anticommuting four-spinor fields. We use the notation 


Yr = 3(1+ys)¥, YR = 2(1—ys)p (1) 
for any four-spinor y, y; being taken diagonal, so that y, and pp are essen- 
tially two-component spinors. To study the groups involved it is also useful 
to introduce the 2x2 matrices F and G defined by 


F = (»,, &), G = (—io,€p*, 10) %R*), (2) 


where the symbols in the brackets stand for the columns associated with the 
two-component spinors (1). Under a Lorentz transformation, F and G 


transform in the same way, both being multiplied to the left by a unimodular 
2» 2 matrix L (see ref.*)). Let us also introduce the notation 


F =o,F'o, (3) 


for the adjoint matrix, so that / F would be equal to the determinant of F 
in C-number theory. Now we form the Lorentz invariant matrix 


= FG. (4) 


The elements of this matrix are products of the operators ¢ and y at the 
same point. Strictly speaking, such products are not defined in conventional 
field theory. As shown by Zimmermann 8), to describe a compound state of 
the fields wy and ¢ one should start from the time-ordered product 
I'(y[x], d{#’}) and use a limiting process to define the product operator 
at the point corresponding to the centre of mass. However, this procedure 
does not alter the symmetry properties of the product function, and in the 
following we shall use products of operators to represent compound states. 
Two Lorentz-invariant, commuting rotation groups (which combine in a 
four-dimensional Euclidean rotation group) may now be defined: 


PBR Cre (5-1) 


F + F, G > GQ (5-IT) 
where 


R=expio-:t and Q-=expio-u (6) 
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are two unitary, unimodular 2 x 2 matrices, t and u are real vectors, and the 
v’s denote the Pauli matrices. Under the four-dimensional rotation, @ obeys 
the law 


0 + RQ, (7) 
so that Tr 00 is invariant. We also obtain 
6 > Q6R (8) 
and 
6t >» QO R. (8’) 
The elements of the matrix # represent four spin-zero boson fields, namely 
@ = en! 6, , 6+ = e,'y,, 6- = »,"e,, P — »,'y,, (9) 
so that one has 
9 6° —6- 
~ \_6+ 6 (10) 
and 
9° §- 
6 = ( ). 11 
6+ 9° (11) 


If the rotation group (5-I) is regarded as generating the isospin group 
to which it is isomorphic, then 6°, 0+ on one hand and @°, 6- on the other 
behave like isospinor bosons. A transformation isomorphic to the hyper- 
charge (or isofermion) gauge group introduced by D’Espagnat and Prentki °) 
is obtained by considering the subgroup of (5-II) corresponding to u, = uy, 
= 0, u, = u. Under this group we have 

60 — 6 exp to3u (12) 
or 
99 > Pei%, A+ >Otei™, 90 > He-m, 
(9°)* —> (9°)*e-™, (90) * > (99)*ei 9- + O-e-™, 

We see that as far as continuous groups are concerned, the operators 
(0°, 0+) behave like the K-meson field (K®, K+). The full rotation group (5-IT) 
mixes states of opposite hypercharge and hence is a representation of the 
global-symmetry group considered by Gell-Mann and Schwinger *). It is seen 
to be the three-dimensional generalization of the hypercharge transformation. 

Since 6 and §* transform in the same way under the full group (5), we may 
construct the isovector boson field @ in such a way that we have 


a: = 3(60'—6'0) = 06'—3 Tr 00". (14) 


It transforms as 


(13) 


ao:d—- R(o-)R (15) 
under the isospin group (5-I), but is invariant under (5-II), and in particular 
under the hypercharge group. Hence, as far as continuous groups are concern- 
ed @ behaves like the pion field z. 
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We note that an isoscalar boson field ¢° can also be defined by 
¢° = 1 Tr 00+. (16) 


We now combine the field 6 with the four-spinor field A to introduce 
baryons in the scheme. The baryon gauge transformation is given by 


AeA. (17) 
For the isofermion baryons N (nucleon) and 5(cascade particle) we can 
write 
5° 5, A, & A,6- 
¥ v= 4,0= (7 L (18) 
PL ny A, 0+ A, 
and 
5,° 5,- A,0” —A,6* 
( RR ) —) e ( ip. ak (19) 
Pr Ne —A,9 ARO 
The A® and the & (isoboson) baryons may be defined as 
A=A (20) 
or 
A° = Ad° (20’) 
and 
2, = Ad,, (n = 1, 2, 3) (21) 


where ¢° and ¢,, are defined by eqs. (14) and (16). It may be verified that the 
operators introduced above all have the correct transformation properties 
under Lorentz transformations, isobaric spin, charge, and hypercharge 


transformations. 
Another continuous group, the leptonic charge group may be introduced 


in two different ways: 


G,: « >ee, y >etly A—>A, (22) 
Gy: ep>ete, vo >efyn, AoA (23) 
ER a a Er» VR —> VR: 


The group G, is general and can help to formulate lepton conservation with 
any type of weak interaction. But if it is true that all leptonic weak inter- 
actions are of the (V—A) type, then only left-handed electrons and neutrinos 
enter such interactions and it is sufficient to consider the group G,. (eq. (23)) 
as defining the leptonic charge. Since the ~~ meson must have the same 
leptonic charge as the electron (evidence from the value of the Michel 
parameter in uw decay), then we could define the muon operator as 


pe = ef. (24) 


But, as discussed in the final section, there is no simple way of incorporat- 
ing the muon into such schemes without running into additional difficulties. 
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Although the operators 6 and @ behave like the K and a meson respective- 
ly, this identification would not be satisfactory from a dynamical standpoint, 
since these bosons must include the operator A because of their strong inter- 
actions with baryons. Therefore we introduce the bosons through the 


definitions 
K°)  _ (6° a 
ae = AA 4 , (25) 


t= AA®@, (26) 
where A denotes the usual adjoint four-spinor 


A = A'yy. (27) 


/ 


The scheme just described will be referred to as scheme A. 

We obtain a modified version of scheme A by imposing the Majorana 
condition on the neutrino. Since there is a one-to-one correspondence 
between a Majorana neutrino and a two-component neutrino !), this is 
equivalent to reducing the number of the independent components of the 
basic field by two. The scheme thus obtained (scheme A’) involves then 
10 components instead of 12. We have 


y= 7° = y,9* (28) 
or 
My = —OgPR", YR = O2,*. (28°) 


Hence », only need be considered. The available continuous groups are 
reduced. Group (5-1), which gave rise to isorotations, still survives, but 
the group of global symmetry (5-II) is lost. The leptonic charge group (22) 
can no longer be defined but (23) is still valid. For the isofermion boson 
operator 4 we now have 


so that the leptonic number /’ can now be used to define hypercharge. We 
take u = 1’. The conservation of leptonic charge and the conservation of 
strangeness (which follows from the conservation of the hypercharge) become 
identical. In mesonic decays of hyperons there are no leptons involved, but 
the leptonic charge changes by one. In leptonic decays, leptons are conserved 
as well as strangeness. A consequence would be to allow # decay only within 
a charge multiplet. The 6 decay of the A®, for example, is forbidden. This 
is an example of a model in which strangeness and parity are not necessarily 
conserved simultaneously. It is interesting to note the resemblance of this 
model to the one proposed by Konuma, Nakamura and Umezawa !") in 
which the “‘neutrino charge’ is identified with strangeness. 
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3. Schemes A and A’. 
Difficulties Associated with the Discontinuous Group Structure 


We first consider scheme A. Let us introduce the parity operation for the 
four-component neutrino-electron system: 


Pi: && >e&p, > YR: (30) 
and the parity operation for the baryon field, 
P,: Ay > Arg. (31) 


From eqs. (9) and (10) we see that under P, the boson matrix @ transforms 
in the following way: 
P; 06> —6. (32) 


Further, eqs. (5) and (8’) show that the roles of the transformation (5-I) and 
(5-II) are exchanged under P,. In particular the hypercharge and the third 
component of the isobaric spin are also exchanged. Therefore, at this stage 
we note that parity-conserving interactions that are invariant under the 
isorotations around the third axis must also be invariant under hypercharge 
transformations. In other words, strangeness and the third component of the 
isobaric spin must be conserved simultaneously in order to be compatible 
with parity conservation in this model. The groups (5-I) and (5-II) do not 
commute separately with parity. However, the group obtained by taking 
R = Q = B ineq. (7) does commute with parity. Under this group we have 


(mr, &p) > (m1, eL)B, (¥R, Ex) > (MR, ER) B (33) 
and 
6—> BOB, 


so that the right and the left fields behave in a symmetrical way. The 
leptonic group G,(22) also commutes with the parity operation, so that the 
charge gauge group which is a product of G, with a subgroup of (33) also 
commutes with parity. This means that the electromagnetic interaction of 
the electron, which is charge gauge invariant, is also invariant under parity, 
as it should be. Leptonic decays for which the group G, is valid destroy the 
parity invariance. 

We now turn to the question of parity conservation in strong interactions. 
To do this, we note that the boson fields @ are not parity eigenstates. From 
the definition (9) and the law (32) we have explicitly 


6° —> (6°)*, 6+ + —(6-)* 
0- > —(0+)*, 9° — — (6)*. 


, 


Py: (34) 


Now, according to eq. (14) the explicit expressions for the components of the 
isovector field @ are 
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bs = $[0°0 —99(09)*+.0-(0-)*—0+ (0+)*], 
$- = $,—i¢, = —09(0+)*—O- (0%)*, (35) 
Gt = $i +ib, = —O* (0°)*—0(0-)*, 
which are seen not to be parity eigenstates. The expression 
a: b' = 4(00'+-6'6—6'0—66") (36) 


would be a parity eigenstate, but no isobaric spin vector. nor even strangeness 
eigenstate. It would only be a vector for the transformations (33) under 
which @ transforms like a vector. It follows that an interaction term involving 
the field @ and the baryons cannot be invariant under isorotations and parity 
at the same time. This is because the only rotation groups available (5-I and 
II) that can serve to define the isogroup and the hypercharge group do not 
commute with parity, and the only rotation group that commutes with parity, 
namely (33), cannot be used to define a boson that is an isospinor. On the 
other hand the operation CP is 


* *k * 


CP: (37) 


VpR—> —Ogrp*, En —Ogrp*, Ap > —O.AR*, 
or, using the matrices F and G defined by (2) and the definition (3), we have 
F +o, F* = Fto,, G—> —o,G* = —G@"o,, 
so that from (4) we obtain 


FG + o, F'G'o, = (FG)* 
or 
CP: 0—-6*. (38) 


Then CP corresponds to the operation of complex conjugation for the field 0. 
It also switches the sign of the hypercharge. The field @ now is an eigenstate 


of CP. The transformation 
6+ 6, (39) 


which is induced by CP followed by a special four-dimensional rotation (7) 


defined by 
F + 10,F, G + 10,G, (40) 


commutes with the full four-dimensional group (7). Hence if strong inter- 
actions have global symmetry, invariance under (39) will imply invariance 
under CP. It is then possible to introduce CP invariance in the strong inter- 
actions, unlike separate C and P invariance. 

Since scheme A’ is a special case of scheme A, the same difficulties also 
arise in this case in addition to new difficulties resulting from the lower 
symmetry of the model with respect to P. This need not be discussed here. 
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We note that it is possible to define an operation that transforms right- 
handed baryons into left-handed ones, namely 


P’: err, v—>e®, Ay > Ap. (41) 
Under this operation we have 
0+ > —(0-)*, 69 > 9%, (42) 


We can therefore have simultaneous conservation of strangeness, P’, and 
isobaric spin (since P’ commutes with the isospin as defined in this model). 
We may be tempted to call P’ the parity operation, since it is the parity 
operation for the baryons. But as far as leptons are concerned it is the G 
conjugation 1") and it cannot be regarded as parity since it is not conserved 
in electromagnetic interactions. 

We have shown that the scheme A, which accounts for the transformation 
properties of particles under continuous groups, leaves no freedom for the 
definition of a parity operation distinct from CP, which would be conserved 
both in strong and in electromagnetic interactions. 


4. Schemes with four Four-Spinor Fields (B and C) 


4.1. SCHEME B 

We start with scheme B, in which the fundamental fields are ¢, v, A, and an 
isosinglet neutral lepton field p, all four-spinor fields. Since separation into 
left-handed and right-handed fields plays no special role in the definition of 
continuous groups in this model, we use the usual four-spinor formalism 
instead of 22 matrices, the bar denoting the adjoint four-spinor in the 
sense of the definition in (27). 

We now redefine the isofermion boson field @ as 


0° = ip = rgtprtrt pz, 0+ = &p = ent p_t+ertpr. (43) 
The parity operation now is 
Pr E> YE, VY>Yor% P> Yop, A> A, (44) 
and leaves @ invariant. Thus @ is a scalar field. We could equally well define a 
pseudoscalar 0 by replacing p by ysp. 


We introduce the isovector boson field @ and the isoscalar ¢° by 
0 


+0-¢=(/) 00>), (45) 
where 0- = (0+)*, 
We now keep the definitions (20’) and (21) so that we have 
A° = Ad®*, J= Ad, (46) 
and redefine the baryons N and & as follows: 
p=Ae+, = Am, 
n= /A@, S- = A0-. 
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The K (scalar for instance) and 7 (pseudoscalar) mesons may be defined 
as 
K® = AA®, K+ = AAOr, (48) 
ma = itAy, Ad. (49) 
The continuous groups are 
(vy, e) > (vy, e)e""’, A>e®A, pep, (50) 


where (vy, ¢) means the 4x2 matrix the columns of which are the four- 
spinors v and e. The vector I stands for the parameters of the isospin group 
and 6 and w are respectively the parameters corresponding to the baryon 
number and the hypercharge. The lepton gauge group can still be introduced 
by (22) or (23), assuming p invariant under this transformation. For the 
muon we can still take the provisional definition (24). 
The discontinuous groups are P, given by (44), and the charge-conjugation 
operator 
C: e>e&, v>rv, p>p®*, A>A. (51) 
The Racah parity is a special case of the hypercharge gauge group and is 
given by 
Pr: pip, e>e, v>yry, AA. (52) 
This scheme leads to the same results as the conventional theory of 
elementary particles, giving no deeper relationship between strangeness and 
parity. However, it does give a basis to the isomorphism between the Pauli 
group and the isogroup of strongly interacting particles. Indeed, in the non- 
electromagnetic approximation, the equations for the free electron and 
the neutrino are 
vy 0,¥ = 0, 


‘pvp var 


0,€ = 0. (53) 
Now, the four-spinors 


' . 3 
y —109€ 
L . 2~R i 
+= (. .) and ¢ = ( (54) 
109 1, YR 


transform in the same way as » and e« under Lorentz transformations and 
satisfy the same zero-mass Dirac equation 
YnOn% = 9, Y pons == @, (55) 
These equations are invariant under the simultaneous Pauli transfor- 
mations !%) 
%—> aytbysx®, 6 > al+bysl?(\a|?+ |b|? = 1). (56) 
But this transformation is equivalent to the isogroup in eq. (50) which, 
according to the model, induces the isobaric rotations of strongly interacting 
particles. Therefore, in this model there is still a strong connection between 


the Pauli invariance of zero-mass spinor fields and the isobaric spin invarian- 
ce of baryons and mesons. The introduction of the p field to provide the 
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hypercharge group is, on the other hand, an unsatisfactory feature of the 
scheme. For the muon we now have another possibility, namely 


Le = p0-, (57) 
which of course does not exclude a neutral muon defined by 
pw? = p&™. (58) 


In this scheme C and P can be conserved simultaneously with isospin 
and strangeness, although this is not a necessary consequence of the scheme. 


4.2. SCHEME C 
Before leaving the spinor schemes we note briefly a more symmetrical- 
looking scheme with four four-spinors, which runs into difficulty with the 
conservation of parity in interactions involving strange particles. The 
fundamental fields are ¢, v, p, n, and the definitions of scheme A are kept 
for the @ field. The baryon and the hypercharge transformations are now 
defined as 
G,: (v, €) > (v, €), (p,n) > e(p, n), (59) 
Gy: (", &) > (1, &r), (RE, Ex) > C7 ™ (PR, ER) (60) 
(p, n) > e™(p, n). 
Therefore under G, we have 
G,,: 0° + e™, 6+ > Ote™, (61) 


The hyperons may now be defined as in the Goldhaber model, 





1 
A° = —~ (p#-—né™) (isosinglet), 
4/2 
yo — : (pé--+-né") 
p> V2 p 
2+ = po” (isotriplet), (62) 
2 = np- 
5° = 49” 
ae ais as (isodoublet). 
The mesons are defined as 
—_ _ i os 
at = iMysp, 7 = tpysn, 2° = v2 (PysP—nysn), (63) 
K+ = A°p, K®= An. (64) 


It can now be shown that the parity difficulties associated with scheme A are 
now limited to interactions involving strange particles. In this scheme, 
C and P would be conserved in electromagnetic and pionic strong inter- 
actions, but would be violated by the K-meson interactions. 
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5. A Model with Mixed Fermion and Boson Fields (Scheme D) 


We have seen that in a pure spinor model at least four four-spinor fields 
are required in order to give the continuous gauge groups as well as C and P 
separately, so that the basic field has 16 components. Moreover, because of 
the different nature of the fields involved, there is a great arbitrariness in 
formulating the interaction Lagrangian in terms of the basic field. Therefore 
it is desirable to have a model with a smaller number of fundamental fields at 
the price of sacrificing their common spinor character. Such an example is 


now given. 


5.1. SCHEME D (THREE TWO-SPINOR, TWO SCALAR FIELDS) 
The basic fields are taken to be 


Hiei od ag Raghe, Ae, BS 


Here A, A; , and Ap are two-spinors, whereas the components of # are scalars, 
one being neutral and the other positively charged. We further assume that 
A, A;,, and A x are scalar in isobaric spin space while & is an isobaric spinor. 
We shall often combine A, and A, into the four-spinor 


a= (1) - 


and use the four-spinor notation. We note that each basic field is chosen to 
have different spins in the ordinary and isobaric spin spaces, so that in a 
sense they are all strange fields. All together we now have eight components 
— that is, half the number of components in model B. 

For four-spinor fields we use the notations (1), (27), and (66). For two- 


spinor fields § we define 
E = io, é*, (67) 


where the star denotes complex conjugation as usual. If € is a two-spinor 
of the first kind, then & is a two-spinor of the second kind (see ref. §)). 
Further, as in (59) if y and ¢ are two four-spinors, by the notation (y, d) we 
mean the 4X2 matrix the columns of which are respectively the four- 
spinors y and ¢, so that we have 


Yi $1 

—_ {¥L pr oh Te $s 
we e i) ut Ys os] (68) 

Va $a 


Similarly, (€, 7) is 2x2 matrix, the columns of which are the two-spinors 
€ and » as in (2). 
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We now propose the view that the basic fields cannot be observed by 
themselves owing to their strong interactions, and that they tend to form 
compound states which correspond to elementary particles. Considering 
provisionally the muon as the charged member of a doublet, and choosing a 
scalar K, we define the scheme by the following operators: © 


(a) (vy, e,) = Art, (¥, @y) = aft, 

(b) ia n) = At, (5°, 5-) = Akt, 

(c) A® = Atk, = = Aktok, (69) 
(d) a = -lingtttets K = AAk, 

(ec) (up-, m°) = ARTRRY, (up -, Mp) = ARR. 


The continuous groups are given by 
G, (proper Lorentz group): 


oe A ee, An + hee, Ok (70) 


where L is a unimodular 2x2 matrix. 
G,(baryon group): 

A->e”’A, A-id, koK. (71) 
G,(isospin group): 

k—+ Rk, A>dA, A-A, (72) 
where F is unitary and unimodular as in (6) so that it has the form 


R = exp (10-1). 
G, (hypercharge group): 
k>e-“k, A>A, AA. (73) 
G,,(y; group for leptons): 
AeA, A->A, kok. (74) 
G,(y; group for baryons): 
A—>e'%°A, A->d, kk. (75) 


These are the continuous groups available. The charge gauge group isa 
combination of G, and G;,, so that we have 
G,(charge group): 
k—+etilteseR 2Z+A, AA. (76) 


We shall expect G, , G,, G, to be always valid. Strong interactions are assum- 
ed to have additional invariance under G, and G,,. The groups G,, and G 
are expected to play a role in weak interactions only. 

We now consider the discontinuous groups. 
P(parity): 


A+>i, A>yA, kk. (77) 
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C(charge conjugation): 
A->A, A-AS, kR>k*. (78) 


By combining these and by using Rig) defined as a special isorotation of 180° 
around the second axis, we can also define 


CP: A-A, Ary,A, kk’, (79) 
G(= Cx Rg)): AA, A—> A°, k — k, (80) 
GP: Lew bys Av-eml  hiewk (81) 
To Cand P we may add another reflection operation .@ (mirror operation): 
A—+Aa, A-A, kk. (82) 


Strong and electromagnetic interactions are presumed to conserve C and P 
separately, while CP remains valid for weak interactions. The mirror 
operation .#, which changes leptons into antileptons, K mesons into anti 
K’s and exchanges the nucleon and the cascade particles, while not affecting 
the remaining particles, is not known to play an important part in the 
formulation of interactions, although it may be related to global symmetry. 
Finally we note the following discontinuous groups, which are special 
cases of the continuous groups: 
P,(Racah’s parity) is a special case of G,: 


AA, A-A, k — —tk. (83) 
A, (mass reversal) is a special case of G, and G,: 
Ati, A->ty,A, kk. (84) 


Their product is 
P,&,: Ata, A->ty;A, k—-> —ik. (85) 


Px, is expected to be conserved in strong interactions 4) and #, in weak 
interactions }5), 

If both G,, and G, are assumed to be valid in weak interactions we obtain 
the same weak interactions as in the Feynman-Gell Mann scheme ?), provided 
the neutral leptons A, v,, and u,° are regarded as physically undistinguishable. 
This is also equivalent to postulating invariance under (84). However, if 
both the Racah parity and the mass reversal are assumed to be conserved in 
Fermi interactions, then, as in scheme A, we would observe f decay only 
within a charge multiplet. This seems to be supported by recent experiments. 


6. Concluding Remarks 


From the preceding discussion it appears that if one insists on a pure 
spinor model, then a 16-component basic field (scheme B) seems to be 
necessary in order to account for separate conservation of C and P in 
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strong and electromagnetic interactions. However, three spinor fields would 
be sufficient in a scheme in which the only reflection operation would be CP 
(scheme A). Scheme B necessitates the introduction of a field p whose only 
role is to save parity conservation besides introducing the hypercharge 
into the scheme. A 16-component spinor model which tries to do away with 
such an extra field and attempts to derive strangeness from symmetry 
properties of the basic isodoublets (scheme C) is also confronted with the 
difficulty of conserving parity in strong interactions involving strange 
particles. If we relax the requirement of a spinor model and take the view 
that a basic field with a minimum number of components compatible with 
the observed group structure of elementary particles has more chance of 
corresponding to nature, then, the highly economical but less symmetrical 
scheme D with eight components should be preferred. But the mixed model, 
unlike the spinor models, does not relate isospin rotations to the Pauli 
invariance of zero-mass Dirac fields. Both strangeness and isospin are 
introduced as basic concepts and no attempt is made to connect them with 
the group properties of spinor fields. 

Some of the difficulties inherent in the schemes under discussion can be 
noted. 


6.1. OCCURRENCE OF NEW PARTICLES 


The baryons and spin-zero mesons seem to form a fairly closed system 
(except for the possibility of an isoscalar pion). But as no such closure 
property is apparent for leptons and spin-one particles, any scheme that 
purports to unify elementary particles by a group theoretical classification 
is bound to offer the possibility of defining new particles that will give a 
more symmetrical structure to the scheme. One is then forced to explain 
away the extra particles by assuming that they have very short life-times 
owing to the nature of the fundamental interactions. 


6.2. THE «4 MESON 


If the isobaric-spin concept is extended to the leptons, as it is in all such 
schemes, then, there are three possibilities for the muon. It may be a charged 
singlet, the charged component of an isodoublet, or the charged component 
of an isotriplet. Nore of these assumptions is satisfactory. In the first case, 
if one admits the possibility of charged isosinglets, then there is no reason to 
eliminate baryons that have the same property. In the second and third 
cases we are forced to admit a neutral muon (u°) into the scheme. The only 
other way out is to regard the muon as a heavy electron. Then we are 
confronted with the problem of the large mass of the muon. Further, 
6 decay is predicted both for the az and K mesons. 
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6.3. THE PHOTON 


The photon is a massless, neutral, spin-one particle. Again if one constructs 
such a particle operator from spinor operators, one is led to consider also 
charged spin-one particles (Schwinger’s Z particles), for which there is no 
experimental evidence. Another problem is to explain why electromagnetic 
interactions necessarily destroy full isospin invariance. 


6.4. PARITY AND STRANGENESS 


Many authors have envisaged the possibility of a connection between 
strangeness and parity which seem to be conserved or violated simultaneously 
wherever strangeness is defined; although mathematically the two quantum 
numbers are unrelated. If one were to extend the notion of strangeness to 
leptons, it would be attractive to do it in such a way as to have strangeness 
violated in all, including leptonic, decays. Such a common selection rule for 
all weak interactions would help to understand their universal character 
(common A—V structure, approximately equal coupling constants). None of 
the schemes surveyed above gives such a selection rule. The non-conservation 
of C and P seems to be the only feature common to all weak interactions. To 
take an example, in scheme D strangeness is conserved in the f decay of 
nucleons, but not conserved in the mesonic decay of hyperons, while in both 
cases parity is violated. Therefore the scheme makes a sharp distinction 
between leptonic and non-leptonic decays, giving no connection between 
strangeness and parity. Such a connection is also absent in scheme B, 
whereas a strong connection of the wrong kind appears in schemes A 
and C, 


6.5, RELATIVE PARITIES OF DIFFERENT FIELDS 


Within an ambiguity due to superselection rules !*) the relative parities of 
fields can be defined. For instance, the relative parity of the pion and the 
nucleon system is odd. Experiments are under way to determine the relative 
parity of the nucleon and the (A°, K) system. In the above schemes there is 
freedom to change the relative parity of the particles, which should be deter- 
mined in a unique way in a successful theory of elementary particles. 

This discussion leads to the inevitable conclusion that no satisfactory 
scheme for elementary particles has been discovered yet. 


In conclusion I would like to express my deepest gratitude to Prof. 
W. Pauli for advice and criticism. I am indebted to Dr. Henry P. Stapp 
for the formulation of the present form of Model B and to Dr. Sidney 
A. Bludman for stimulating discussions. My thanks are due to Dr. David 
L. Judd for hospitality at the Radiation Laboratory, where this work was 
carried out. 
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